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BLOCK 1 BASIC MATHEMATICS FOR
MAI‘JJ‘%GER,’EENPy

The block comprising four units discusses comprehensively the basic mathemtics, which is of wide

apphcation in dziy--l.c——(iay fife of a manager.

ith various aspeets of quantitative techniques and their applications

The first unit deals systematicatly w
cquaints you with some of very frequently used models

in managerial decision-making. This unitalsoa
of statistical analysis in operations research.
The second unil gives you an insight into dilferent aspects of the types of functional relationships among
business variables, and their applicability in various ficlds of management.

Subscquenity the third unit explains sysiematicaily in detail various uses of calculus and other closely
related concepts for mnagerial applications.

Main thrust of the iast unit is to give you the basic concepts, theorctical operation and various applications
of matrix algebra in quantitative analysis of munagerial decisions. :

O






UNIT1 QUANTITATIVE DECISION MAKING -

AN OVER VIEW
Objectives !

After studying this unit, you should be able to:

« understand the complexity of today's managerial decisions

« know the meaning of quaniitative techniques

» know ifie necd of using quantitative approach to managerial decisions

» appreciate the sole of statistical methods in data analysis

- know the various models frequently used in operations research and the basis of their classification
« have a brief idea of various statistical methods

- Ynow the areas of applications of quantitative approach in business and management.

Structure

1.1 Intoduction

12 Meaning of Quanttative Technigues

1.3  Suatistics and Operations Research _
14 Classification of Siatistical Methods

1.5 Models in Operations Research 0
1.6  Various Siatisticai Methods _

1.7 Advantages of Quantitative approach to Manag

18  Quaniitative Techniques in Business and @aﬁemenl

19  Use of Computers

L.10 . Summary

.11 Key Words |

1.12 Sclf-asscsslncnl Exercise @
1.13 Further Readings

1.1 INTRODUCTION .

Y6u may be aware of the fact that prior to the industrial revolution individual busincss was small and

production was carried out on a very small scale mainly 10 cater to the local necds. The management of
such business enterprises was very different from the present management of large scale business. The
information needed by the decision-maker (usually the owner) to make effective decisions was much less

extensive than at present. Thus he used to make decisions based upon his past expericnce and intuition
enly. Some of the reasons for this were: :

i} The markeiing of the product was nol a problem because customers were, for the large part,

personally known (o the owner.of the business. There washardly any competition in the business.

11) Test marketing of the product was not needed because the owner used to know the choice and
requirement of the customers just by personal interaction. ' '

itiy  The manager (also the owner) alo uscd 1o work with his workers at the shopfloor. He knew ail of .

them personally as the namber was small. This reduced the need for keeping personal data.

vy  The progress of lhe work was being made daily at the work centre itself. Thus production records
were not needed. ' ' '

v) - Any facts the owner nécde_d could be tearnt direct from observation and most of what he required

was known to him.




Now, 10 the tace of mereasing complexiy 1n business and irdustry, intuition alone hasno placein_ddlcision-_
making because basing'a decision on intuition becomes highly questionable when the decision involves
the choice among several courses of action each of which can achieve several management objectives
simultaneously. Hence there is a need for training peoplc who can managea system both efficiently and
creatively. : :
‘Quantitative techniques have made valuable contribution towards arriving at an effective decision in

various functional areas of management - marketing, finance, production and personnel. Today these

techniques are also widly used in regional planning, transportation, pubhc health, commumcauon,

military, agriculture, elc,
|
[

Quantitative techriques are being used extensively as an aid in business decision-making due to fo[llomng

reasons:

i) Cemplexity of today's managerial activities which involve cunslamanalyms of existing situation,
seuing objectives, seeking alicrnatives, implementing, co- ordmatmg, controlling and evaluating

the decision made. |

i} Avalability of giftercat types of tools for quantitative analysis of complex managerial prloblems._

i) Availability of high speed computers to apply quantitative techniques (or models) to real life
problems i all types of organisations such as business, industry, military, health, andl so on.
Computers have played an important role in arriving at the optimal solution of complzx managerial
problems both i terms of ime and cost. . I

Tnspite of Lhcse‘r(:;zsons, the quantitative approach, howeyer, d ot totally eliminate the $copc of

gualitative or judgement ability of the decision-maker. rse, these technigues compicrlncnt the

experience and knowledge of decision-maker in decision e, : |
|

12 MEANING OF QUAN HTATIV%HHIQUES |

|
(Quantitative (echniques refer o the group N stalistical, and operations research (or progrdmmng)
techniques as shown in the following ¢ All iRese techniques require preliminary knowledge ?fcerlajn
topics in mathematics as discussed #f . _ |

Quantitative Techniques !
| | |
|
! - i

Statistical Operations - rescarch |
Techniques . . (or Programming) o
Techniques '

The quantitative approach in decision-making requires that, probiems be defined, analysed and '&:}lvad in
aconscious, rational, systematic and scientific manner based on data, facts information, and logic and not
on mere whims and guesses. In other words quantitative techniques (tools or methods) pr(iuvidc the
decision maker a scieniific method based on quantitative data in identifying a course of aciion among the
given list of courses of action 10 achieve the optimal value of the predeiermined objective or gba} One
cominon characieristic of ail types of quantitative techniques is that numbers, symbols or mathematical

lormulae {or expressions) arc used o represent the models of reality, '

1.3 S'I‘ATISTICS AND OPERATIONS RESEARCH '

Statistics ' ' _ |

The word statisucs can be used in a number of ways. C'ommon]y it is described in two senseg namely:
o L

] Plural sense {Statistical Data) |

The plural sense of siznstics means some sort of statistical data. thn it means slatistical datd, ir refers

[
4 _ |




1o numerical description of quantitative aspects of things. These descriptions may take the form of counts
or measurernents. For example, statistics of siudents of acollege include count of the number of students,
and separate counts of number of various kinds as such, malc and females, marricd and unmarried, or
undergraduaies and post-graduates. They may also include such measurements as their heights and
weights. :

2 - Singular Sense (Statistical Methods)
The large olume of numerical information (or data} gives rise to the necd for systematic methods which
can be used to collect, organise or classify, present, analyse and interpret the information effectively for

the purpose of making wise decisions. Siatistical methods include all those devices of analysis and
synthesis by means of which stadstical daa are systematically collected and used to explain of describe
a given phenomena, :

The above mentioned five functions of statistical methods are also called phases of a staustical
inwestigation. A major part of Block 2 (unus 510 8 } is devoted to the methods used in analysing the
Covesented duia, Methods used in analysing the presented data arc numerous and contain simple
sophisicated mathematical techmques. However, in Blocks 2 10 S of the course: Quantitative Analysis
for Managerial Applications, only the most commonly used methods of statistical analysis are included.

As an lustration, let us suppose that we are interested in knowing the income level of the people Living
in a ceriain city. For this we may adopt the foltowing procedures: '

a) rata' Collection: The following data is required for the gIven PUIPOse:
* Population of the city
* Number of individuals who arc getling income
* Daily income of each earning individual

b}. Orpenise (or Condense) the data: The da tained should now be organised in different
income groups.. This will reduce the of the data.
<) Preseniation: The organised ay Row be presented by means of various types of graphs or

other visuat aids. Pata prese W™ orderly manner facilitates siatistical analysis.

d) Analysis:  On the % ystematic prcsenmtion (tabular form or graphical form), determine
the average income of an Mydlvidual and extentof disparitics thatcxist. This information wilthelp
10 get an understanding of the phenomenon (i.c., income of individuals).

€¢) interpretation: All the above steps may-new lead (0 drawing conclusions which will aid in
decision-making -- a policy decision for improvement of the existing situation,

Characteristics of data

Itis probably more common o refer 1o data in quantitative form as statistical data. Buinot all numerical
data is statistical. In order that numerical déscription may be called slatistics they must possess the
following characterisucs:

1) They must be aggregate of facts, forexample, single unconnected figures cannot be used o study
the characteristics of the phenomenon. L

if) They should be affected to a marked extent by multiplicity of causes, for cxample, in social
services the observations recorded are affected by a number of factors { conlrollable and
uncontrollable} _ _

ili)  They must be enumerated or estimated according (o reasonable standard of accuracy, for
example, in the measurement of height one may measure CONTCLUPLO 0.01 of acm; the quality of
the product is estimated by certain tests on small samples drawn {rom a big lot ol products.

iv)  They must have been collected in a systematic manner for 2 pre-determined purpose. Facts

- collected in a haphazard manner, and without acomplele awarcness of the object, will be confusing
and cannot be made the basis of valid concusions. For cxample collected data on price Serve no




=, o

|
|
purpose unless one knows whcmer he wants to collect data on wholesale or retail prm;c and what
are the relevant commodities in view,
v) They must be placed in relation to each other. That is, data collected should be comparable;
otherwise these cannot be placed in relation to each other, e.g. statistics on the yield :of crop-and
quality of soil are related but these yields cannot have any relation with the statistics on the health

of the people., :

vi)  Theymust be numerically expressed. That is, any facts to be called statistics mustbe ilmmcrica]ly
or quantitatively expressed. Qualitative characieristics such as beauty, intelligence, etc. cannot
be included in statistics unless they are quantified. '

|
Types of Statistical Data |
An effective managerial decision copcerning a problem on hand dcpcnds on the availability apd reliabiity
of statistical dafa can be broadly grouped into two categories:
1) Secondary (o published) data ' !

i} Poimany {or unpubtished) data |

Thesecondary data arethose which have already been collected by another organisation and @m available
it the published form. You musi £rst check whether any such data is avaifable on the subject mater of
interest and make use of it, since it will save considerable timeand money. Butthe data musib}: scrutinised
propesly since it was originally coliected perhaps for another purpose. The data must also bc checked for
reliability, refevance and zccurany, |

|
A gresi deal of data isregularly coliecied and d1ssemmatcd intergational bodies such as : ‘ﬂox id Bank,
Asian Development Bank, Intermational Labour Organisati tariat of United Nations gic., Govern-
ment and its many agencies; Reserve Bank of In{l' p, Cogsus Commission, Minisiries - Ministry of
Ecenomic Affairs, Cornmerce Minisiry, Private Resedy -r ganisations, Trade Assoviations, etc.

When secondary data s not available or it is not Yghiable, you would need to collect ongmal data to suit
your objectives. Original data collected f:ca ; for a current research are known as primary data,
. Primary data can be collected from cuql tailers distributors, manufacturers or other information
sources. Primary data.may be co ugh any of the three methods: observation,! survey, and
experimentation. You have read l aboul these methods in Unit 7 of Block2, Markcl]m g Planning
and Organisation of the course Marigsfng For Managers.

|
Data are alsoclassified as micro and macro. Micro data relate loapamcular unitor region whercas macro
data relate to the entire industry, region or economy.

|

_ |

Operations Research : ' ' |

You have read various definitions of operations research in Section 9.4 of Unit - 9 (Block 3) Operations
Research and Management Decision. - Making of the Course Information Management angi Computers,
|

_ You would recall that in Operations Research a mathematical model to represent the situation under siudy
is constructured. This helps in two ways. Either to predict the performance of the system of the system
under certain conirols. Or to determine the action or control necded o Optlmlsc perfonm 4nce

L4 CLASSIFICATION OF STATISTICAL METHODS !

By now you may have realised that effective decisions have to be based upon realistic d#m The field
of statistics provides the methods for collecting, presenting and meaningfully interpreting the given data,
Statistical Methods broadly fall intc Lhrce categories as shown in the folowing chart. | -



Statistical Methods - -

Descriptive - - " Inductive N S‘“‘{“_‘“’l“ .
Statistics . ‘ Stastics . _ D“““’"! cory
R S oy
® Dawa Collection .. ® Statistical Inference # Analysis of Business. Decision
® Presentation o Estimation : -

Descriptive Statistics

There.are statistical methods which are used for resarranging, grouping and summansmg sets of data to

obtain better information of facts and thereby better description of the situation that can be made. For

example, changes in the price index. Yield by wheat eic. are frequently illustrated using different types

of ‘charts and graphs. These devices summarise large quantitatives of numerical data for easy understand-

ing. Various types of averages, can also reduce a large mass of data to a single descriptive number. The

descriptive statistics include the methods of collection and prescntatlon of data, measure of Central
_tendency and thspersmn trends, index numbers, etc. :

Inductive Sta‘tislics .

It is concemea with the development of some criteria which can be used to derive information about the
nature of the members of entire groups (also called population or whiverse) from the nature of the small
portion (also called sample) of the given group. ‘The specific values of the population members are called
‘parameters’ and that of sample are called 'statistics'. Thus, inductive stistics is concemed with estimating
_population paramerers from the sample statistics and dcnvmg a @l in [crcnce '

- Samples are drawn instead of a ‘complete énumeration fo lowing reasons:

ii) The population units may be too many in nu nd/or widely dispersed.
Thus complete enumeration i$ extrel ime 8onsuming and at the end of a full enumerationso ;
much time is lost that the data beco te by that time. |

ifi) It may be (o expensive {0 incl eact pulauon item,

i) The number of units in the population may& be known.

Inductive statistics, includes the meth e: pmbablhty and pmbabillly distributions; sampl ing and
sampling distributions; various methods of lesung hypothems, correlanon regression, facior analysls .
time series analysis. .

Statistical Decision Theory

Statistical decision theory deal with analysing complex business problems with altemauve courses of
action (or strategies) and possible consequences. Basically, it is to provide more concrete information

- concerning these consequences, so that best course of action can be identified from alternative courses of
action.

Statistical decision thcory relies hieavily not only upon the nature of the problem on hand, but also upon
the decision environment. Basically there are four differentstates of decision environment as given below: -

State of decision _ oo Consequences
Certainty - = - Deterministic
- Risk ' C Probabilistic
- Uncertainty ) B - Unknown
Conflict : ' : _Influenced by an opponent

Since statistical decision theory also uses probablllues (subjective or prior) in analysis, thereforé it is also
_called a SU];)JGC[W]S[ approach. It is also known as Bayesian approach-because Baye's theorem isused to
- .re\rlse. pnor probabxhues in the light of additional information.




L5 MODELS IN-OPERATIONS RESEARCH

You have read in detail about various models and techniques in Operations Researchin Un
3 - Computers and Decisional Techniques of the course *Information Management and Cg
this Section we are presenting several classsifications of OR models so that you should knoy
- the role of models in decision-making.

1 .Purpose

A Model is the representation of a system which, in turn, represents a specific part of real
of interest or subject of inquiry in real life). The means of representing a system may be phys

it 9 of Block
mputers”. In
Y more about

ty (an object
cal, graphic,

schematic, analogy, mathematical, symbolic or a combination of these., Through afl these means, an i

- attempt is made to abstract the eessence of reality, which in turn, is quite helpful to describe,
predict the behaviour of the system. Thus, depending upon the purpose, the stage at which
developed, models can be classified into four categorics.

i) Descriptivermodel: Such Models are used o describe the behaviour of a system bas
information. For example, a model can be: buitt to describe the behaviour of de
inventory item for a stated period, by keeping the record of various demani leve

respective frequencies. A descriptive model isused o display the problem situation r
including the alternative choices to enable the decision-maker toevaluate results of eag

choice. However, such model ‘does not select the best alternative,

Explanatory model:  Such models are used to explain ghe behaviour of a systém by
relationships between its various components, ForexaMple, a2 modei can be bui

if)

variations in productivity by establishing relationshipSgim g factors such as wages

!

plescriptive model is one which provides the norms for
- the comparison of alternative sol ichresultinthe selection of the best afternati

policy, education levels, ete,
iii)  Predictive model: Such models are used 1o pe status of a system in the near
on data. For example , a model can be byilt to prétict stock prices (within an industr
given any level of earnings per share. ' '
_ iv)  Prescriptive (or normative) m
preferred course of action)eixam

2 Degree of Abstraciion

$ of such models are allocation models,

The following chart shows the classification of models according to the degree of abstracti

Model . Degree of Abstraction
* Physical Least Abstract

= Graphic

« Schematic \I,

» Analog

» Mathematical - Most Abstract

explain andj
the model is

Lo
=d on certain |
mand for an!
Is and [helré
nore vividly:
halternative |

establishing ;.
1 to cxplain t '
, promaotion -
uture bascdf
group), for::

ve (the most

D,

Any thrc_e-dimcﬁsional'model that locks like the real thing but is éither reduced in size or scaled up, is

a physical {(iconic) model. These models include city planning maps, plant layout charts, p

of airplane, body parts, etc. These models are easy to observe, build and describe, bu

manipulated and used for prediction.

lastic model

I cannot be

An organisation chart showing responsibility relationships is an exmple of graphic model.

flow chart

‘(or diagram) depicting the sequence of activitics during the complete processing ofa product isian example
of schematic model. Another example or schematic model is the Computer programme where main

~ features of the programme are represented by a schematic descrlpu_on of steps.

Analog models are closely associated with iconic models. However, they are not replicas of problem

situations. Ratherthey are small physical systems that have similar characteristics and work like an object
or system itrepresents. Forexample, chtldrenstoys model rail-roads, etc. These models migi

 direct handling or manipulation. :

®dathematical (or symbolic) models represent the systems (or reality) by nsing mathematical symbols and .
8 . i .

\htnotallow



relatianhips These are very precise, mostabstract and can be manipulated by using Jaws of mathemaiics.
The input-output mocel of national economy involing several objective, costraints, inputsand mter‘nnkage
between them is an example of. represemmg a Complex system with the help of a set of equauons

3 Degree of Certainty

Models can also be classified accordin g to the degree of assumed certainty, Under this classification
models are divided into deterministic versus probabilistic models. ‘

Models in which selection of each course of action (or Strategy) results in unique and known pay - offor
consequence are called deterministic models. Examples of such models are linear programiming, trans-
portation and assignment models.

Situations in which each course of action (of strategy) can result in more than one pay-offs or consequences
are called probabilistic models: Since in such models the concept of probability is used, therefore the pay-
off or consequences duc 1o a managerial action cannot be predicted with certainty. Exampleq of such
models are, simulation models, decision theory models etc.

4 Specified Behaviour Characteristics

The following chart describes the classification of models based on specified behaviour chdractensms
Such type of classification -helps in undcrs;andmg the nature and role of models in representing
management and economig stalus of organisaiions. ' :

- Clussification According to Behavior Characteristics .

4
we QO nka
A

Dynamic _ » . Statie Dynamic . Static

] - NO;.ILC., I'- M'Q) Nme' l | Ligen

_ 1
[ T ]

Unstable Stable  TUnstable Stable  Unstable Stable
{Constrained} . (explosive) : |

Transient Steady state
{non-existent} -

Transient  Steady state

Realistic Representation
of Corporaie and
Economic Behaviour

(Source: Lamba, M P. I 978. Maﬁagénem - A Quantitative Perspective: MacMillan Publishing Co.. New York)



The models that are concerned with a particular set of fixed conditions and do not chbn_ge i
period (or planning period) are known as static models. This implies that such moﬁlels ar
-of ime and only one decision is required for a given time period. For example, the rclscmrc
a product and the technology or manufacturing process do not change in short-term p;
- -programming is the particular example of static models. On the other hand, there iare i
~ problems where time factor plays an important role and admit the impact of changes overa
In all such situations decision-maker has to make a sequence of optimal decisions at every
(i.e. variable time) regardless of what the prior decision has been .. The problem of pri‘oduc
in which the decision-maker has to make decisions évery decision point such as.
market, full-scale production, etc. is an example of dynamic model. Dynamic
particular example of dynamic model. o N
Linear Models are those in which each component exhibits a linéar behaviour. The word
.- todescribe the relationship among two are more variables which are direcdy proporti:onal.
- if our resources increases by-so
If one or more components of a model exhibit a non-linear behaviour, then such models ¢
linear models. A mathematical model of the form Z=5+3x is called a linear model whe
the form Z = 5x* + 3xy + y* is called a non-linear model. -

-5 Procedure (or Method) bf Solu_tion

The type of procedure used 10 deﬁve so_!u[ibns to mathematical models
(i) analytical models, and (i) simulation models.

An analytical model consists of a mathematical siructu solved by know

proadu

y-$0me perccntage, then it wonld increase the output by th;e sam

n a short-term
e independeni
s required for
eriod,  Linear
criain types of
eriod of time.
ecision point
development
t design, test-

progtamming is the

linear' is used
For example,
€ percentage.
¢ called non-
s a model of

divides them into two categories:

&and n mathematical or
analytical tecniques to yield a general solution. Examples of anMwfical model are: network (i

PERT/CPM),

linear programming models, game theory models, i @s control models.
A simulation model is the experimentation (Cogg
real-life system. Itis done by inserting into th:l%?méture specific values of de(;isiion v
cerfain assumptions in order to descri d eveluate systems behaviour over a period
example, we can fest the effect of diffc%er'of service counters assuming different
customers on total cost of prov e to customers., .

idipg s
. The following table summarisc@cussion on classification of models.

/ ' L.
ter assisted or manual) on a mathematics

ariables under
f time. -For

Creterion Ciassification Categories of OR Models

redic

+ Purpose + Descriptive, Explanatory, Predictive,
: Prescriptive ]
» Degree of abstraction + Physical, Graphic, Schematic, Analog,
o Mathematical

» Degree of Certainty » Deterministic, Probabilistic,Certainty,

o Risk, Uncertainty ,
> Specified behaviour Characteristics * Static, Dynamic, Linéar, Non-linar
» Procedure of solution « Analytical, Simulation i _
You have read about certain standard tecniques or prototype models of operations feseém:':h which.can be

helpful 1 a decision-maker in solving a variety of problems.

- 16 VARIOUS STATISTICAL TECHNIQUES

A brief comment on certain standard techniques of statistics which can be helpful to a deci
solving problems is given below. However, each one of these techniques requires detailed
our context we are merely listing these to arouse your interest. '

. - . . N |
i) Measuresof Central Tendency: Obviously forproper.understandin gofquantilativ

1_0

¢ data,

sipn-maker in
studies and in

they should




be classified and converied into a frequency distribution {number of times or frequency with which a
particular data occurs in the given mass of data). This type of condensation of data reduces their bulk and
gives a clear picture of their structure. If you want to know any specific characteristics of the given data
or if frequency distribution itself must be summniarised and condensed in such a manner that it ‘must help
us to make useful inferences about the data and also provide yardstick for comparing different sets of data.

- Measures of average or central tendency provide one such yardstick, Different melhods of measaring -
centraltendency, provide us with dlfferem kinds of averages. The main three types of averages commonly :
used are:

a) Mean: The mean is the common arithmetic average. Itis computed by dividing the sum of the
values of observations by the number of ilems observed. :

b) Median: Themedianis thatitem which lies exactly half-way between the lowestand hi ghestvalue
when the data is arranged in an ascending or descending order. It is not affected by the value of
the observation but by the number.of obscrvations. Suppose you have the data on monthly income
of households in a particular area. The median value would give you that monthly income whict
divides the number of households into two equal parts. Fifty percent of all the houscholds have a
monthly income above the median value and fifty pércent of households have a monthy income
below the medlan income.

¢) Mode: The mode is the ¢entral value (or item) that occurs most frequently. When the data
organised as a frequency distribution the mode is that category which has the maximum number
of observations.. For example, a shopkeeper ordering fresh stock of shoes for the season would
make use of the mode 1o determine the size which is most frégently sold. The advantages of mode ,
. are that (a) i(’is easy to compute, (b) is not affected by ex ¢ Yalues in the frequency distribution,
and (c) is represeniative if the observations are clustgred MMne particular value or class.

—-
—
S’

around which most values in the distributi to coverge. However, there are always extreme -
“values in each distribution. , These gagremdyvalues indicate the spread or the dispersion of the |

distribution. The measures of t | are called 'measures of dispersion’ or 'variation’ or

‘spread’. Measures of dispergion wogld tell you the number of values which are substantially

different from the mean, m mode The commonly uscd measures of dispersion are range,
‘mean deviation and slandar ation,

Measures of Dispersion: The mcasurc:%f ceni¥dl tendency measure the most typical. value

.The data may spread around the central Lendcncy in a symmeu‘lcal or an asymmctrlcal pattern, Thc
measures of the cllrecuon and degree of symmetry are called measures of the skewness, Another
characteristic of the frequency distribution is Lhe shape of the peak, when it is plotted on a graph paper. -
The measures of the peakedness are ca!led méasures of Kurtosis.

' iii) Corre_lation: Correiation coefficient measures the degree to which the change in one variable (the

' dependent variable) is associatéd with change in the other variable (independent one) For example,
as a marketing manager, you would like to know if there is any relation between the amount of
money you spend on advertising and the sales you achieve. Here, sales is the dependent’ variable
.and advertising budget is the independent variable, Correlation coefficient, in this case, would tell
you the extent of relationship between these two variables, whether the rclationship is directly

- proportional (1.e. increase or dccrcase in advertising is associated with increase or decrease in sales)
or it is an inverse relationship (1 ¢. increasing advertising is associated with decrease in sales and
Yice-versa) or there is no re]auonship between the two variables. However, it is important to note
that.correlation coefficient does not indicate a casual relationship sales is not a direct result of
advertising alone, there are many other factors which affect sales. Correlation only indicates that
there is some kind of association - whether it is causal or casual can be delcrmmcd sonly after further
investigation. You may find a correlation betwecn lhc height of your salesmen and the sales, but
obviously it is of no mgmﬁcance

iv)  Regression Analysis: For dclcrminin g caueal relationship between two variables you may use

T =




regression analysis. Using this leéhnique you can predict the dependent varibles on the basis of

the independent variables, In 1970, NCAER (National Council of Applied and Economic
Research) predicted the annual stock of scooters using a regression model in which real personal :

disposablc income and relative weighted price index of scooters were used as mdepcndcm
variabie, :

The correlation and regression analysis are suitable techniques to find relationship between two variables
only. Butin reality you would rarely find a one-to-one causal relationship, rather you would find that the
dependent variables are affected by a number of independent variables. For example, sales affected by
the advertisements, number of salesmen, price of the product, cfficiency of the distribution network and
a host of other variables. For determining causal relationship invelving two or more variables, multi-

. variate statistical techniques are applicable. The most imporiant of these are the multiple regression

analysis, discriminant analysis and factor analysis.

“v) Time Series Analysis: A time series consists of a set of data {(arranged in some des manner) |

recorded cither at successive points in Lime or over successive periods of time. The changesin such
type of data from time to time are considered as the resultant of the combined impact ¢f a force that
isconstantly at work. This force has four components; (i) Editmg time series data, (i) secular trend,

(i#) periodic changes, cyclical changes and scasonal variations, and measure the seplarale effects
of these forces on the variables. Examples of these changes can be seen, if y@u Start measuring
inceease in cost of living, increase of population over a period of time, growth of agricultural food
production in India over the {ast flftccn years, seasonal requirement of items, impa¢t of floods,

strikes, wars and so on.

vi)  Index Numbers: Index numberisarelative numbeerl torepresent the net rcsullof change
in a group of related variables that has some over aperio me, Index numbers are stated in the

form: of percentages.For example, if we say that

gone up by of the year 1985 arc compared with 1975, the year 1985 would be called "given

-orcurrent year” and the year 1975 would rmed as the "base year”. Index numbers are also used
in comparing production, sales price, volgfi@®employment, etc. changes over period of time,

relative to a base. Q ' .
vili} Sampling and Statistical Jgferere: In many cases due © shortage of time, dost or non-

availibility of data, only 14 ﬂ part or section of tie universe (or population) is examined o (i)
get information about the rse as clearly and precisely as possible, and {u\ dgtermine the
reliability of the estimates. This small part or scciion selected from the universe is called the
sample, and the process of sclections such a section (or past) is Lallod sampling.

Scheme of clrawmg sam pl::s i'rom the populaiion can be classified into two broad categories:
. |
a) Random sampling schemes: Inthese schemesdrawing ofeiemcms fromthe populati | Risrandom
: and selection of an elemcnt 18 made in such away thatevery elemcm has equal chance ( robablluy)
of being selccted,

b) Non-random sampliing schemes: In these schemes, drawing of elcmenls from the population is .

based on the choice or purpose of selection. The sampling analysis through the use of various 'tests'
namely Z-normal distribution, student's 't distribution; F-distribution and X2-distribution make
possible to derive inferences aboul population paramelters with specified level of significance and

~ given degree of freedom. You will read about a number of Lcsts in this block to derive inference
dbout population parameters.

1.7 ADVANTAGES OF QUANTITATIVE APPROACH TQO MANAGEMENT

Exccutnlxec; at all levels in business and indusiry come across the problem of making decision atlevery stage

“in their 'day lo-day activities. Quantitative 1echniques provide the exccutive with scientific basis for

12
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dccision'-making_and\.en'hancc-his""-abilily to make long-range plans and to solve every day problems of
running a business and indusiry with greaser efficiency and confidence. g

Let us now also iook at some of the advantages of the 'study of statistics; -

1. Definiteness: The study of statistics helps us in presenting general statements in a preciseanda

: definite form. Statements of facts'conveyed numerically are morc precise and convincing than
those stated qualitatively, For example, the statement that "literacy raie as per 1981 census was
16% compared to 29% for 1971 census” is more convincing than stating simply that "literacy in
our country has increased”. '

2. Condensation: The new data is often unwidely and compiex. The purpose of statistical methods
is to simplify large mass of data and to presenta meaningful information from them. For example,
it is difficult to form a precisc idea about the income position in the country. The data will be easy
to understand and more precisely if it can be expressed ini the form of per capita income.

3. . Comparison: According to Bodding, the object of statistics is 10 enable comparisons between
pastand present results with a view 1o ascertaining the reasons for change which have taken place
and the effect of such changes in the future. Thus, if one wants to appreciate the significance of
figures, then he must compare them with other of the same kind. For example,the stalement”per
capita income has increascd considerably” shall not be meaningful unless some comparison
figures of past is made. This will help in drawing conclusions as to whether the siandard of living -
of people of India is improving; ' :

4, Formulation of policies: Statisiics provides the basic Mgeenigl for framing policies not only in
business but in other fields also. For example, dateng Q and mortality rate not only heip in
assessing fulure growth in population but also necessary data for framing a scheme of
family planning,.

P .

3. Formulation and testing hypothesjsg Statitical methods are useful in formulating and testing
hypothesis or assumption or state o develop new theories. For example, the hypothesis:
"whether asiudent has benefited (rf¥% a particular media of instruction”, can be tested by using

appropriate statistical mem%
6.  Prediction: For framing suitab poli.cies or plans, and then for implementalion it is necessary to
. have the knowledge of future rends. Statistical methods are highly useful for forecasting future
“events. For example,for a businessman to decide how many units of an item should be produced’
in the current year, it is necessary for him to analyse the sales data of the past years.

1.8 QUANTATIVE TECHNIQUES IN BUSINESS AND MANAGEMENT

You have read about applications of operations research in various functional areas of management in (it
9 block 3, of the course Informantion Management and Computers. some of the areas where staustics
can be used are as follows: ' .

Management '.

i) Marketing: _ _
- ™ Analysis of marketing research information
* Syatistical records for building and maintaining an exlensive market

* Sales forecasting

iiy  Production:
* Prodiiciion Planning, control and analysis
* Evaluation of machine performance
" * Quality control requirements ,oe
* Inventory conrol measures 13



* Quality control requirements
* Inventory control measurcs : : '

iii)  Finance, Accounting and Investment:
* Financial forecast, budget preparation
* Financial investment decisions
* Selection of securities
* Auditing function
* Credit policies, credit risk and delinguent accounts

iv)  Personnel;
* Labour turn over rate
* Employment trends
* Performance appraisal
* Wage rates and incentive plans

Economics

* Medsuremeni of gross national product and input-output analysis

* Determination of business cycle, long-term growth and seasonal fluctuations
* Comparison of market prices, cost and profit of individual ficms

* Analysis of population, land economiés and economic geography

* Operational studies of public utilities o
* Formulation of appropriate cconomic policies and agalua¥on of their effect

Research and Development O
* Developmbm of new producl lines
* Optimal use of resources
* Evaluation of existing product

* Diagnosing the disease base®on data like lemperalure, palse rate, blood pressure CLC‘
* Judging the efficacy of a particular drug for curing a certain diseasc
* Study of plant life

Natural Science

L9 USE OF COMPUTERS |

The use of computers has bécome closely associated with quantitative technigues. With the cLoluLion of

» more powerful computing techaiques, users of these techniques arc encouraged 1o explore new and more
sophisticated methods of data analysis computers have the advantage of heing a relatively iexpensive
means of processing large amount of data quickly and accurateiy. ' :

Computers have provided a means for solving those problems which have long been quantifiable but

* computationally too complex or time-consuming for manual calculation. Problems which would take
months 10 solve manually can be solved in a few minutes using computers.




1.10 SUMMARY

.,

~

‘There is an ever-increasing demand for managers with numét@te ability as well as literary skills, so that
they can present numerate data and information which requi'f'gs analysis and interpretation but, more
importanily, they can quickly scan and anderstand analysis proyided both from within the firm and by
outside organisations. In the competitive and dynamic business world, those enterprises which are most -
likely &0 succeed and indeed survive are those which are capable of maximising the use of the tools of
management including quantitative techniques.

‘This unit has attempted to describe the meaning and use of various quantitative techniques in the field of
business and managemeni. The importance of complexity of the dec ision-making process has resulted
in the wide application of quantitative techniques in the diversified field of business and management.
With the evolution of more power{ul computing techniques, users of these technigues arc encouraged 10
explore new and morc sophisticaled methods of data analysis. Quantitalive approach in decision-making
however does not otally eliminate the scope of qualitative or judgement ability of the decision-maker.

1.11 KEY WORDS

'Descriptivc models: Models which arc used to describe the behaviour of 2 system based on data.

Descriptive statistics: Itis concerned with the analysisand synthesis of data so that beuer description of
the situation can be made. : .

Explanatory models: Models which are used o explain@mr of a system by eslablishiﬁg

relationships belween its vairous components. Q
Inductive statistics: It is concerned with the devclop of scientific criteria which can be used to

derive information about the group of data by ex only a small portion {sample) of that group.

Operations research: It is a scientilic of providing execulive depariments with a quantitative
basis for decision regarding (he operations¥gpder control, ' '

Predictive models: Models whic ed 10 predict the status cf a system in the near future based on '
data.

Quantitative techniques: I is the name given Lo the group of statistical and operations research {or pro-
gramming) technigues. :

Statistical data: Tt refers 1o numercial description of quantilative aspects of things, These descriptions
may iake the form of counts or Measurements.

Statistical decision theory: It is‘concerned with the establishment ol rules and procedures for choosing
the course of action from alternative courses of actions under Siluation of uncertainty.

Statistical methods: These methods include ali those devices of analysis and synthesis by means of which
statistical data arc systematically collected and used 1o cxplain or describe a given phenomenon.

1.12 SELF-ASSESSMENT EXERCISES

1 Think of any major decision you made recently. Recall the steps taken by you W arrive at the final
decision. Prepare a list of those sieps. .

2. Comment on the following statenents:




a) Statistics are numerical statement of facts but all facis numerically stated are noj statistics”,
b) "Statistics is the science of averages"”, ' :

3. What is the type of the following models?
a) Frequency curves in statistics,
b} Motion films,
¢) Flow chart in production control, and
d) Family of equations describing the structure of an atom.

4. List at least two applications of statistics in each, functional arca of management.

5. What factors in modern society contribute to the increasin g importance of quantitative approach’
~ to management? '

6. - Describe the major phases of statistics. Formulate a business problem and analyse it by applying_
these phases,

7. Explain the distinction between:
4) Static and dynamic models

- b) Analytical and simulation models - : ' |
¢) Descriptive and prescriptive models, '

-8 Describe the main features of the quantitative approach tq management. - ‘
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UNIT 2 FUNCTIONS AND PROGRESSIONS

Objectives
After studing this unit, you should be able to understand the:
* the need to identify or define the relationships that exists among business variables

* how to define functional relationships

* the various types of funclional relationships

* the use of graph to depict functional relationships

* the managerial applicability and use of functional relationships in diverse fields
* the progressicns and their applications

Structure

2.1 Inwoduction

2.2 Definition of Constanl Parameter, Variable and Function
2.3 Types of Function

24 Solution of Functions

2.5 Business Applications

2.6  Sequence and Series

27 Arithmetic Progression

2.8  Geometric Progression

29  Summary

210 Key Words 0

2.11 Further Readings ' O

2.1 INTRODUCTIION _

For decision problems which use mathematic
" all significant interactions or relationship

problems, These relationships usually are

"inequations. -.

Such type of simplified mathematic tionships help the decision-maker in understanding (any)

complex management problems, For example, the decision-maker knows that demand of an item is not

only related to price of that item but also to the price of the substitutes. Thus if he can define specific

mathematical relationship (also called model) that exists, then the demand of the item in the near future

- can be forecasted. The main objective of this unit is to study mathematical relationships (or functions) in
the context of managerial problems.

1s.¥ne first requirement is to identify or formally define
rimary factors (also calied variables) relevant io the
ed in the form of an equation {or set of equations) or

=

2.2 DEFINITIONS

Variable

A variable is something whose magnitude can vary or which can assume vatious values, The variablesused
in applied mathematics include: sale, price, profit, cost, etc. Since magnitude of variables can vary,
- therefore these are represented by symbols (such as x, y, z etc.) instead of a specific number. In applied
mathemaltics a variable is represented by the first letter of its name, for exampte p for price or profit; ¢ for
quantity, c for cost; s for saving or sales; d for demand and so forth. When we write x = 5, the vanable
takes specific value.

Variables can be classified in a number of ways. For example, a variable can be discrete (suspect to
counting, ¢.g. 2 houses, 3 machines é{c.), or continuous {(suspect tomeasurement, e.g. temperature, height,
etc.)

Constant and Paraméter
A quantity that remains-fiXed in the context of a given problern or situation is called a constant,

17



An absolute (or numerical) constant such as V2, 7, e, etc, retains the same value in all problems whereas
an-arbitrary (or parametric) constant or parameler retains the same value throughout aljay particular

problem but may assume different values in diffeent problems, such as wage rates of cliffee
labourers in an industrial unit.

The aboslute or numerical value of a constant '’ is denoted by |b{ and means the mag
regardiess of its algebraic sign. Thus [bl= {~ b|= [1+b1 ]
Functions

Wc come across situations in which two or more variables are refaled 10 each other: For exam
(D} of a commodity is related to its price (p). It can be mathematically expressed as

D=f(p) (2-1)

t category of

nitude of »'

ple, demand

This refationship is read as "demand is function of price” or simply "f-of p". It does not mean D cquals
ftimes p. This mathematical refationship has two variables, D and p. These are called variaples because

they can take on different numerical values.

Let us now consider a mathematical reiationship thai contains three variables. Assume that

(D) of a commodity is related to the price (p) per unit of the commadity, and the level of

expenditure (A). Then the general relationship among these variables can be expressed ag
D=f{p, A) (2-2)

‘The functional notations of the type (2-1) and (2-2) are mea@ a general idea that cert;
are, somehow, related. However for makingmanagerigldecisib€ive need a specific and e

general and implicit relationship among selected va % For example, for the purpose o
vatue of demand (D), we make the general relationsiig ) more. specific as shown in (2

D=4+3p - 2pA + 2?“ ' (2-3)

Now for any given values of pand A, tQMof D can be calculated using the relationshij
he

and p and A arc callted indepen iables. In this casc, it may be noted that we have ¢

the demand
advertising

ain variables
wplici, not a
f finding the
E)

) (2-3). This
et variable
stablished a

means that the value of D de per%r lues of p and A. Hence D is called the depend

rude of corréspondence between thgMependent variable and independent variables(s). Th

t is, as soon

as values are assigned to the independent vaiable(s). That is, as soon as values arc ass gned 1o the

1ndepend;:ntvarsable(s) the corresponding unigque value for the dependent variable is dete

ined by the

given specific relationship. That is why a function is sometimes defined as a rule correspondence

between variables. The set of values given to independent variable is called the domain of

the function

while the corresponding set of vaues of the dehendent variable is called range of Lht: fungtion, Other

examples of functional relationships are as follows:
i) The distance {d) covered is a function of Lime (T) and speed {s), i.e. d=f (T. s)

ii) Salcs volumne (v) of the commodity is a function of price (p), i.e. V = [ (p)
iit)  Total inventory cost (T) is a funciion of order quantity (Q), i.e. T - f(Q).
iv)  The volume of the sphere (v) is a function of its radius (r), i.e. V = f() or

4
V-=?ﬂ:r3

V) The cxtension (v) ofa spring is proportional to the weig.ht (m) (Hooke's law), i.c.
: Y =km.

Yo m or

vi) The net present value (y) of an investment is a Tunction of net cash flows (C, ) in different time
periods, project’s initia cash outlay (B}, firm's cost OfC‘Ipll.a] (Pyand the life of the praject (N3, i.c.

y=1(C,B.PN),

Itis important Lo note Lhalcvc,ry mathematical relationship may nol be a function. For exam[lc, consider

the {ollowing relationship: vy =¥ x
18




At is not a function because coresponding 10 any vaiue of X, the valueof y is not unigue. For example., when
x=4,y=+2and-2 '

The dimension of a funciion is determined by the number of independent variables
For example: :
D=f(p) is a single - variable (or one-dimensional} function
| D-f(p,A) is a two - variable (or two-dimensional) function
Y=f(C,BPN)isa multi-variable {or rulti-dimensional} function.

In order to understand the nature of mathematical relationship { also called model) between independent
variables(s) and dependent variable we must be familiar with such lerms as parameter, constants
and variableseThe Example-1 will illustrate the meaning of these terms.

Example 1

Suppose an industrial worker gets Rs.25 per day. If he works for 26 days in a particular month, then his

total wage for this month is 25 X 26 = Rs. 630 During some other month he may have worked a total of

only 25 days, then he would have earncd Rs. 625. Thus, the total wages of the worker, assuming no,
. overtime, can always be calculated as follows: :

Total wages = Rs.25 x nurnber of days worked

If we lot,

T = total wages _ \
D = number of days worked ' 0
- then, . O

.T=25D.
This represents the relationship between @;@Eand number of days worked. In general, the above

relationship can also be wreitien as
T=XD

where K is a constant for particular class ol worker(s), 1o be assigned or determined in a specific situation.
Since the value of K can vary {or a specific situation problem or context therefore itis callcd a parameter,
whereas constants such as pi (denoted by T ) which has approximate value of 3.1416 remains same from
one problem context io another are called absolute constants. Quantities such as T and D which can
assume various values in a given problem are called variables. '

Activity A .
1. Find the domain and range of cach of the following functions
: l
VY=5TT
A b y=vXySO
&) y=Vi-x;, y20
2, Let 4p + 6g = 60 be an equation containing variables p (pricej and q (quamity); Identily the
meaningful domain and range for the given (unction when price is considered as independent
variable.

19
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2.3 TYPES OF FUNCTION

In this Scction some different typesof functions are introduced which are particularly usefu! in calculus.

1 Linear Functions :

A Linear function is one in which the power of independent variable is 1, the general expression of lnear
function having only one independent variable ‘is: :

y=f(x}=a+bx

‘where a and b are given real numbers and x:is an independent variable taking all numerical values in an
interval, ' :

A function with only one independent variable is also called single variable function. Further, a singlc-
variable function can be tinear and non-linear. For example,

y =3 + 2x, (lincar single-variable function)
and

¥ =2 +3x ~5x2 + x?, (non-linear single-variable function)

A linear function with one variable can always be graphed in a two dimensional plane (or space). This

graph can always be plotied by giving different values to x and ¢ culating corresponding values of y. The
graph of such functions is always a straight line. ;

Esxample 2 ' '

Plot the graph of the function, y = 342x

For plotting the graph of the given function, eng various values 10 x and then calculating the
corresponding values of y as shown in able Below:

x [0 23 4 5
y 3, % 7 9 1 13

The graph of the given function'is shown in Figure 1.

Figure 1
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A function with more than one independent variable is defined, in general, form, as:
y= f(xl, e X) = HAX Ha X+ . A X
- where a, a,, 2,,...,a_ are given real numbers and x,, x,, . .. X_are independent variables taking all
numerical value in the given intervals, Such functions are also called multivariable functions. A
mulgvariable function can be linear and non-linear, for exampie,
y =2+ 3x, + 5x, {linear multi-variable function)
and
y =3+ 4x + 15x;x, + 10x*, {non-linear multivariable function)
Multivariable functions may not be graphed easily because these require three dimensional plénc Or more
dimensional place for plotting the graph. In general, a function with n variables will require (n+1)
dimensionat plane for plotting its graph, :
2 Pelynomial Functions :

A functic_m of the form

y=f(X)=ax"+ax""+ ... +a x+a (2-4y

n+l

wherea 's (i=1,2,...,n+1) are real numbers, a, #0 and n is a positige integer is catled a's polynomial
of degreen. 0

function {2-4), can be writien as:

. _ y=ax' +ax"(a 0} v -
This is usually written as Qs o : .

y=a+b - x°=1)

a) If o- 1, then the polynomial function is of degree 1 an@ed a linear function. That is, forn=1,
|

where 'a’ and 'b' symbolise a,-and a, respectively.

by If n=2, then the polynomial functionis of degree 2 and is called a quadrauc funciion, Thatis, forn=2,
function (2-4) can be written as :

y=ax’+ax+a, (a #0)
This is usually written as :
y=ax’+bx+c
where o
a=aa=banda,=c
3 Absolute Value Functions
The functional relationship expressed by
: =|x{
is known as an absolute value function, where |x | is known as magnitude {(or absolute value) of x. By
absolute value we mcan thal whether x is positive or negative, its absolute value remains positive, For

example |7} = ? and |-6] =

Plotting of the graph of the function y=Ix|, assigning various values to x and then calcul_a[ing the
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corresponding values of y, is shown in the table below:

The graph of the given function is shown in Figure 2.

Figure I1

y I

4 Inverse Function ; o - L
Take the function y = f (x). Thenthe v of y&can be uniquely determined for given values of x as per
_ the functional relationsiip. Someti quired to consider x as a function of 'y, so that for given
values of y, the value of x can be uniquély determined as per the functional relationship. This 1s called
the inverse function and is aisd by x=f(y). For example consider the linear function:
y=ax+b '

- Expressing this in terms of x, we get

b
= -~ — =cy+d
a

1 ' —b
Where ¢ = —, and d= ——
a ©oa

This is also a linear function and is denoted by x=f1 )

5 Step Function ]
For differertt values of an independent variable x in an interval, the dependent variable y = f (x) takes as
constant vaiue, but takes a constant value, but takes different values in different intervals, In such cases
the given function y = (x} is called a step function. For exampie

¥ 0 € x< 50
y={(x}= y,if 50 <x<100
¥, if 100 <x <150
The shape of the graph of this function looks as shown in Figure 3, for y, <y, <y,, _ ‘
99 .



Figure IIL
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6 Algebraic and transcendental Functions

Functions can also be classified with respect (o the mathematical operations (addition, subtraction,
"multiplication, divisivn, powers and roots) involved in the functionat relationship between dependent
variable and independent variable(s). Wiien only finite number of terms are involved in a functional
relationship and variables are affected only by the mathematical operations, then the function is calied an
algebraic function otherwise transcendental function, The foll@uncﬁons are algebraic functions
of x,

D oye=2x £ 5 —3x 49 O
.. — 1 '
i) y=vi4 X :
3 | _ :
=X ot 2 Q E
i) y=x = + 2.

The sub-classes of transcendentat s arc follows:
a) Exponential Function _
If the independent variable in any functional relationship appears as an exponent (or power), thea that

i fonctional relationship is called exponential function, such as-

i) y=a%a=]

i) y=kaazl

i) y=ka™az 1
iv) y=ke"

" where ab,c and k are constants with 'a’ iﬁki-ng__only a positive value.

Such functions are nseful describing sharp increase or decredise in the value of dependent variable. For
example, the exponential function y=ka* curve rises io the right fora<l, k>0 as shown in the figure IV

(a) and (b).
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i) Natural logarithm: It is the lo

i) log (xy)=logx + logy

Figure IV(a) Figure lV(b)‘

y='kﬂl

(a>1,k > 0) \

—-.—-—'-'-.-"
k
K
Sy
o 7‘ o a4
b)  Logarithmic functions
A logarithmic function is expressed as
y=log x

‘where a #1 and > 0 is the base. 10 is read as 'y jg'the log (o the base a of x'. This can also|be written as

X =a¥ ‘
Thus from an exponential function y=a* we may constgct 1B togarithmic function g = log.y by
interchanging the variables. This shows (hat the inverse o xponential function is a logarithmic

function.
The two most widely used bases for logarithms are ‘e {=2.7182) =2.7182).

i) Common Logarithm: Tt is the logarit e base 10 of a number x, It is writien as log | x if
y=log, x then x=1{¥ '

lo the base ‘e’ of a number x. Itis writien as log_x of In
I be understood that the base is e,

x. When no base is mentjgmed, it
Some important propertics ol the ithmic function y=log_x are as follows:

iy logl1=0
ity loge=1i

tv) log (%):logx—.iogy
v) log(x")=nlogx

log,, a ‘

vii) log, a={log, 0)(log,, a}= 16g,, €

viii} logarithm of zero and negative number 15 not defined. - ‘

Activity B

1 Draw ihe graph of the following functions

a) y=3x-5
b) y= %2 . .
cry = log,x ‘
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2 ‘The data of machine operating cost (c) and the age (l).of the Eachine are shown in the following table;
1 (years) : 1 2 3 4 5
¢ {in 000's) 5 8 13- 20 29

2.4 SOLUTION OF FUNCTIONS

The value(s) of x at which the given function f {(x} becomes equal to zero are called the roots (or zevo) of
the function f(x). For the linear function.

‘y=ax+b
the roots are given by
ax + pb=29
or = — E
a
Thusifx—myis bstituted i i i i
=3 substituted in the given linear funct_:on v==ax -+ b then it becomes

equal to zero.
In the case of guedratic function 0 -

_ y=ax’'+ bx + ¢, '
we have to solve the equation ax’ + bx 4 c=0: a find the roots of y.

T_he general value of x for which the given tic function will become zero is
given by

X —4ae
_ o 2a
and other value is
X —b—- v b*—4dac
a 2a

It is very important io note thal the number of roots of the given function arc always equal to the highest
power of the independent variable.

Particular Cases:

The expression b? — 4ac in the above formuta is known as discriminant which deterntines the nature of .

the roots as discussed below:
i) 1fb% —dac>0, then the two roots are real and unequal.

b
i) If b? - dac=0 or b2=dac, then the iwo roots are equal and are cqual 0 - —
' : . 2a

iii) If b2 ~ dac< 0, then the 1wo roots are imaginary (not-real) because of the square oot of a negalive

number.
_The roots of a polynomial of the form:
“y=(x-a) (x-b) (_x~c) {x-d}......
are 8,0, ¢, overeerreeencens
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ActivityC |
Given that f(x)=(x-4)(x+3); then find | _
2) f(4), f-1), £(-3) ‘

b} Roots of the function.

- 2.5. BUSINESS APPLICATIONS

We often talk of supply and demand functions; cost tunctions; profit funclions; revenue functions;
production functions; utility functions; etc, in applied mathematics. In this section, a few cxamples are
given by constructing such functions and obtaining their solutions:

Example 3 (Linearfunctions)

A company sells x units of an item each day at the rate of Rs. 5Gr unit. The cost of manufaciuring and
selling these units is Rs. 35 per unit plus a fixed daily overflgd cdbt of Rs.1000. Defermire the profit
function. How would you interpret over the situation | cotMPfiny manufacturers and sells 400 units
‘of the items a day. 6 ‘

Solution: - Q . o
. The total revenue received by the com ay is given by : ‘
Total revenue (R) ice Per unit) x (number of items sells)

b

“The total cost of manulactured items per day is glven by:

Total Cost (¢) - (Variable cost per unit) x (number of items manufactured)
+ (fixed daily overhead cost)
= 35.x + 1000 ,
Thus, Total profit (p) = (Total revenue) — (Total cost) : ‘

= {(50.x — (’45x+1000)..15x—1000
- I£ 400 units of Ihc item are manufactured ;ana sold, Lhen the profit is given by:
P=15 X 400 — 1000
= - 400

The negative profit indicates loss Thus if the company manufdf,tures and sells 400 umts of Lhc 1em, it
‘would incur a loss of Rs.400 per day.

‘Example 4 (Quadratic Functions) ' _ : ‘

Let the market supply function of an item be q=16¢ + 8p, where q denotes the quantity supplied and p
‘denotes the market price, The unitcost of production is Rs.4. Itis felt that the tatal profit should Pe Rs.500.
‘What market has to be fixed for the item so as to achieve this profit? .
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~ Solution:
Total profit function can be constructed as follows:

Total profit (p) - Total revenue - Total cost

= (Price per unit X Quantity supplied)
= (Cost per unit X Quantity supplicd)
= pg-cqg
= (r-94q

Given that c=Rs. 4 and q = 160 +8p. Then totat profit function becomes
P {p~-4y{(160 + 8p)
8p*+ 128p — 640

If P = 500, then we have

500 = 8pi+ 128p — 640
Or Spt 128p—1140=0

— 128 + V(128 (N128)2 — 4X8X (— 1140)

L 2x 8

= 128+ 22992
O

= 6.36 or — 22.37

Since negative price has no economic ma@!ﬁr@fore the required price per vnit should be Rs.6.37.

Activity :

a) Consider the quadratic e{iﬁatjon%x +¢ =0. For what value of ¢, the equation has
1) real roots, ' |
it equal roots, and

b) A newsboy buys papers for p, paise per paper and sells them at a price of p, paise per paper (p,>p, )
.The unsold papers at tie end of ihe day arc bought by a waste paper dealer for p, paise perpaper (p,<p, ).

" 1) Construct the profit function of the newsboy,
i) Construct the opportunily loss function of the newsboy.

2.6 SEQUENCE AND SERIES

Sequence

If forevery posmve integer n, there corresponds a number, a such thata 1s related to n by some rule then
the terms a,, a,,- . . a_.. . are said to form a sequence.

A sequcnce is denoted by bracting its nth term, i.e. (a ) or {a_}. Examplc of a few sequences are
i) Ifa =n? then sequcnce {a}is1,4,9.16,.
i) Ifa = lfn then sequence {a ) is 1, 1/2, 173, 1!4 /

ii)Ma = , then‘sequence {a_}is 1/2] 473,944, . .00 +1,

n+l
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The concept of sequence is very useful in finance. Some of the major areas where it plays a vital role are.
‘mstalment buying’; 'simple and compound interest problems’; ‘annuities and their present values',
- mortgage payments and so on.

Series

A serics i3 formed by connecting the terms of a sequences with plus or minus sign. Thus if a_is the nth
term of a scquence, then

a +a,+...+3a

is the giver seriesof n terms.

2.7 ARITHMETIC POGRESSION (AP)

A progression is a sequence whose successive terms indicate the growth or progress of some character-
isucs. Anarithmetic progression is a sequence whose term increases or decreases by a constant number

called common difference of an A.P. and is denoted by d. In other words, each term of the arithmetic
progression after the first 1 18 obtawied by adding a constant d 10 the preceding term. The standard form
of an AP, is written as :

ga+d,a+2d,a+3d,. ..
where 'a' s called ihe first term. Thus the corresponding standagd form of an arithmetic scfies becomes

a+ (a+d) + (a+2d) + (2 + 8) +

Example 5 . O

Supposc we invest Rs, 100 ata simple interest @N§9: per annum Tor 5 years. The amount at the end of
cach year is given by '

&), 145, 160, 175

This forms an arithmetic Progresy
The nth Term of an AP,
The nthterm of an AP, is also calicd the genecal teem of the standard AP, It is given by
T=a+in—1yd;n=1,273,...
Sum of the First n terms of an AP,
Consider the first nterms of an A.P.
a,a+d, a+2d, a+3d, ..., a+(n-1)d
The sum, S of these terms is given by
S, ma+ (ard)+ (d+2d) + {a+3dh + ... +a+{n- id

=(a+a+.  +)+d{1+2+ 3+ +(n-i}}

1 N
=na+d {i(-g-z—)m}(usmg formula for -the sum of first (n—1)
natural . numbers]

=

=5 Ra+ (-1

Example & ' ‘

Suppose Mr. X repavs a loan ol Rs. 3250 by paying Rs. 20 in the firstmonth and then increascs the payment
by Rs. 15 every month. How long will be take to clear his loan?

\



Solution ' . e
Since Mr. X increases the monthly payment by a constant amount, Rs. 15 cvery month, therefore d =15
and first month instalment is,a=Rs. 20. This formsan A.P.Now if the entire amount be paid in nmonthly
instalments, then we have

S = %{2a+{n—1}d}

or 3250= % 12 X 204 {n—1)15}
6500 =n! 25 + 15n|
1507 4+ 250 — 6500=0

This is quadratic equation in n. Thus (o find the values of n which satisly this equation, we shall apply
tne following formula as discussed belore.

_—bEybodac 25+, [25 -4 X 15 X (—6500)
7a = X5
— + /2
_ “—“_“253—66_5 — = 20 or —21.66

The value, n = — 21.66 is meaningless as n is positive integer. Hence Mr. X will pay the entirc amount In
20 months.

Activitie _
1 FEind the 15th term of an A.P. whose first term is 12 and cOgmo differnce is 2.

2. A firm produces 1500 TV sets during its first year. tal production of the firm at the end of the
15th year is 8300 TV sets, then '

a) esitmate by how many units, production f?{eascd each year.

b) based on estimate of the ansual incrgpmgnt inGroduction, forecast the amount of production for the
10th year. : Q~

2.8 GEOMETRIC PROG@ON (GP)

A geometric progression (GP} is a sequence whose cach erms increases or decreases by a constant ratio
called common ratio of G.P. and is denoted by 1. In other words, each term of G.P. is oblained after the
first by multiplying the preceding term by a constant r.. The standard form of a G P. is writlen as

a,ar,ar’, . ...
where '’ is called the first term. Thus the corresponding geomelric series in standard form becomes
| a+ar + ar’ .
Example 7

Suppose we invest Rs. 100 at a compound interest of 12% per annum [or three years, The amountat the
end of cach year is calculated as follows:

12
1) Hterestat the end of the first year = 100 x 5 =Rs 12
1

Amount at the end of first year = Principal + Interest
=100 + 100 {12/100)

= 100 ('1-1— ———11020 )
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This shows that the prmc1pal of Rs 100 becomes Rs. 100 ( 1-1020 ) at 'the;
end of first year, ) :

“if) Amount at the énd of second year=

(Pfincipal at the beginning of second year) {1 + ._112 h}

=‘°°{‘+“*1%*} {1+ 5
=‘°°{‘+%'

iii} Amount at the end of third year = 100 {l + } {1

_100{1+ 12

Thus, the prbgress'iqh giving the amount at the end of cach year is

. . : Y
ofrs <Y 0fs s 3 Y oo i ]

i2 -
l . .

In general, if P is the principal and i is the ¢ nd.interest rate per annum,

This is a G.P. with common ratio r= (l +

successive years forms a G.P. Lt

then the amount at the end of first year bec$ -}_-qi_l._ﬁlso the amount at the ead.

P14 OO)QN_O@.) B

with r= (1%(7)

The nth Term of G.P.
The nth term of G.P. is also callcd the general term of the standard G. P.Iti is given by
_ T=a"",n=1213,. :
It may be noted here that the power of ris one less than the mdex of T_, which denotes the ran

in the progression,
Sum of the First in Terms in G P.

Consider the first n terms of the standad form of G.P. _ 5
a,ar,ar%, ..., ar*! _ -
The sum, §_ of these terms is given by
S,=a+ar+al+.. .. +actiar! . : (2-4)
1\/Iultipl}ringI both sides by 1, we get | :

k of this term

S, =ar+ar’+ a4, ., +ar™! + ar” : : (2-3)

Substracting (2.5) from (2.4), we have
S;— IS, =a—ar’
VS, (l—D=a(l—r) . - | .
a(l—r)
or S, =————;r#land<l
1)
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Changing the signs of the pumerator and denominator, we haﬁe'

a{-1)
S = ,.T#21>1
- 1) :
a) Ifr=1, GIP. becomes a, a, 4, ...... so that Sn in this case is §_ = n.a.

b) If number Of torms in a-G.P. aré infinite, then

\

_ Sn\: ,rel
SN -
For 121, the sum tends to infinity.
Example 8 ' ' _

A car is purchased for Rs. 80,000. Depreciation is calculated at 5% per annum for the first 3 years and
10% per annurii for the next 3 years. ‘Find the money value of the car after a period of 6 years. '
Solution;: i} Dgpreciation for the first year = 80,000 x 3 . Thus the depreciated value of the car at
the end offirst yéar is: 100 _
5
(80,000~ 80,000x 66 )
5

80,000 (1 - =)

if) Depreciation for the second year _ '
= (Depreciated value at the end of first year} X ( Rate of dgprectation for second year)
= 80,000 (1-5/100) (5/100)
Thus the depreciated value at the end of the second year 186

= (Depreciated value after first year) / :
—  (Depreciation for second year) ' Q

— 80,000 (1 o) - 80,000 W) (TSF) . |

— 80,000 (1_‘10@% ,

* Calculating in the same way, the depreciated value at the end of three years is
iii)Depreciatioh for fourth year

fo 5 )( 10 )
' — 80,000 (1+ =5, o0

‘Thus the depreciated value at the end of the fourth year is
= (Depreciated value afier three year) X-(Depreciation for fourth year)
C ann s,)l - ( 5 )-‘_(_-10 )

Calculating in the same way, the depreciated value at the end of six years becomes
5 )3 ( 10 )-‘
~20000 (1-—55) (1 -—1007)
— Rs. 49,980.24
3



Activity F

1 Determine the common ratio of the G.P.
49,7,1,1/7,1/49,, ...
a) Find the sum to first 20 terms of G.P.
b)Find the sum to infinity of the terms of G.P.

2. The population of a country in 1985 was 50 crore, _
- Calculate the population in the year 2000 if the compounded annual rate of increase is (3) 1% (b) 2%.

2.9 SUMMARY

The objective of this unit is to provide you exposure (o fanctional relationship amang decision variabies.
- We started with the mathematical concept of function and defined terms such as constant, paramelter,
independent and dependent variable. Various examples of functional relationships are meqttioned to see
the concept in broad perspective. Various types of furictions which are normally used in managerial
decision-making are enumerated along with suitable exampies, their graphs and solutign procedure.
Finally, the applications of functional relationships are demonstrated through several examples,

Attention is then directed to defining the Arithmetic and Geometric Progressions and subsequenty to their
applications, o : '

2.10 KEY WORDS o
i S\

|
. : | .
Arithmetic Progression (A.P.): AnAP.isa sequence wh@s increases or clec'_reasciI by a consant

number,
Algebraic and Transcendental Function: When on number of terms are involved ina functiona: |
relationship and variables are affacted only byghe matf€matical operations, then functions are calle : s

algebraic function, otherwise transcendental fif

Constant : A quantity that remains fi the Context of a given problem or situation.

Exponential Function : Ifthe independ®yt variable in any functional relationship appearll. an If:xponem';":

(or power), then such functiona @} ignship is called exponential function,

Function : Itisthe rule of corresporMigfice between dependent variable and independent varigble(s) so that
for evey assigned value to the independent variable, the corresponding unique value for the dependent
variable is determined. : Coe

Geometric Progression (G.P.): A G.P.isa sequence whose terms increases Ibr decreases by a constant
ratio, ' ' ’ :

Linear FunctionsA function whose graph is a straight line is caled a linear function. ‘

Logarithmic Function : The inverse of exponential function is called 4 !o.garitﬁmic function,

Parameter : A quantity that retains the same value throughout any patichlar’probierﬁ but'may assume
different values in different problem. - o '

. Polynomial Function : A function of degree’ n s cal-l-t_ad;& polynorﬁiai function of degree n.

Series : A series is formed by connecting the terms of a sequience with plus or minus sign.

Sequence : If for any positive integern, thcré"t:orrcspondsf anumber a_such thata_isrelated tp n by some
rule, then the terms a a, ....a,are said to form a sequence. :

Step Function : If for values of an independent variabie,. the dependent variable takes a constant value
in different intervals then the function is called step function.

Variable : A quantity that can assume various values.

32 | ‘




2,11 FURTHER READINGS

~ Childress, R.L., 1974 Mathematics for Manager:'ai Decision, Prem:ice Hall Inc..: Englewood - Cliffs.

Dean, B.V., Sassieni, M.W_; and Gupta SK., 1978 Mathemaucs for Modern Managemem, Wiley
Eastern ; New Delhl

Draper, JE; and J, S Klingman 1972. Mathematical Anaiys;s Business and Economlc Apphcauons,
Harper and Row Pubhshers New York. .

Raghavachan M., 1985. Mathematics forMangement An Introduction; Tata McGraw-HlllPub Comp
Ltd.: New Delhi. . .







UNIT 3 BASIC CALCULUS AND APPLICATIONS

- Objectives _
After studying this unit, you should be able to understand the:
« meaning of the term "calculus” and its branches
» concept of limit and slope which are fundamental to an understanding of calculus
-+ meaning of differential calculus '
» the type of decision problems which can be solved with the hetp of differential calculus.

Structure

3.1  Introduction

3.2  Limit and Continuity

‘3.3 Concept of Slope and Rate of Change

34  Concept of Derivative o

1.5 Rules of Differentiation

3.6  Applications of the Derivative .

3.7  Concept of Maxima and Minima with Managerial Applications
3.8 . Summary '
39 Key Words

3.10 Forther Readings

3.1 INTRODUCTION ' %

In the past, the term "calculus™ as a branch of mathcmatic@m_iliar only 10 scientists. The managers
and students of busincss management were liitle co%e’d about its usefulness. But, with the increasing
e %0

need of quantitative techniques in the solution of bufgfies problems, there is a growing tendency (O usc
quantititative techniques based on caicul the %solution of business problems. Calculus based
techniques are extensively used in economi tions management, marketing, financial managmert,
etc. )

Calculus is particularly useful in th&tions where we-are interested in estimating the rate at which
things change. For example, it has arole to play when we are intctested in knowing how the sales volume
or sales is affected when the prices change or how the total cost, price, ClC. are atfected when the volume
of output changes. .

There are two branches of calculus: differéntial calculus and integral calculus. Thesc two are reverse
of each other, as are addition and subtraction, and multiplication and division. Differcntial calculus §s
concetned with determining the rate of change of a given function due to a unit change in one on the

independent variables while, Integral calculus is concerned with the inverse problem of finding a function
when its ratc of change is given. This cannot be illustrated with real examples becausc integral calculus
is beyond the scope of this unit. In this unit we will be concerned only with differential calculus.

Analysis in business and economics is frequently concerned with change, thercfore differential calcutus
should find wide applications in business. Marginal analysis in economics is perhaps the most direct
application of differential calculus in business. Also business problems concerned with such things as
-maximisation of profits and minimisation of costs under various assumptions, can be selved vsing
differentiat. calculus. ' ' ' . o

"The objective of this unit is to give you an idea ﬁB.out the rate of change of a function. The applications

“of this concept to marginal analysis and to various problems of maximjsation and minimisation are
discussed in this unit. : '
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3.2 LIMIT AND CONTINUITY

A) Limit: Sometimes, we wish to determine 1hc behav:our of a function y=f(x) as the mdcpendent
vartable x approaches some particular value, say ‘a'. For example, itmay be i interesting to know limiting

abstract, therefore the notion of limit of a function is easner to understand in an intuitive serjse. Consider
a function f (x) defined as:

-saturation level of sales as advertising efforts are increased. The formal definition of Limit rqay look little

f(xj =x-1

Now as we give values to x which are nearer and nearer to 1, the value of the funcuon £(x) become smaller
and smaller and become closer and closer 10 ZCIO,

This phenomenon of x approaches a value 'a' termed as 'x tends to 2' and it is symbolically written as

x—a. The corresponding value of f(x), say 'L' as x —a is called the limit ofthe functibn, and it is
symbolically written as:

E_,dir‘nit f(x)=L or L'_Ej., fix}=L

or f(x)—*L as x —a

Example 1
If f(x)=2x+ 5,then Lt. f ()= 5. It can be illustrated as sh%below.

X " y=[(x)=2x #

2

1

12 ?\ 6
175 27/5
1710 Qs 26/5
1/100 251/50

111 2501/500

Aliernative symbolical notanions of the fimit of the gl\-’ol'l function when we allow x o iake different
values are as follows: -

Notations Example ‘

|
i Lt f(x)=L l:.t;c. .<l + %) =1 ‘
or f(x)—~ L as x — == '
i) Lt fx)=L - Lt ('}— < ):1
X—— = Xx——m |
or f{x) ~L as x - — = .
1) 'Lt. f(x}==, and Lt. {(x'~8)=, and also ‘
' x— . X— e .
L (== L (- 8)=—
. ' 1 }_ - ‘
iv) xI:'-té f{x)= x]__,.t,z {W =

or f(x)— = as x—a
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o "'6-' PR
There may be certain situations where limit takes the meamngless form suchas 5.5 ,OX o 2,
Such forms are also called indeterminate forms. In all such cases, the given functions are simplified to

obtain a determinate values.

ExampleZ
if f(x)= ; then find the limit of f(x) as x — 2.
Solumm
' _ X=4  (x=2)(x+2)
fix)= xi—2 x—2
For x#2, x— 270, then
_ =2} x+2) -
f(x)= ) =x+2

andy j
Lkt f(x)= Lt, (x4 2)=4
x—2 x—2

44
32

It may be noted that the limil of the given function as%is not the value of

However, at x=2, f(x)= = g {an indeterminate form)

the function: when x = 2. The liinit of the function is 4 wherags th8value is indeterminate.

Rules of Limit of a Function _ Q _
From the definition of limits, it is now easy o derivggome baSic results in the operation of Limilts. Suppose
there are two functions f (x) and g (x} having %‘ :
Q Lt. f(x)=L,
. X—a
- QO
Lt. g(x)=L,
X—a

then

1} The limit of a sum {or difference ) of ewo functions is equal to the sum {(or d1fference) of the limits
of the two functions, That is :

LL {00+ g0} = Lt F0% Lt gx)
—L, +1L,

if) The limit of the product of two functions is equal to the preduct of limit of functions.
Lt if(x) Xg(x)}= Lt. f(x)X Lt g(x)
—a Xx=a _ x—a .
=L, XL,

" iii)  Thelimit of the quotient of two functions is equal to the quotient of their limiis, provided the limit
of the divisor is not zero.

Lt. f(x)
o L 1 #0
ha 8(x) x_}. glx) ' provided L,
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vl ‘Lhe limit of a constant 1s equal to that constant

i

Lt K=K

X—a
v) * The limit of the nth power of any function is equal o the nih power of the limit of the function.
Lt. {f(x)F = { Lt. f(x) }
—a LY St

= {L.I}n
[he limit of exponential Function i \e
juppose a function is defined as:  f(n)= (l + 4 )

Then ‘
Lt fn) = Lt. <1+--:T>
n— o n— = !

—e(=2.71828) ‘

@

Also, for every real number x, we have
. . X n
e =£.£.._ (l + F)

Exampie

Leta sum of Rs. P be initially lent at the rate of r per rupce per afgum to be compounded a%nually. Then
the compound value of money at the end of n years is givig by

A=P( +rp
But if the interesi be compounded more than once a > then we have _

- vhere m-is the number of times per%ear ‘compounding occuirs. That is, the interest be compounded at

1
ntervalsof —  years.
m

If m — =, that is, interest is compounded at very \relrji small intervals, then we have

m r T m/t
_—‘W,E—'Oand Lt. (14- ) =e

T m— = m

and also, A=P.em

dence,a sumof Rs. Pinvested initially at the rate of r per rupee per annum to be compounded continuously,
yecomes A=P.c™ at the end of n years.

Activity A ' ‘
1 Evaluate
) 1
a) 1‘]‘_:l._‘.m (l + r )

n=2
b) tli-:&u: ( n+41 )

2, The sales S (in Rs, 1000's } of a product as a function of advenis'm g expenditure x i3 given by
S=2000 + 4000 {1 - et00u

Find the limit of § as x — e and interpret your result. ‘
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Contmulty
A functiony = f (x) is said to be continuous at a pomt x=a if
i) f (a) exists (or defined) '

i) -Lt. f(x) exists
' X—a

iii) Lt f(x)=f(a)

Condition (iii) implies that both right hand limit and left hand limit should exist and be equal 10 the value.
of the function at x=a. That is, limit of f (x) in the neighbourhood (i.e. clOse o ) of x—a (or atx=a+ h and’
x—a-h where h—QO) should exist.

The limit is said to exist if its value is finite. For exampie, if Lt f (x) =< as x'—)a,'l then this means f (x)
becomes arbitrarily large as x approaches a. It should be remembered thate is not a number.

A function f (x) is said to be contiruous in (or on ) an open interval (b,c) or closed interval (b,c) if itis
continuous at each and every pomt of the interval. Otherwise it is'said to be discontinuous.

- From this dcfmmon of contmulty, it follows that the graph of a function that is continuous in (or on) an

interval consists of unbroken curve (i.e., a curve that can be drawn without ralsmg the pen from the paper)
over that interval as shown in Figure I (a) and I (b)

_Figure I{a) ) . Figure I(b)
v Discontinuous Function invous Function
A . ) )

400¢

Example 4
Discuss the nature of the following functions.

~a) f(x)= xiz 'at_|='k=2

- b) f(x)=x" at x=2.

Solution:

1
x—2

= o0

is discontinuous at x=2 because _.f(2)= L

a) The function y= 5
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ie. the funcdon-is not "cleﬁ'lied- tor x=2j _becaus'e it -does not have finite valug
0} f(2)=(2)'=4 (finite value)
Also RHLL, =Lt (2+h0)'= Lt (4+h2+4h) 4(finite)

LH. L= Lt_. (2—h)’= Lt. (4+h2+4h_)= 4 (finite)

- Since all the conditions of connnmty are sansﬁed therefore function.is contmucus.

Acl:wnty B
The total cost c(x) of purchasmg X units of an item w1l;hm each interval is as follows

15« ; 0= x.<200
c(x‘)é {13x © 200< x< 400

: T10x ; x>400 o | |
Find the points ot discontinuity. . . : N

3.3 CONCEPT QF SLOPE AND RATE OF CHANGE

The term slope Is used to measure the degree of steepness or rate of change of a funcuon ILn general, it
Jis defined as the change in the dependent variable caused byong unit of change in one of the ndependent
variables. The slope is denoted by'mor'an@ ( Qis ﬂl@? of inclination of the glx{cn line with
~ x-axis). ' ' s '

fixed (set-up) cost plus a constant additional each item produced If ﬁxed 'COSL IS Rs 3 and
"additional cost is Rs. 1.5, then tota! cost wi rep sented by :

=341.5x . ]

Slope of a Straight Line Q ' :
Consider the case of total cost of producing an i’gcm. ¥ total cost of production is a function of the

where x is the number of items ed. learly x is the independent variable and y is the depe_:nden{
- variable, ' 2 ' L o S

This equation has been graphed in Figure IL. It represents a straight line.

g_ A : Figure IT - S N
) : : |
g ' y=3415x /M B(x.y) 4
= : ' .
; rise i
¢ \ i
“ Y r-AY ¥.— %
a2 1 ¥
5 VAL A N
v . : w]v!
— . Yy ™ »n
4 Ax=x,—x, |r B
, run : :
L8 ¢ . i
LA i :
! i :
| ' .
: ' a
2r ! : : i
t ' y o
e, ! i
it b I
] |
| 1
|
- * _':" E W v .
+ ‘ L ' ~
0 1 2 3 4 3 6 . :
'Numbeer;lucqqu).
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Consider two points A and B on the line whose coordinates are (X, yl)' and (x,, y,) respectively, Suppose,
we employ the symbol A (delta) to indicate a vey small change in the value of a variable or quantity. This
change can be positive or negative change. If A x represents the change (or increment) in the value of x
and Ay represents the change in the value of y dueto change in x, then the ratio (A y/A x) of the change
in dependent variable y due to one unit change in independent variable, is called the siope and is defined
as :
' rise

m=tan 0= —
of Ay _ ¥o-y _ 7.5—4.5
Ax X,—X, 3-1

=135 (coefficient of x)

Thus, in the case of straightline relationship ;which we are cutrently considering, the slope is simply givch
by the coefficient of the independent variabie. In this case the slope is + 1.5 (the plus sign indicates that
y increases when x increases and vice-versa).

Further considering the equation of the line y=3 or 3+O.x (Le. cost of production 1s independent of the

number of items produced). Itis obvious that terms involving x has a coefficient of zero. Thai is, the

slope of this line is zero and hence it is a horizontal line as shown in figure 2. It should be noted thai the

stope (rate of change) of a line remains constant at all points on the line, i.e. rate of change of y as x

changes is constant throughout the length of the line. However, the slope of a curve (i.e.-a non-linear

function) changes from point to point and thus the slope mus@ermihed for each particular point
. of interest. : '

Positive and Negative Siope _
. The slope + 1.5 in the case just discussedis an e of positive slope which indicates that

dependent variable y increases {or decreases) as i pendent variable x increases { or decreases). But if

" the value of dependent variable y decreases as ind%t variable x increases and vice-versa, then slope

* isalwaysnegative. For example, let the sal an it&m be the function of the price charged, and the exact
relationship between these two is given iQN

y=100-5x

In this case the slope is -5 (negative) which indicates that as sales, y decreases with increasing values
of price, x and vice-versa.

Activity C | -
Suppose a sales man is paid a fixed sum of Rs. 500 per month together with a bonus of Rs. 2 forall items
sold. Devise functional relationship for his salary and determine the slope of the lire.

' Slop of a Curvé (at a point) _ )
' For non-linear functions, the slope changes from point to point, Thus, it is necessary (o specify the point .
at which the slope is to be determined. The procedure for computing the slope in this case is also same

. . : Ay . .
| as in the case of the straight line. This means, that we must compute the ratio ey at a specified point,
- X

[ . e .
Suppose total cost, 'y’ of the stock of an item as a function of order quantity, 'x'1s represented as:
| .

y=4’x+'———
X

IThis equation has been graphed in Figure 3. It represents a curve
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0 : Figure III
. a
.§,
= : '
N i_i=3 94
|
|
. . | N I
0 - ,
. 25 Quintit]y ordered
y ’ !
For x=35,

‘Between x=$ and x=7.50, we have

Ay 56 o
TAx TN =134 B

For x=a0, y-m0y 2K,

X=22.5,y=90+ -%20—%- = 98. 88

Between x=20 and x=22._5, we have - P
Ay - 98.88—-90 :

A — =394

#*
From these two values, itis clear that the slope of a curve is different atHiffcrent points , and

-value of the ratio _é_m the first case is smaller as compared 10 the absolute value of the
Ax

theabsoluté
. Ay |
tio —2 in-
Ax

se,cond case. This shows that the value of y is'much more sensitive 0 changes in the Ilower rafige of x.

The negative slopc between x=5 and 7.5 indicate that the total stock holding cost decreases assi riase of order

increase on this part of the curve. Whereas between x=20 and x=22.5, stock holdmg cost inc
of order increases on this pari of the curve.

Activity D

es as size -

Suppose total cést;y of the stock of an item as a function of order size, X is represented by equaﬂon

200 S
=4x+ : o

Compare the slope between x= &gnﬁ 9 w1th between 20 and 21 Also interpret your resull
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3.4 CONCEPT OF DERIVATIVE

The term derivative is a generallsed expression for measuring the rate of change or slope of a function.
Supposing A and B are two pomts on the curve (figure IV) whose coordinates are (x, y,)- and (x,, ¥,)
respectively.

YA
Figure IV

Yo Fommmm e e e B(x,. ¥}

']
A

1
1
t
]
'
|
A
!
\

1
1
[]
1
1
; Tangent to
?curve at
) point A
|
1
1
" l
1 i
1 1
1 |
] 1
l ' '
1 i
! !
I Ax=x—x !
' |
) fun '
]
] 1
' {
H (
: :
]
) e b
1 : X x

In figure IV, the average slope of the curve between two points A and B is measured by the slope of the
line joining the points A-and B. That is,

Yam % _ Ay
X=X AX

3.1

Slope of the line AB =

. Assuming that the malhemaucal equation of the curve in'the figure is rcprescn(ed by y = f{x). Then

¥ = the vatue of I {x} alx~x
Similarly. y, = f(x})

Substituting for y, and y, in eugation (3.1), we have
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Ay fG)-Te)

- — (G2
AX X~ X, ‘

As x>, then let x, = x, + AX| where Ax, represents small change in x,. Therefore, ‘
_ X=X, + Ax,

and S ‘

fx)=1(x +Ax)

SubStituting forx, and f (x,} in equation (3.2), we have

Ay it Ax)-f(x) |

Ax (x4 Axi)—x : |
_ x4+ Ax,)—1(x,)

. If wekeep on making A x, smalier, we approach a point such.as A, and obtain a line that touches the curve

only at the point A. This line is the tangent to the curve at the point A (tangent at a point is defined as the

line that touches the curve only at that point and does not cross the curve at that point). Now when Ax,

is very very small, and point B will be extremely close to A. Ingnathematics, this is known as taking the
N:"B’

Equation (3 3), representes the slope of the straight line AB, rather than of the corve AB.

we have . ‘

. e A -Ax )~ f(xi) ]
Slope of the f:ung at_ point A*%t. 0 &'ﬁ Ax, ] |
In general, the slope of the curve & : int A(x,y) is defined as: ‘
| & 1o | €Dy [ fO+an-fx) ] - _I
Tdx T Ax-p | AX x—~0 Ax

Hence, we can say that the derivative of a function is the generalised expression for the slope of a function.
Further, if we can calculate the derivative at any point on a curve, this means we know the‘value of the

limi: of the ratic E—}L as Ax; — 0. Hence from equatio
: X

d
slope at that point. .Another interpretation of the derivative 'dy thai it measures the rate ?f change of
: X

the variable y with the respect to the variable x.

At any point where the limit .of (3.3) does exist, the function y = f(x) 1s said to have a derivaJtivq or to be
defferentiable and % is said 10 be the first derivative or the de_l:iyétivc of y=1(x). ThL: process of -
obtaining the first derivative of 2 function is referred to as differentiation, Various types cfr:f notations,_ '

" in addi.r.ion to% are used'to denote the first derivative of y=f(x) with respect to x. 'The most common
of these are ' | o

f_(X);y'_;'. @ (¥};D_
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3.5 RULES OF DIFFERENTIATION

‘product of the exponent n and the

Some of the most commonly used rules of differential_idn are as follows: '

Polynomial Functions
‘a) Dertvative of a constant;

Let y=K, where K is a constant, then

%——— 4 K=0

Examp'.les |
__i)' _Hy=10;'mén‘%;_go
i) If y=0, then %;o. N

That is; the derivative of a constant is always Zero
b) Derivative of a power functlon ' _
Let y=kx", where the coefficient K and exponent n nstant, then
ax—“"" =k ax—("') O
=k nx“‘ . . v . :

That is, (i) the derivative of the product oQﬂ_hnl and a dift_'eremiable function is the product of ihe_
constant and the derivative of the 'fuq'on ahd (ii) the derivative of the power function x* equals the

dy

x raised power one less than exponent, i.e. (n-1)

Example 6

i) !fy-le then =10.1.x"'=10x°=10

& a—|&

i) Ify-._le‘ then = 10.4 . x* 1 = 40x?

dx

. €) - Derlvatwe of a sum (or a difference) of two (or more} functions

Let y=utv
where u=f (x) and v—g(x) are deferenuablc funcnon of X, then

dy . du dv

dx dx

That is, derivative of the sum (or difference) of a finite number of diferentiable functions equals
the sum (or difference) of derivatives of the individual functions
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Enmple 7 _ : _ | o ;
i) If u=10x* and v=—51’, y=u+vV : - :
then _
dy du dv L d et od &t
dx~_—dx+dx—dx.(10!)+~d7( 3x) | . ;
= 40x*—10x _ ] ‘

y=u—V'

dy du dv
dx
——10x7—(4+18x) K N

_;lPr;4-1sx

- Algebraic Functions _ :

"a}  Derivative of a product of fwo fanctions :
 Lety=u.v W _

"+ where u=f (x)and v= g(x) are differentiable fundtm%then : .

dy dv _du N o
v E T & O | |

That s, the derivative of the product of t tions equals this sum: (first function) X (deriva-
uive of second function) + (second functiol) - X {derivative of first fucntion).

Example 8 o o ‘

Ifu=x*+5andv=x* "~ .
o y=u.v | : | ‘

then .

dy PR .,.d 2 : d 1
= X)) g (X = (X7 5)

= (X’ +5)(2x)+ x'(3x* 4 0)
= 2 +10x+ 3x* '
= §x*4 10x.

b) . Derivative of a qn.otienl of two functions

Let y%%, v#Q

where u=f(x) and v=g(x) are differentiable Functions of x, then '
_ v du dv
dy. & TV E

dx v2

That 15' the derivative of the quotient of iwo functions éqlials (the denominator) X (derivative of -
the numerator) - (the numerator) X (derivative of the denomlnalor) then this difference divided
~ by the square of the denominator.. -
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| Eﬁam'pl¢9 . o _
Let u=x'45x+1 and v=x+2

u
Y= '
. then dy (x+2) (x +5x+1) (x +5x+1} ——(x+2)
a T o x+27
o (x+2)(2x+ 5+ 0)— (x+5x+1)(1+0)
xF2y
_ x’+4x+9
T+

. €) Dernvatlve of the nth power of a functmn

Lety =y° ) : |
where u=f(x)isa dlfferentsablc function of xand n is any number (positive or negative, integer or
non-integer), then T : '

hd_i* =n-u"". ;x {u}

and derivative of the function.

Special Case:_ ' - -
Ifu=f(x)=x, then v* = x" and
. =, X", : . -
~ forany real number n. . Q. : S .
‘Example 10 - . - | - -
Létu=(+20 0 S -
C Y= (x%2x) 1 ' o ' ' '

“'then

Thatis, the derivative of such function equals Lheproduct of por 6,:]16 (n—1)th power of the function

. ) .ng:— _%(xz_i_zx)—u;l—l %(x’.{. 2){_.]
- %__‘(x’-{- 2x) “H2x+2)
_ . (2x42)
B TP S UL R

- d) Derivative of a function of a function.
Lety=f( andu=g(x);

then
gy _dy du
dx du dx
Example 11 _
CLety=ulandu=2x+3
Therefore -
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& _ guo2(2x+ )=+ 6

; du
' du
0= 2
o =2+
Hence
| dy dy du
d&x ~ du X
- = (4x4+6)-2
=8x+4 12

Logarithmic Functions
Lety=log u,.
" where u = f(x), is a differentiable function. Then

Cdy u
) : dx __ g: ( )
" Example 12
i) Let y=(log xz)z -
then g

2 z
. . . x
b () &

dy e 1 4 —f X
dx X " Tdx X+ 1 )
x+1 ' _
T @ Di-xe1
b [l
x4 1

| xtb [ 170y
| B k x ) GHIF |7 30FD
Special case: ' -

If a=e, then leogg and _
"~ du

4 _1
dx v dx
Exponential functions
- g) Let y=2a"
~where u=f(x) is a differentiable function of x, then :
dy Y d
= a' log, a-———dx {u)
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Special case:
If a=e, then y=¢" and

dy _ . du
dx dx
Example 13
. i) [‘et_y=2xll'+1,.
then -
dy —_ t'+|
= 2¢*1.log? (21( +0)
=2x-2" log, 2
er
i =5
then
d d
dy. i e G L
dx ~ x? '
: L Xeef—etel e x—1)
= PE = X 0
b) Let y=u* or log, y=v log, u : _
where u={(x) and v=g(x) are differentiable func X, then
L
—-—(logcy)_. —-(v logcu)h.?- F—(Iogeu)+log:u ——-(v)
@_& + log, u
d dy
or di =y}: + log. n d:
v du dv
=u ‘:ﬁ o Flosu 5
=v.u! ~q~u—+u"logeu %—

It may be noted that rule (a) is a special case of rule (b) where u=a.

. Example 14
Let y = x**", then taking log on both sides, we have

Log y (x*+1) lo.ge X

Differentiating both sides with respect to x, we have

1 dy ey L)
v & (2x+ 0)log, %+ (x* + l)(x
=2xlo&x+x+ 31(_
C=x(2log, x+ 1) 4 1

X
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Active E :
Find the derivatives for the followmg functions: _ - ‘

i} y=5x
i) y=5x3+3x+2

x+1

| i) y=
x—1
iv) y- 22 xE- ) . ‘
W)y =og, X’
vi) y=log (3x*—5x) ‘

vil) -y = x*eloer

X)) y=3x=

3.6 APPLICATIONS OF THE DERIVATIVE

In economics, variation of one quantity ¥ with respect to andMer quantity x usually descrlrbed in terms
of two concepts
i) average concept, and

ii) marginal concept

- from zcro to a certain selected value, say fro 0. Whereas marginal concept concerns with the

. The average concept cxpresses the variation Wa whole range of values of x. It 1s usuaily measured
instantanecusrate of change in the dep@m valiable y for every small variation of x frorrlr a given value

of x. Therefore a marginal concept i nly when variation

in' x are made smaller and s §e, considering hmmng value only. Hence ‘i&‘t| 0 ( Ai’) 1
mlerprcled as the marginal valu ) _ ' ’T

Few applications of the derivative are discussed below, ' ‘

1 Average and Marginal cost ' _
Suppose the total cost y of producing and marketing x units of an item is represented by the function
u=f(x). Then the average cost which represents the cost per unit is given by :

f(x}

Average cost (AC) = % or -

Now, if the output is increased from x to x +Ax, and corresponding total |cost
becomes v + Ay, then the average increase in cost per uait output is given by the ratio
Ay

—5— and the marginal cost is defined as: - ‘

Marginal cost (MC) =‘[§)t(,40

That is, marginal ¢ost is the first derivative of the total cost y w1Lh respect to oupui x and is the rate
of increase in 1oal cost with increase in output ‘

Example 5
The total cost, C(x)} assoumed with producing and marketifig x units of an item is given by
c{()=0.005x* - 0.02x° - 30x + 3000
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find- 1) total cost when output is 4 units
ii} - average cost of output of 10 units
iii)  marginal cost when output is 3 units

Solution:
i) Given that.

C(x) = 0.005x2 — 0.02x* % 30x + 3000

~ Fo x = units, the total cost C (x) becomes

Ck = 0.005(4) —0.02(4Y —30 4) + 3000

=032 —0.32 —120 + 3000

=Rs. 2880
ii) Average cost (AC)= CS:‘)
_ 0.005x’—0.002x"— 30x + 3000
X .
0,005 ~0.02(x) — 30+

Average cost at x=10 units becomes. ;

AC = 0.005(10)* — 0.02(10)— OT
- (.5—-0.2—304 300
= Rs. 2703

#) Marginal cost at x is given

Therefore differentiath sides of C(x) with respect to X, we have

S cN=0.005% 3x*~0.02X 2x~ 30
- Marginal cost at x=3 becomes |
:f‘_a ~0.015(3) —0.04(3)— 30
=0.135—0.120—30
=Rs. 30.015

Activity F
“The sales S for a product with price x 1s given by |
Find i) total sales revenug, §=2000¢" %, R=x.5.

ii) marginal revenue, —5~- , at x=2 .

2, Total revenue, Marginal revenue and Averag'é revenue -

by
. _ R=p.q
"The demand function is p = f (q), theefore R becomes
R=qf{q)

Now average revenue (AR) or revenue per unit which represents the price per unit is given by

h] |

Let p be the price per unit and g is the number of units of an item sold. Then the total revenue (R) is given



An-&-.’?qi-p(pm) :

Thls shows that the average revenue and price are 1dent1cal

Since total révenue is given by R = p. q, therefore margu_lal revenue (M) is defined as:

RG-S R

: Example 16 '
'I‘he demand fora certain product is represented b the equatlon-

. p=20 +-5q -q?

Where g is the nuniber of units demanded and p is the price per unit.
~ Find marginal revenue function. what is the marginal revenug at q = 27 '

* Solution
The total revenue is given by

Revenue, R _(dema ice) ' '

_ = 5q q noo : _
Marginal reven@k = (ZOQ + Sq -q )

_ = 20.+ \qu-..-.3q" _
. The 'm_argina] revenue (MR) at q=2 is given by - -

dR 2
= =204 109-3
MR- G- 20+_ 0q — 3¢’

=20 + 10(2)~ 3(2)*
=20+ 20—12

=28
Hence. the margmal revenue when two units are demanded is Rs. 28 o

Activity G '
. The demand for a certam product is represented by the equauon
p= 300 6q |
\
whe.re pis the price per unit and q is the number of units demanded Find the revenue func
. i the slope of the revenue function? At what price is marginal revenue zero'? . |

' 3Elast1c1ty o ' o i

fion? What

The elasticity of a function y = f (x) ata pomt x is defined as the ratio of the rate of propertional change

. m Y .per unit proportional change in x. That is, _
52
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The elasticity of a function is independent of the units in which the variables are ‘measured because
its definition i3 in terms of proportional changes. Notations usually nsed to denote elasucuy are: ¢, or
1] Ore . X

The above definition can also be expressed as :

_dyly  dydx Margi_l_ial Function
v dx,’x R Average'F,unctibn

The ¢rucial value of €= 1 Howcver Lhe sign of ¢, depends upon the sign of —gx— It may. be posi-

tive, neganve or zero. Apart from the 51gn we-are also concemed ‘ab@ut rhe absoiute value le fofe

a) Prlce elast1c1ty of supply . _ .
"Let g be the supply and p be the pnce and the funcuon is expesscd as - !

_ . q =f (p) :
. i . - ’ \“'
" Then-the formula for elasticity of supply is same as‘-;hat D@“ﬁ )
C'\___ =__—2“'__.
q

- The sign of e, will also be positive because slgpe of SUp bly curve is positi';;re.
b) Price elasticity of demand : _ '
The price elasticity of demand at prlequincd as
e,,a--_?- . { Al
g Ap-0

T T e ;
. The signof ¢, is negative, bex;ause, in general the slope of demand d§

is negative,”
€}  Marginal revenue and elasticity of demand

You know that the total revenue (R)is given by

R=p.q

where p isthe price and g is the quantity sold.

Also the average revenue (AR) and niarginal revenue (M) are defined as :

R . p-q

Average revenue (AR) =4="q = P
. L a .
Marginal revenue (MR) = %%= .-a;*(P 'q) |
- C1ag. P ' : - Tt

d
et g)
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' From this definition of MR, 1t follows that

iy - ifle,l =1 then AR= 0 and hence MR =0, i.e., total revenue remains conslant L/lthafallm
- pnce : : '

ii) Cif e l>1, then AR (8] and hence AR = O and hence MR >),ie. total revenue increases with
an increase in demand or with a fall in price. . '

'iii) ‘ _1er I>1, their AR >0 and hence MR < 0, i.e. total revenuedecreases“nth an mcrea in deménd
~or witha fall in price. ' : _ - ‘ '

' Example 17 -
Suppose the price p and quanuty q ofa commodn;y are related by the cquanon

q=30 — 4p —p*

Find i)  Elasticity of demand, c_definedas=- ¥ atp=2,ana -

ii)  Marginal revenue (MR) défined as =0, wQe .

Solution :

D Elasticity of demand , cgis defined as : ¥ . , |
&=k ~Z 3 | | o

4X24+22° 16

8
Thusefp 2=—m— 4)(2 ¥ -7

' Margmal venue (M'R) is deﬁned as: o ' | :
ii) e . = dR dp
MR = - -
dR.
T dp _dq;’dp

ap.qQ_ __ 1 S
=—"d  d/dp | i
' 1
) |

. I |
30— 8p—3p°

—4—2p
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Activity H
~ The demand q (in kg.) for 2 commodity when its price p (in Rs.} is given by

Find the elasli.cily of demand when the price isRs. 12.

3.7 CONCEPT OF MAXIMA AND MINIMA WITH MANAGERIAL APPLI-
CATIONS ' '

The objective of studying differential calculus is to be able to solve optimisation problems in which the -
decision-maker seeks either 1o maximise or minimise the given objective function (or goal) under certain
limitations (or constraints } on available resources. In thig unit unconstramed optimisation problems
involving single independent varizble are presented.

Conditions for maxima and minima
The necessary condition

Constder thé functinon y = f(x} givenin Figure V (a). A1 the point A which is the lowest point A which
is the lowest point of the curve, the Langent is neiher inclined to the right nor to the left. But the tangent
is parallel Lo the x - axis and its slope is Zero, i.c., m =tan & = Oybecause the slope of a horizontal line
isequal to zero. The slope 1s measured by the flrsl derivative qherclgre the deriavative at point A must
be equal to zero.

Figure (y

.
.

_ Positive slope

L I

1
I
1
1
1
|
il

[} i j oy
x=4a--h X=a . x=a+h-

From Figure V (a), it is clear that the vatue of the function y = F{x) decreases as x mcredscs upto A, ie.,
increases from X = a — h'to x = a and then®ncreases as x mc,rcdsns up e B, e 1nc,rcaaeq fromx=gatox
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= a+h. Thus_ 9 willbe negative.up 1o A, becomes zero at A and will be positive after crossing A. This
dx

shows that if the function f{x) is minimum at point A, then its first derivative at pomt A is equal to zero,
but the conversé is not ture. That is,

=0at point A : ‘

This minimum value of function y=f{x) at x=a is called local (or relative) minimum value because the
value y = f(a) is less than any other value of [{x) for x in an interval around a. The word local (or relative}
has been used to define this minimum value of f (x) because it has been obtained with reference to & small
interval containing the point. '

From Figure V (b), itis clear that the function £ (x) reaches amaximumrat the point D, [tcanalsobe verified .

dy

that function f (X} increases as X increases up o D, and decreases after crossing D. Thus gy will be

positive upto D become zero at D and wifl be negativeaficr crossing D. Thisalsoshows thatif the function
f (x) is maximum at point D, then its first derivative at that poigt is zero but converse s not r':rue. That is,

d .
Tooa point D : : .
dx _ _ ‘

Negative slobe

Positive slope

.\

This maximum value of the function f(x} at x=a is catled a local (or relative) maximum becau‘;e y—f {a)
is greater than any value of f(x) for x in an interval around a.
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‘Hence the condition that the first derivative is equal to zero at the Maxima (plural of maximum ) or minima
(plural of minimum) is a necessary condition but not a sufficient one because it does not help us 1o locate -
absolute maximum(er global) maximym or minimum, By absolute maximum (or minimum) we mean
maximum (or minimum) valite of f (x) amongst-all given maximum (or minimum) values in the specified
interval for x. : ' : ' ' ' o

The suﬂicien_t conditioﬂ : o : .
The function y=f(x) whose graph is given in figure V (c} has four maxima and four minima in the entire
_range from x=b to x=c. : : ' ) '

Figure V (c)

: Asolute
vy _ : o rrll)ailmim .
Relative SX=C

maximner - FE//’

Absolute
minimum #]
b<x<ec

: Retative
. minimum

. ' d .
The slope of the curve at the points A@er_o. Such points for which %— =0 arecalled the siationary

X

points or extreme points or crir.iéal 'poihts of the function y=Ff(x), The function has maxima at the

_ points B,D,F.H, and minima at the points, ACEG. The absolute (or global) maximum occurs at the

point F and absolute (or global) minimum occur at the point A. However these values of a fgn_clion in an
interval may occur at an end point of the interval rather than at a relative minimum or maximum value.

Let us now, examine the signof - ﬂ_ in the neighbourhood the points maxima and minima.
! \ _ I :

‘1) The sign of ...di changes from positive to negative as X passes through the points of maxima.
. ax. _. _ ol _ .

If you consider _&y? as a function of x, 'ﬂ.l_e.n'yOu will find that it is a decreasing function as it

passes through the points of maxima, .. rate of change of ey is negative.. In other words

d dy :
. E‘_ = <) -
or
di <0
dx -

3 . .
at a point where (fx) is a maximum




. _ dy ) » . N
ii) The signof —— ax changes from negative to positive: as x passes through the pom% of minima.
X : . !

d . . S Ly i~
-and hence el ig-an increasing function, i.e. rate of change of v is positive. In other words
dx X

d dy .

i (&)
or ’ _ i
; |
dx’;’ >0
ét the point where f (x) is a minimum. : : ‘

dyy -

However, at certain points, you may find e =0.
. X

Such points are called point of inflexion. In such cascs, the points are neither maximum nor minimum.

Summary of the results

. . Maximum 0 . Minmum
d d
Necessary condition Fog oo

: dx 2 : dy d%
Sufficient condition —=0: <) — =0 >0
: d $dx? _ dx dx?

Summary of the procedure
1 ‘Take the first derivative of ven function.

2. Set the derivative equal to zero and solve the values of the mdependent variable Jt which the
function is either maximum or minimum.
3 Take the second derivative of the function . ' .
Evaluate the second derivative at the poinls obtained in step 2. ‘
5 If second derivative-is positive, then f (x) is minimum at the given point. Otherwise maximum.
Example 18

Suppose a manufacturer can sell x items per week at a price, P=20-0.001 x rupees cach when it costs,
y=5x+ 2000 rupees to produce x items. Dclcrmme the nember of jtems he should produce gier week for
maximum profit. T

Solution : . .
The cost of producing x items = 5x + 2000 ‘
The price of one item = 20 - 0.001.x

Therefore selling price of x items = x (20 - 0.001 z)

Let Z be the profil function.” Then it is given by
Z = Révenue — Cost ' )
= (20x — 0.001 x3 — {(5x +2000) _
— 00001 x2+ 13x — 2000 ‘
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andi =— 0002)( +15

dx .
For maximum profit, = '
’ ' dZ
_dx 0002x+15 =0
or 0. 002)(—. 15
15
I LT
o o003 = P00
Now d°Z - d [dZ
dx*  dx | dx

= —( 0. 002x+ 15)—— —0.002(—ve)
So profit is maximum- when 7500 items are produced and sold.

Actmty 1

The cost of fuel for ranning a train is proportional {0 r.he square of the speed generated in kﬂometers per
hour, and costs Rs. 75 per hour, at 17 kilometres per hour, What is lhe most econom1cal speed if the fixed
charges are Rs. 400'per hour" '

‘3.8 SUMMARY o %} | - —
" The objective of this uait was to pro & with some e’xposu're to differential calculus. Differential : |
~calculus i is useful to solve optimisationyg6blems, problems in which the aim is either to maximise or ~
- - minifise a given objective function. Because of this reason it has found wide applications in this field.

Applications of the derivative in both micro econornics theory (cost, revenue, elasticity) and macro -
economic theory (income, consumption, savings) are good examples of its application in.business.

The unit beginswith a discussion on the concept of limit and continuity and then attention is directed to
defining the stope ol a lincar function and proceeds with a discussion that extends this to include the'slope -
of non-linear function. This is followed by the definition of the term derivative and rules for obtaining -
the derivatives of the more commonly encountered functional forms. The term derivative is a generatised

. expression for measuring the rate of change or slope of a function. Through several examples, the concepts
of average cost, marginal cost, total revenue, margmal revenue, average revenue and elasticity are
" demonstrated by using the derivative first. - :

,
K

The procedures for deterrmnmg local maxima and minima for the given funcuon are demonstrated
through an example and graph. A step by step procedure for finding maximum and minimum of a
funcuon is outlined. Each SCCtIOIl in this unit is followed by an unsolved exercise for pracuce tothe reader

3.9 KEY WORDS

Classu:al Opllmlsatmn Locatmg the maximurm and;‘or minimum value (s) ofa functlon through the
appltcahon of dlfferenUal calculus. _ .
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Co'ntinuity A function is sard to be continuous at 2 point x =a if (i) f (a) exists

(ii) Lt. f(x) exists, and (iii) Lt f (x) f(a)
Cox—a X-—a

Critical point : Any point that satisfies the necessary condmon
'_maxrma, mmlma or points of inflection, _ dx

= 0O, These points may be

Derivative : A function that expresses the slope of another function at every point. '

Differential caleulus: Itis concerned with the determining the rate of change ofa gwen funcuon dveto
an unit.change in one of the independent variables, -

~ Integral calculus : It is concerned with the inverse problem of find a function when its rate of change
. is given. .

Limit : The method of knowing the behavnour of a function y = f (x} as the independent variale . x
-approaches some particular value:

Local maximum :A pomt on a carve Lhat is hlghest than the pomls on both mde of itself.

A point where ¢z =0 and &y <0
. : dx dx?

* Local minimum : A part on a curve that is lower than the @m both sides of its;clf.

Apmnlwhere;—Oand &y >0 . S
: dx d<> .. ' O _

Point of inflection ; A point on a curve at whi_;%’ dy nmay or may not be zero; 'dzi = .
. . dx : de . .

1§ B
-

Tangent : A straight line that tou on-linear function at ouly one point, not cutting through the curve _
“at the point.” The slope of the tangelit is used as a measure of the slope of the curve at rhat point.

. Slope: The rate of change in the dz 2 ariable (y) for aunitchange in the indepcndeﬁt variable (x).

3.10 FURTHER READINGS

Budnicks, E.S. 1983, App!zedMathemucsforBusmess Econontics, and Social sciences, MeGraw-Hill;
New York. .

Gulatl .,B.R 1978, College Mathematics with apphcauons 10 Busmess and Social Sc:encef Harper &
' Row: New York _ o

Hughes A.T 1983, Apphed Marhemancs, for Business, Economzcs and the Social Sciences, Irwin:
o Homewood _ § _ ! :

Raghavachari, M. 1985 Mathematics for. Managemem An !mmducaon, Tata McGraw Hill (India):
Delhi. '

Weber, LE 1982, Mazhemncal Anaiyszs Business and Economzcs Apphcanons Harper & Row: New

York ;
|




UNIT 4 MATRIX ALGEBRA AND APPLICA-
| TIONS -

Objectives

After studing this unit, you should know the:

» basic concepts of a matrix

+ methods of representing large quantities bf data in matrix form
= varipus operations coceming matrices

» the solution of matric algebra in various decision models.

Structure
4.1 Introduction

.42 matrix : Definition and Notation
- 43 Some special Matrics '

44  Matrix Reresentation of Data -
45  Operations on Matrices.
46  Determinant of a Square Matrix

4.7  Inverse of a Matrix :

4.8  Solution of Linear Simultancous Equations ' \
- 49  Applications of Matrices

410 Summary : '

4.11 Key Words : O

4,12 Furtheér Readings =~ . : _

41 INTRODUCTION Q,E |

Mairices have proved their. uscﬁ@n quantitative analysis of managerial decisions in several

" disciplines like marketing, finance, production, personnel, econormics, etc. Many Quantitative meth-

ods such as linear programming, game theory, Markov medels, input-cutput models and some
statistical models have matrix algebra as their underlying theoretical base. All these models are built
by establishing a system of linear equations which represent the problem may involve more than three

" variables cannot be solved by using "ordinary algebra". Real world business problems may involve
- more than three variables, then in such case matrices are used to represenit a complex systém of

equations and large quantities of data in compact form. Once the system of equations is represented
in'matrix form, they can be solved easily and quickly by using a computer, The limitation of mairix- -
algebra 1s that 1t is applicable only in. rhose cases where assumptlon of linearity can be made.

The main obiective of this unit is to provide (i} some basm theorenca.l matrix operations - addmon ]
subtraction, and multiplication (ii) A procedure for solving a system of linear smultaneous equations,
and (iii) a few appllcatlons of matrix algebra. :

42 MATRICES: DEFINITION AND NOTATIONS

A maftrix is a rectangular. array of ordcrcd numbers. The term ordered implies that the positioﬁ 'of

‘gach number ig significant and must be determined carefully to represent the information contained
~ in the problem, These numbers (also-calleéd elements of the matrix) are arranged in rows and- columns

of the rectangilar array and enclosed by either square brackets, [ J; or parantheses { ) or by pair of
double vertical line I Il :
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= For example

-
A matrix consisting on m rows and 0 columns is written in the followmg form,

- .

a column
T = g T —“-_|
B T "
1 _1___._..__ i e e
] ., .

1
|
[
"
)
|
(
|

P SRS W

e g . . —

Where a,, am, .. ... denote the numbers (or elements) of the matrix. "The dimension| (or order) of
_the matrix is ‘determined by the number of rows and columns. Here, in the given matrix, there are
m.rows and n columns. Therefore it is of the dimension m x n {(read asm by n ), In the dimension

of the given matrix- the number of rows is always specified first and then the number' of columns.

Boldface capital letters suh as ABC. . . are used to denote entire mamix. The matrix is also
sometimes represented as A=[aij]m1m where 3 denotes the ith row and the jth element of A. Some
examples of the matrices are - ' ' : ' :

1 1 5 10
1 . 2 o
3 4 1 2
oaxz '. %3

The matrix A is a 2X2 matrix because it ﬁz&r&ys and 2 columns. Similarly, the matix B is a 2

. X3 _matrix while matrix C is a 3X3 ix,
[Exdrcise 1 o .

Tlck mark the compct aherna@jcating the dimention of the matrix

2 3 4

6 8 9
3 5 7

) 3x4 . il) 4x3  iii) None of these -

1
!

43 SOME SPECIAL MATRICES

a) Square matix . - oo : -
-A matrix in which the numbcr of Tows equals the number of columns is called a squz-?:e matrix.

2 3 ]

-
-

- 30 T8 2 - |
. |a 3 eal,

is a square matrix of dimension 3. The elements 2 5 and Iin this mamx are called }he di'_agmiak
elements and the diagonal is called thie principal diagonal, : : R
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b) Duagonal matnx _
A square matrix, in which all non- dlagonal elements are zero where dlagonal elements are non- Zero, :
is called a diagonal matrix. For example ; \ : :

- 2 o "_0_\-
= N K 5 0|
- o 0 0 I_Lx's
is a diagonal metrix of dimension 3. :
'c) Scalar matrix

A dlagonal matrix in which all dlagcmal elements are equal is called a scalar matrix. -
.For example . o :

0 i 0

is a scalar matrix, where X is a real (or c.omplex)' number.

d) Identify - {or unit) matrix h o
A scalar matrix in which all diagonal elements are equal to oneNg called an identity (or unit) matrix
and is denoted by 1. Following are two different iden@u‘ic ' ' .

1 0 1 0 0
L=] 1 0
0 1 0 1 I%3

An identity matrix of dimension n oted by.I . It has n elements in its diagonal each equal to
1 and other elements are zero. ' : o o '
e}  The zero (or null) matrix

A mafrix is-said to be the zero matrix if every ‘element of 1t is zero It is denoted as O. Following
are three different Zero ‘matrices. :

0 0 0 0 0 0 0
L] . L 0 0
0 0., 0 0 0o s 0 Olsx s

a4 MATRiX‘-_'_REPRESENTA_TION OF DATA

‘Before discussing the operanons on matrices, it is necessary for yon to know a few sxluaﬂons in
whlch data can be represented in matnx form.

1. Transportatlon Problem :
The Unit cost.of transportation of an item from each of the two factones to each of the three

warehouses can. be repesenled in a matrix as shown below:
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Warchouses ]

wW,OW, W, o

F, 20 15 (- . S .

. Factory 18 - : . ) |

] 'Sumlarly, we can also construct a time matrix {t,], where 1=tim¢ of transportation of an, item from -
- factory i to warehouse j. Note that the time of transponanon is mdependent of the amdunt shipped.

|
2 Dlstance matrix . ' :
. The dlstance (in kms.) between grven number of cmes cari be represenled as- malnx as sTown below

Clty'.' Lo
. A B ¢ . D __
N FA. - 1470 2188 2 | I :
CCity - B 1470 — o 1ssoams |
: C 2158 1853 - — g5 |
D12 2365 1635 — . ]
_ R T B

3Dletmatrlx L - I
' The vitamin content of two types of foods and wo types c@ins can be _repl‘es_f’?‘.“?dliﬂ a matrix -

as shown below: : S S _
 Vitamigey ™ |
AL NsB
'15?\} o120 1 B PR

100 |

F,

Food

4 Assignment Matrix e N A
The time required to perform three obs by lhree workers ¢an be represented in a mam,r as shown
below: . S -

Job
’ ) J.; J: 13
_ Wi [§ 3 v i
\:_V_erker Worker  W: | 4 : 3 | i
' . o Wy 2" 4 6

8, Pay off matrix

f'Suppose two players A and B play a coin tossmg game If outcome (H H) or (T, T) oTcurs then
player B loses Rs.10 to player A, otherwrse gams as shown in the rnamx e |

‘Player B - o

: o {10 S T R
Player A T =10 _ 10 | o '

The minus sign with .th:e pay off means that_player A pays-to B. o '
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6 Brand Swiiching matrix o _
The proportion-of users in the population surveyed switching to brand J of an item in a period, given
that they were using brand i can be repr_esemed as a mam’_x:

To
" Brand 1 Brand 2 Brand 3
Brand 1 0.3 06 0.1°
From Brand 2 0.6 0.3 0.1
Brand 3= |02 0.5 0.3

‘Here the sum of the elements cach row is 1 because these are proportions..

4.5 OPERATIONS ON MATRICES

1, Addition (or Subtraction) of Matrices’
The addition (or subtraction) of two or more matrices is possible only if these matrices have the same
dimensions, i.e., matm,eq must have the same number of rows and same numbcr of columns.

The sum {or diffcrence) of mamices is obmnt d by adding (or subtracting ) [h.., corresponding elements
of the given martrices, For example if

1 3. | ‘_1‘\:P
A= and B=
2 4 ix2 8 %2
then ' .

1-1 347
A+B= | =
' 240 - 448 12],4,
1—(—1) 3_7]- 12 -4
A—B= | - |
' 2-0 4usJ S —4

Note that A—B#B—A,

Example 1 .
A company produccs three types of products AB andC The total annual sales (in 000's of units)
of these products for the year 1985 dnd 1986 in the four reglum 18 given below:

For lhe year 1985:

Product ' Rc gion Eastern Western Southern Northern
A | 15 3 6 12
B 5 24 7
C g 4 36
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. For the year 1986: : . . _ |

E Product . Region ] Eastern Western Southem . Northern .
A 17 10 s 7 '|
B ' 5 22 11 4 |
c '_ 13 6 . 39 5

‘Find ___the total sales of three products for two years. o |

Solution : - : : | ' |

_ The totat sales of l.hree products for two years can be obtamed by addmg the sales of two years as
o shown below: _ _ ; | :
. . | .
- Product . - Region | Eastern Western . Southern " Northermn _ ‘
A 15+17=32| 8+10=18 | 5+5=10 | 2+7=19 - |
B 0 | 5+5=10 | 24+422=46| T7+11=18 | §+4=12 i
Cc . 8+13 =21 4+.6-—Q> '31_+39'=?0: j+6=_11'

Properties.of matrix addition \.Q. : - | I
- If AB and C are any three matrices of same dim®€on, then |- i
i) Marrix addition is commutative, i.. L T
: . A+B=B+A o - o : ; I
i) Mairix addition is associativee, _ : S

(A+B)+C=A+(B
|.

_iii} For any matrix A of dunensmn m X n, there is a zero matnx of the same dlmcn?mn such thdl -
' A0 =0+A = A : :
' Thls shows that zero matrix is the additive identity |
iv).. - If for any mamx A of dimension m'X n, 1here ex1sls anolher matrix B of 1he sarhc dimension |
suchthat : - . S |
A+B=B+A=0 ' ' - o
Then B is calléd ihe additive inverse (or neganve) of A and is denoted by FP

o 'Exermse 2
3§ mamces A and B are defined as

then compute o o : ]
-a)\ A+B : _ ; |
b A-B
d) B-A~




2 Scalar Multupllcatmn

If A [a] is any matrix of dimension m xn and I( is any scalar (real number), then the mulupllcatlm.
KA is Obiained by smlply multlplymg each element of A by the scalar K. That 1s

AK =KA = [Kaij]

Example 2

The sales figures in Example 1 are given in thousands of units. If we want to express sales figures
in actual units, then we have to multiply the gwen matrices by 1000. For illustration, lct us consuier
the data matrix of 1985 That is, if : :

A=| 5 24 7 8
. S 8 4 31 6 |
then _ : _ o : |
- I5%x1000 8x 1000 © 5%1000 12X 1000 ] S - |
1000 A= 5x1000 . 24x1000 . 7x 1000 8x1000 |
| 8x 1000 4x1000  31x1000 6x1000 .
[15,000 8,000 5,000 12,000
_ = 5,000 24000 - 7,000 8,000 |
| | 8000 4000 31, 6,000 |
'Properties' of scalar maltiplication b o

) K (A+B) = KA + KB

Where A and B are two matrices Qamez'm‘ension and K is a scalar number

i) K +K)A=KA+KA _ B
Where A'is a' malnx and @K are two dlstmct scalar numbers

_Ex_ercise ‘3
If fwo matrices A nad B are defined as _ o
o 2 3 1 6 3l
A v . Bl '

2 1 4 |1 4 5]
“then Compute 2 A + 3B |

"3 Multlphcatlon of Matrices '
The matrix multiplication consists of the followmg steps:
| .
a) Check on compatlb ility: The following dlmensmnal arrangement must hold for compaublhty
| in mawix multiplication:
¢ dimensions : Lead matrix X lag mam:: = product

o . (mXp) X (pXn) = m Xn

In other words, the number of columns in the first matrix must be equal to the number of TOWS

“in the second matrix. - If this ¢ondition does not exist, then the matrices are said to be
mcompauble and thelr muiu;}hcanon is not defined.
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b) . The operation. of multlpllcatlon For multlpllcanon of two matnccs thc follod{mg procedur
should be adopted:
iy - The element of a'row of the lead matrix A should be multlplled by the correepondmg
elements of a column of the lag matrix B~

i}y  The product is then summed and the location of thrs resultmg element in Jhe new matrlx
- C determines which row from A has to be multiplied with which, coluﬂpn from B.

'To illustrate this, let us take two rnatncs A and B as defined below:

3 2 3 |
- ; B=3 5| |-
Then - _ ‘ -
A x B L e
(2x3) Gxy @k o

Rof2 273773 (2 35 S
R 3777577 X 3,08 =[RiXC RXG| }
: o LS_: 51[ CReXC ReXCpf gxr

Example 3. g - = |56 '-j83 ™3, ; ‘ .
There are two families A and B. - There are 2 1 men, 3 wagen ¥nd 1 child in family A and 1 man, I
‘woman and 2 children in family B. The recommended d llowance for calories i§; man, 2400;

woman, 1900, child , 1800, and for protiens; ma ; woman 45 gm and Chlld 3 gm.

Represent the above information by matri sing matrix multlphcanon calculLite the total .
requirement of calories and progeins for ch ¢t the two farmhes - :

Solution - - - o o
T eemin women  child - -, |
‘Let C=Family 3 . I} .
1 2 @xy i ‘
o Calory  Protéin_ = - .
and | -] R
Woman - 1900 . 45 | ‘ .

If yo.u look at the dimensions of two matrices C and D, then you. will find that the dondition for
multiplication is satisfied. Therefore, the toial requirement of calories and proteins for each of the
two fannlles is delermmed by multlplymg C and D, as shown below: -

7_2f_ﬁ3_ B i :246@;-
. . . '1 900|'

-

CXD

e ey

ey

o : Ea— ' i :
R— il __1_ 2 '|1_§QQ.' 33 R
_ Tt -t
C.l ) 'Cg

Calory Protein Calory

= Family A 1,03,000 2,78,000
B | 61,000 1,33,000 |
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Exercise - 4 _ L : S . :

L.~ If two matrices of dimension mXn and nXp are multiplied, then the resulting matrix is of
- dimension : - P - AT
. () mXn T nXp 0 @)mXp o - (iv) None ‘of these -

2. If A and B are two non-zero compatible mairices with respect to multiplication, then their

product. o : o
(B is always zero matrix (i)  is never a zero matrix
{iii) may be a zero matrix -~ - ~ {iv) nome of these

3. A factory employs 5_0 skilled workers énﬂ 20 unskilled workers, The_ daily wages to skilled
L and unskilled workers are Rs.30 and Rs. 17 respectively. Using matrix notation find
-a)  the number of workers matrix :

b)  the total daily Payment made to the workers,

Properties of matrix multiplication - . .
i)  Matrix multiplication, in general is not commutative, i.e.,

. - © AB#BA :
i) Mamix mulﬁplicéli_‘?n 'is'ass_OCiative,_ ie. - 0 '
-  ABO =(ABC_ |
‘Where AB.C are any three niatﬁc_’:es of dimensi . NXp, pxq respectively

ity Matrix multiplication is distributive - DT
_ . ) T A(B+ x +AC - L

are any three %}{p d nxp matrices 'respectively. o

4 Tr'a'nspose of Mafrix

LetAbe any malﬁx; The ‘matrix obtained by, imerchangi__ﬁg rows and columns of A is called the

be nxm mairix for example, the transpose of the matrix

 f2- 3 g
A= o
’ . . 1 2- 0_2><3 .

transpose of A and is denoted by ‘A’ or 'A". Thus if A=[a] is an mxn matrix, then A' = [a]will .

s ) N
2 1

'A'; 3 20

4 0 =2

Properties. of transpose of matrices _ .
i} Transpose of a sum {or difference) of two m_atr'i'ces the ‘sum (or difference) of the transposes.
: ie., . : :
| : . (AtBy=A' +B
ii)  Transpose of a transpose is the Grginal matrix
' o (A = A _ _ _
iii_) Transpose of a product of two matrices is the product of their &anspoées taken in revcrse order
S (ABY = B! A |
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Exercisés_ _ - o |

If two matrices A and B are defined as = . . - |

o1 2] |2 2 |
2 4 0 2 0 B - | -

'_-thenvenfymat(AB)t BA' - I R

_j-4;-6‘DETERWNANT OF A SQUARE MATRIX o '| .

The determinant of a square matrix is a scalar (i.e. a number). Detcrmmants are p ssible only
for ‘square matrices. For more clarity, we shall be “defining it in stages, starting with square. matl‘lx
- of oder 1, then for matrix of order 2, eic. The detetminant of a square mamx A :is dehoted eithier
byl Al or det. A ' '

iy - Determinant of order 1. Let A = [a;] be é_man'ix of order 1_.' Then det. A -:: an'

i) Determinant of order 2, Let | C ]

. .be a squal‘ie_matﬁx of order 2, then det.

o

an - ay3

det. A—

or example

To write the expanswn of 2 detérminant to matrices of order 3 : R -lcl us first define _twlo important' .

terms: - : o ' Lo |

~ a) Minor : Lei A be a square matﬁx order m, Then minor of an element a, -is the dél rminant of
the residual matrix (or submamx) obtained from A by deleting row i and’ column j co|lammg the
element a,. .

In the | A |, the minor of the e]ém'ent 2 is denoted by Mij. Thus, in the determinhm o}.o'rdcr 3

an diz TR
an S an . a3 . : : ' |
a3y £} an |

the minor of the element a is obained by deleting first row and first column contammg Llement a,
and is written as



' arn | an
M‘li =1 '. E
A T B3y

an “an

Similarly, mino of a, is

An - an

b Cofactor: The _cofactor bﬁ of an elemcnt a, is defined as
' : ' - (__1)1+, M

' thre M is the minor of an element a,

¢

' Now using the conccpt of minor and cofactor, you can wrile-the expansion of a detznmnant of order
3 as shown below: : .

an a; . A

) o _=.all _C11+au Citap _C” i
azj a 873, Y :
. = au(— 1)+ M, + a0 ) M, — a (- 1M,
a1  An an| - . ;
oo . _al.l . ad - an . an azz
| o= &1 1 ' . 1— a|.2 . + 3_13 .
Nas ©anp ' 33

: . _ : _ lam 83z |
. =an '(az_z' ays—A83; 8n)— an (& 23 T 8y a;;) o

=+ 813 (ﬂn a;—ay ?‘
The expansion of !he given determ' an also be done choosing elements in any row and column.
In the above cxample expansmn will ‘ . _by using the elements of the first row.

Example 4
Find the value of the det’énﬁinant o

- 18 72

det.A=|2 40 96
2 45 15|
- Sohition: :
Ir you expand the detenmnant by using the elements of the first column, then you wnll get
' 1 18 72
40 96 18 12 ) 18 72
12 40 96 |=1 S - 2. + 2
' 45 75 45 75 40 96
2 45 75

= 1(3000— 4320)— 2(1350— 3240)+ 2(1728 — 2880)
= 1%(—1320)— 2x(—1890)+-2(—1152)

== 1320+ 3780 2304

=—362443780=156
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. Pmpertles of determinants

' exapandmg the determinants.

Following are the useful propemes of determmants of any order. These propertles a:e} very useful in

l - The value ofa determmant remains unchanged If rows are changed into columns and columns

ll'llO rows, ie.

1A |‘ = A

' 2. If two rows (or columns) of a determinant are interchanged, then the vale of

.50 obtained is the negatwe of the ongmal determinant.

he determinant

3 - If eath element in any row or celumn of a detennmant is mulﬁphed by a consmfm number say

‘K, then. the determinant so obtained is K. times the' orginal determinant.

4. " The value of a deferminant in which two rows (or columns) are equal is zero

5. . If any row (or Golumn) of a determinant is replaced by the sum of - the row and a linear
: ~combination of other rows (or columns), then the value of the determmam 50 obtained is equal '

t0 the value of the ongmal determinant.

6 ~ The rows {or columns) of a detcrmmant are salcl to be linearly depcndcnt ifit A I

S

' mdependent
Example 5

i Vcnfy the followmg result _

11 a ._ )

IRy = R,+ (DR, -
[EEEE R
on the giver_a determmant, the termi
1 a | &
. 0'..' b-a ) bZ_Iaz

0 - -c'-a. h c’-a2

Expandmg the new determmant by the elemcms of ﬁrst column, you will get
b-a b2 - a? | b-a

c-a  ct-at c- a

Again performing row operations

1

R: — TD-:F R;
P
R, - -——(":.__ a) R;
You will have .
(b-2) (- a) |
. 1 C+a

Lob B =@b) 6o

 Applying row operations (Property 5) ?\

(b - 2) (b+a)

(c-a) (c+a)

=0, otherWise' .




‘®-3a)(- a){(c+a) (b+a)}
(b aQ)(c-a))c-b)
“B-c).(c-a)

- Exemse 6 ' :
If a+b+¢ = O than venfy the followmg result..

a b c
10 a bl =c¢ (2ab =c?)
b 0  a

4.7 INVERSE OF A MATRIX

If for a gwen square matrix A anoﬂler square matrix B of the same order is obtained such that
' AB = BA =I '
then matrix B is called the inverse of A and is ‘denoted by B = A

Before start dlscussmg,the procedure of ﬁnclmg the inverse of 3 matrix, it is 1mponant to know the
' followmg results;

1. The matnx B=A! is sald to be rhe inverse of marrix A if Ygd only if
CAAT=ATA=] -

"2 That is, if the inverse of a square matrix multiplj Athe original mairix; then result is an-
+ identity matrix. The inverse A does not mean 1/2 A. This is simply a notation o denote -

the inverse of A. _ PR
3. Evey square matrix 71X may not have an mve%?or example, zero matrix has no inverse,
' Because, inverse of ¢ square matrix ey nly

A’ exists if and only if | A1 0 :

- For example, let B be the iny £ the’ matrix A, then
. ABsBA=1 = o

or’. IABIl
or - IAEIII=D) .
HencelAI:éOIA 0.

x

the value of its determinant is non-zero, i.e.

4. Ifa square mnatrix A has an inverse, then it is unique. It can also be proved by Iemng two

inverses B and Cof A:
We then have AB= =BA=L...()

and AC=CA=L...(ii)

Prc-mulumymg (i) by C, we get

' CAB=CI
IB=CI

or - . B—C(CA—I)

_ ~ This Jmphes that the inverse of a square matrix is umque

Singular Matrix : . :

a matrix is S&ld to be smgular if its detérminant is equal 1o, zero Othcrwme non singular.
Properties of the inverse - ' :

i} The inverse of the inverse. is lhe ongmal matrix, i.€. (Al) I=A,

if)  The inverse of the transpose of a matrix is the transpose of its mvcrse Le.(AD! —(A ‘)‘ :
-iid) The 1denmy matrix is its own inverse, i.e.I'=[ B

73 [ TR . . ' : ”’:



i)
in the reverse order, i.e. (AR)'=B1A1
Method of finding inverse of a matrix

The procedure of finding i mverse ofa square matrix A—[a}] of order n can be
the following steps:

L

The inverse of the product of two non-simgular mamccs is equal to the product (rf two inverses

’ |

Fummansed in
|

Construct the matrix of co-factors of each element a, in 1A/r as follows |
Ch Cu _ _ C/l; o
C, C, G |
: R |
. ,,l/ N } |
: ; | |
| Ca -C;..z' Com o
. = _ i |
o In this case. cofaclors are the elements of the matix '
2. Take the transpose of the matrix of cofaclors consl:rucwd in step 1. It is calle(ﬂ adjomt of A
“and is denoted by Adj.A. |
3. 'Fmdmc valie of A - - |'
' 4 -_Apply the following formula to calculate the inversg FATL |
| < AdjA o |
_ | AT= m—-— _|A|#O . |
Example 6 ' o |

. Fmd the inverse of the matrlx

0
A 3
. _ . @ 4
Solutmn ' ' i . :
The determinant of matrix A is expanded with 1espect to the elements of ﬁrst row
1 3 0 3 3 K 2 3 | -2
1Al -2 3 3 =1 ‘1 4| -3 ‘ 1 4 - +0 |1
1 4 . . A
o =9-3(-11)=42
Smce JAL #0, thercforc the inverse of A exists. The matrix. of cot‘actor of elemems Ais:
Cu _('l)_m M -3 3 :
. . . =9 -
S : 1 . 4 _
C, =(1)"M = 203 o
: ' =11
1 4 :
o =CD MIS = 2 3 : : i
: - 25 : |
1 3
C, =(D*M, = 30
C | -12
1 41
srem :
T st T4




Al

_C“ =-(-1)1."2Mni_—. o 1 OI\
Cp =M, = . 3
| =2
. - . 1 .
C, -=(.1)3/+.1_;..=qu'1 = N o
R ENE
A, =M, = 10
' o =3
12 3|
.Css =(-1*? M,= 1 31
. _ [ 1 o
-2 3

The matrix of cofactors of elements of matrix A is

Cl 1 Clz 13
Cm Cn . Cé.a
C31 sz C33

Adj.A=(Co-facto A)

‘Hence A-1  =Adj A

AT
=12 9
4 -3
2 9
Exercise 7
For the matrix -
(1 4 0
A={1. 2 0 ,
0 0 2

i) CalculawA 1 o _ E _
i) Verify (AY = (A 1)' . R
i) - Verify (adj A= adj (A Y S |

4'."8'. SOLUTION OF LINEAR SIMULTANEOUS EQUATIONS

As mentioned earhcr in this unit, matrix algebra is useful in. solwng a set of linear simultancous
equations mvolvmg more than WO variables. Now the procedure. for gewting the solution will be

demonstrated. _ . PBAVG NG “ 8‘6
émos | : M ﬁ,ﬁ» f}’f '-/’i




: 'Coﬁsider the set of linjda;?imullaneous equations, ' o

I L "_X-Y+Z.=4' _. ' - I
' 2x+5y-22=3 | _ —_—

~ These equations can also be solved by using ordinary algebra. However, to demonstrate the use of .
‘mairix algebra, the first siep is to write the system of equations in matrix for_m‘ as follqws:

or - . - E
“Where _ _ : ' . : o _
A= 1 1 17 : L o _

1z s 2 B 5 '|_

is known as the coefficient matrix in which coefﬁcmnts of x are written in first column, %:oeﬁici'ents '
of y in-second column and the coefflcmnts of z in the third mn. i '

N ! ' e
| ' ' - ' (% -
. is the matrix of unknown variables K’Q" '
S ' 4 :
B=1]
3

L

: and is the matrix formed wuh the right hand terms in equations whlch do not involve ur{knowns k_.
y and z. . o i E '

- Generalising the situation, let us consider-m linear equations in n-unknowns x,, X,, ---..|[«--Kn :
. . . .. : : . . N :

au-x1+aux2....al.x =b = . o . ' :
B ¥+ X + .y, X0 =D, . . .

...............................................

Writing this system of equations in matrix form, o I

- . AX=B o
" where . - _. _ o .i




a5 i au...-..ﬂm.
A= a 8 ....8,

A alﬂz%n mXn

. . o~
_ Classification of linear Equations % : R - T
~ If mawrix B is zero matrix, ie., % system AX = 0 is said to be homogeneous system. -

- Otherwise, the system is said to Mmogeneous:

- Homogeneous Linear Equations ¥

When the system is homogeneous, iec., b, = b, == b, = 0, the only possible solution is X = 0
T X, =X, = i X, = 0. It is called a trival solution, Any other solution if it exists is called non-
- trival solution of the hamogeneous linear equations. : S :

In order 1o solve the equation AX =-0‘g we perform such an elementary operations or trans_fonnations

on the given coefficient matrix A which does not change the order of the matrix. An elementary

operation is of any one of the following three fypes: - :

1) - The interchange of any two rows (or colummns) : :

i) 'I'Iic multiplication (or division) of the elements of -any row (or colwmn) by any non-zero’

" number, é.g; the R, (row i) can be replaced by KR, (K = 0). :
(i)  The addition of the elements of any row (or column) o the corresponding ‘elements of any -
- other row (or column) multiplied by any number, e.g. R, (row i) can be replaced by R, + KR,

-where R, is the row jand K % 0. : ' "

The elemghlary operation is-called row opcrﬁtion_"if it éppliéé to rows, and column operation if it v
applies to columns. _ - o

For. the purpose of applying these elementary operations, we form apother matrix called augmented
matrix as shown below: : . : '

o - a, a;, - 4, . ‘_bi.'
- [ABl= | a, T L
o am.‘}. ’ ami . arm . bm



' Solution m_ethod

“We - shall apply Causs-]brddn method (also called Ti‘iangular ferm reducﬁog ;m.cthn?d) to solve
‘homogencous linear equations. In this method the given system of linear equation 1s r?duced to an

equivelant simpler systems (i.¢., system having

the same solutior: &s the given one) The new system

lmkShkc ; - X + bix: + Clil:.dl_' .
X+ CGx=d - B
SN o mee
< "This .méth_od_; helps, not only to find solution to homogeneous -;eqﬁ-alions' .but--'a.‘sn '
L tor non-hon_log_en_eous.{sys;em of equations-having any number of unknowns. |
_j Exau_'jp!eq'_l o S
Solve the following system of equations using Gauss Jordon methed | -
KL+3xz.—x3=0'.. . “ . . ; | .
2x; - Xz + 4x; =0 o ' o :
- Xy —T1xs + 14%,=0 : : |
"S_oh_:ti('m : S | ' |
The given system of equations in matrix form is:
2 =1 4
1. -1 14 x| | |
The augmented matrix becomes - R o |
| |
o JAsOl={2  —1\D™4 o O

b ‘14 0 o |
operati A . ' ' s

Applyiﬁg elementary row

X2 | =

o o o

The new equivalent matrix is:

applying R,

Fan

1

Y

-0

: "

o

-14
2
0

-

16

.0

0

0

'—.. R, — 2R,. The new equivalent matrix i;’: .

-

equaltions equivaient (o the given sysiem of equations bbmiped by elementary row oPe_rau"ons are:



Xy + 3){2— 213«-—0
- ?xz + 8::;—0 or x;-(8;’7)x;=0
0=0 . :

The last equat:ou though true, is: redundant and the system is equwalenl to

x:+3x;-2x3h0 '
| X1 (8/T)x; =0 |
This is not in triangular form because the number of equanons being less than the _
number of unknowns. -

' ThJS system can be solved in terms of x; by assigning an arbn.rary oonstant value ktoit.
The gzneral solution to the glven system is g:ven b}'

x_s—k _ . ) -
Xy 4 Ixg= 2ks q’r X =—3(3'f_-?)k + 2k =(—H0/T)k

Exercise 8
- Solve the following system of equauons using Gauss-Jordon Method

i} 4x 4+ x:=0
-—8x1+21‘;=0
H) X —2% 4 3%,=0

24 5x; 4 6x%,=0 J ' " 0
- Non-homogeneous' Linear Equations: " _ L '
The non-homoegeneous linear equations can be solv@n_y of the following three methods

1. Matrix Inverse Method . ?\
2. j'Cr'an[_w'r‘s Method -
3. Gauss-Jordon Method

Again, for the purpose of demo @ iy above solutlon methods we shall cons1der three equauons
with three unknowns. ’ . :

1L _Matnx Inverse Method _
Let . AX=B. S
be the given system of linear equations; -and also A‘ he th inverse of A.
Pre- mul’uplymg both sides of the equation by A7,
ATAX) =A"'B
(AT'AYX —AT'B
IX - =A"'B’
X - =A"B

where Iis lhe identity matrix.
The value of X gives the general solution to the given set of simultaneous equauons This solutxon

“ is thus obtamcd by (i) first finding AL, and (i) post muluplymg Al by B.

" When {he system has a solutign, it is said {o'be consistent, otherwise mconsxstent A conszstent sy§tem
has either just one solution or infinitely many solutions,

Example 8

The daily cost, C of operating a hospital, is a hnear function of the number of in- pauents 1, and out-
patients, P, plus a flxed cost a, ie. » :
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: . _ |
C=a+b Pdl. S |

Given the following data for thre¢ days, find the valucs of a,b, and d by setiing up a linear system
of equations and using the matrix inverse. : o

 Day .7 Cost No. of L No, of |
: ' (in Rs.) * in-patients, I out-patients, P
’ - . . |
1 ' 6,950 40 ' 10 |
o 6,725 35 9
3 7100 - 40 o 12 |
Solution s .

Based on the given daily cost equdtion, the system of equations for three days cost can be, written as:
' a+10b+40d=6,950 |
a+9b+35d=6,725 o !
a+12b+40d=7,100

. 3 I
This system can be written in the matrix fom as follows:

|
1 10 40| [a 6,950]

1 9 351 |bl = (6,725 ' o
1 12 40! |d 7,100b -
. - i |

Which is of the form AX =B, where

I 10 40 6,950 | !

A=]|1 9 35 X and B= 16,725 |

11 12 4 17.100| T

The inverse of a matrix A is obtat as. follows: . - |
ki G 6 s 3¢ [60-80 1d|
Adji. A=Cy,© Cn —80 0 2= |5 o -5
G Cs, 10 -3 l -3 - 2 1l

’ |

T 10 40 {9 35 i 3 g |
A= 9 351=1 2 4(110£ o A0f+40) 2]
112 40| - - _ - N

' = (360~ 420)— 10(40— 35) -+ 40(12—9)
| ' = 10#0 - |
Sin_«:v:]:‘\l_:ﬂ5 0. therefore inverse of matrix A exists and is computed as |
| At AdiA |

| TAT ' . |




or a =80 10| l6,950
by = - ¢ -s5| [6.725
dj 2 1 [7100
| 60X 6,950 80X 6,725 + 10X 7,100 |
STT10 | 5X6,950+0X6,725—5X 7,100
~3X 6,950+ 2 X 6,725 + 1 X 7,100
L —50,000| - {5000
= - T | ~750 =] 75
_ —300 |- 30}
or a= 5000 b=75 and d=30
Exercise 9 |,

A salesman has the following record of sales durmg three months for three items A, B and C, which
have deferent rates of commission

Months : _ Sales of Units _ _ Total commission
A B C ' drawn (in Rs.) ]
January ' C 90 100 20 : 800
February 150 50 40 o 900 -
March 60 100 00N 8350

'Find out the rates of commission on itéms A, B and C.

2 Cramer's Method Q . _
When the number of equations is equal to the num -unknowns and the determinant of the
coefficionts has non-zerp value, then the system unique selution which can be found by using
Cramer's formuta, . o '

j = L]

: D : : .

where D = d, a, and determi is obtained from D by replacing. column j by the column of
coustant terms (i.e. matix B) '

Example 9

An automobile company uses three types of steel, S, S, and S, for prodﬁcing three different iypes
of cars C,, C, and C,. Sieel requiremenis (in mns) for each type of car and total available steel of
all- the threc rypcs is summanscd in lhc followmg Lable

!Typc of steel ' Typc of car . . Total steel available -
S, 2 3 4 29
S, 112 13
S, 3 2 1 : 16

Determi_ne the number of cars of each_type which can be produced.
_ Solation: '

- Let x,, x, and x; be'the nu'mbe,r of cars of the type G, G, and G, respectively which‘can__lbc
produced. Then system of three linear equations is:. o

!2)(1 + 3x, + 4x, = 29

81-



X+ A '_2x3= =13

3, ¢ I, + x, = 16 _
These equaﬂons can also be represented in matnx fon'n as shown below: ' L
| o _ .

f 3 4 [ 29 |
'_3 _2' 1 x| (16 '_.|

The determinant of lhe coefﬁcnents mamx s - |
3 4 ) = o .

T2
D=[t 1 2j=21{ 2-,;_3_-|'1- VR
P2 o oo By B2

C=1-4-30-6+a2-3) o

- = 5(#0) ; - o

Applying Cramer’s Method o
< Dy 1 2 1 ) ) -

DT E I3 . : |

16 @ I 5
el 29V o b
v

' < 32
chce, the number of cars of t)rpc C .C, Wthh can be produced are 2,3 and 4 respecu\rcly
Exercise 10 . - S

firm makes two products A and B. E ‘product requries production time in each of to departments
1 and If as shown below: ’ ; ‘

- Product - Time taken (m hrsfweek) S B _ : |
o Depl  DeptIl. .
A 5 i - : -

‘Total time avallablc is 80 hours in dcparunem Iand II rcspccuvely Dctermme the numbef of umIS'.
of product A and B which should be produced. . '

_4_.9_ APPLICATIONS OF MATRICES

|
3 }
1, - Markov Models - o
A particular mathematical model which is conccmg:d with the brand-swnchmg bchavmur of consum-
ers who are essentially repeat-buyers of the product, is known a Markov models have- also been used

. inthe stdy of (i) equipment maintenance and failure probability. (ii) stock-market pnoe moivements

The gencral expressmn for forecasting the buying levels at time t=n + 1is glven by




| pml me ot '. pn'm

is the matrix of transition probabilities. Each element of it represents the probability that acmmme;

will change his liking from one brand to another in hs next purchase. This 1s the reason for callmg _

‘them Lransmon probabﬂmcs and 21 p =1,

»
R—mamx of order (1xn)

representmg the buymg levds (or state probabilities) at a particular time period.

If we know the buymg levels at time =0, then, we can find them at any time by solving the above
equation by the relation. .

R,=RP,n=0 1
R,=Rp=®Rp) P=R%n=l
Now R™=Rpin=n-1

Now as the time passes, .., n — oo the purchasing levels (or matket shares) tends to settle down 1o
an equilibrium (or steady state). That is, once an equilibrium statz Myeached there will be no change
in- the future market shares. Thus : '

or Lt. R, = ‘Lt R P O
n—«= . ] . -

This relationship can be used to determine market.% in the long run

Example 10 . , Q“ _ . o o .
‘Consider the following matrix of trangition pr abilities of a product available in the market in two
. g d> .

brands: _ .
| A - BrandB

Brand A 09 0l
Brand B | 03 07

‘Detetmine the market shares.r"of each of the brand in Qqu_ilibxium position.
Solution: ' ' ' a

-.If the row vector (rnatnx having oniy one row) represents the market share of the wo brands at

equilibrium, then
R=RP

Le.

. Pu Pz
n, n)=(n, n) P22

09 - 0.1
=(n; )
0.3 0.7
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.or’ o :
Il‘1~—:0.9n +_0.I3fz or —-0.1"1 + 0.32=0. ..., (i)
n=01r 4 0_.72'1 or 0.1_’1 ~0.32=0 ..., L (ii) |

. . . . | .
These are two linear homogeneous simultaneous equations. But these are not independent since one -

can be derived from the other. Hence, in order to solve, one more equation is nceded, which is .
|

A

"This is becanse the market shares have been expressed in percentage, so the sumn of market shares will
be 1. ' : !

Solving equations (i) and (ii) with the help of equation (jif), to get market shares in an| equilibrium
condition, T

|

1, =075 and r, = 0.25 |

hence, the expected market shares in an eguilibrium condition for brand A will be 0.75 and that of
brand B will be 0.25. ' |

‘Exerccise 11 _ _ : B

- The purchase patterns of two brands of toothpaste can be expressed as a Markov procless with the
following tansition probabilities

Formula A

Formula A 090 O
Fomula B ' 005

| ¥
|

The method of "input-output a%was first proposed by Wassily w. Leotief in the 1930s. This
method is based on the concept oNg€conomic inter-dependence”, which means that evc}y secto {or
industry) of the economy is related to every other sector. That is, they are.all inter-dependent and
ifiter-related. This means, any change in one sector (such as strike) will affect afl other industries to
a varying degree. However, this technique docs not explain or establish as 1o why such effects occur.

What are the projected market shares f?c 12 formula? _ ' .

Input-Output Analysis

The input-output model is based on the following assumptions

1) An economy is decomposed inio n sectors (or industries), and each of these producés only one
kind of product. Each of the sectors uses as inpat, the output of the other sectors. ILet x, (j =
1, 2., n) be the gross poduction (output} of the jih sector. S

i) Let a; represcnts rupee value of the output from sector in which sector J must consume to
v produce one rupee worth of its own product. It can be calculaied as follows: 1
. _ |

Rupee value of the product of sector i requied by Sector j '

Rupce value of the total output of sector j

i

The a,s for all i and j can be represented in'mtétrix form as shown below:

Ll




The matrix the technical input~0utpﬁt cocfficient matrix. This

_ the stucture of the economy remains unchanged.

iy * There is neither shortages nor surpluses of product under consideration. In other words, £gross
product of éach sector is sufficient to meet the final demand as well as demands of other

sectors. Let d}. G=1,2,..,n) be the final demand (in rupec value) for product produced by

- each of n sectors,

The input-output table displayed in the following table summarises information about the economy

mairix remains unchanged so long as -

in question,
Consumer :
Sectors Intermediate use-
' : ™\ Final Final
Producers Sectors _ ina
Sectors 1 R | TOU use demand
Sector SRR ' X di
. A B ] xz -'d2
x‘n X d,
a %, d,

I the economy is assumed 10 be in a state of dynamic_equitibrium (i.c., neither shortages nor

surpluses) so that the total output is just sufficic;nt to meet the input needs of each scctor as well as

the needs of the final demand of all sectors themselves, then

Output = Input
= Need of cach scctor + Final demand

n

X, = 2, ai} X+ d; for sectori=1, 2, .., n
2y _

In matrix notation,; we have

J:
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x;] EN TP a; |
where Xzl = |
’ ; A= lan an [P
|
an . a|-|| %1" ann
) L il |
di |
and D =|.
|
i

L R

The above equation can also be rewritten as:

X=zAX+D . : .
X=AX+D ' |

X -AX =D _ _ |
d-AX=D . ' : |
(l-A)X=D '

N(-A) Dprovrdedll' A‘ 2 0. Q |
Where I is the identity matrix,; The value ives how much each sector must produce which is
Just sufficient to meet the final demand as the demand of all sectors themselves,

200 units of Agriculture and its ‘of Industry

Example 11 ' S |

Given the following input-outpyg tabley alcula[e the gross output so as to meet the fmal demand of
@ ; | o
! |

|

_ Consummer Sector '
Poducer _ Final Total

_Sec;or _ Agricul_lue Industry demand - output i
Agriculture ' 300 600 100 - 1000 |
Industry _ _ 400 1200 400 2000

Solution : . . |

i . . I
Using the notations as dlscussed above

_ Rupee value of 'the product of sector Agnculturc used by Agrlcultur;; |
- Rupee value of the total output of sector Agriculture |

= :E.HQ = 03 . ' . |

© 1000 . |
600 |

%= 006”6 |

. Similarly g:%'go =04
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oo 1200 _
LA, = W = 0.6
thus the technological matrix A and final demand matrix D, becomes-
0.3 03l - 1.200

. A= : ) : D=
04 ~ .06]  |[BOO

i o [o3 _0.3'l' 1-03 0-03]

None I-A=|" — : I = .
e 1 04 _0.6_] 0-04 1-0.6

Lo

~04 04| (
: 07 = —03{= 0.28-0.12
l1-Al=|

. |-04 0.4
I-A)'= Adi(-A) nu 04 03
“]_I_I A 04 07 0

. [o4 037 [0
=(1-A)"'P=g15 104 07 '

oy (320,
~0.16 |6

0.16 (#0)

‘Hence, the gross output of agnculture and Industry must be 2000 umts and 4000 units respectively.
Exermse 12

'_ In an economy there are two sectors A and B and the followmg table gwes the supply and demand
position of these in ml]ll()l'l rupees: :

- Consumer

Producer A B ' Finaldemand  Gross output
A -~ 15 10 S 11 35
"B 20 ' 30 15 65

Determine the total outplit, if the demand changes t0.12 for A and 18 for B.

4.10. SUMMARY

Matrices play an important rote in quantitative agalysis of managerial decisions. They also provide
' ' 87 '
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very convenient and compact methods of writing a system of linear simultaneous eduau'on‘s and
methods of solving them. These tools have also. become very useful in all functional areas of
management. Another distinct advantage of matrices is that once the system of cquationls can be set

up in matrix form, they can be solved quickly using a computer. |

A number; of basic matrix operations {such as mariy addition, subtraction, multiplidation) were
discussed in this unit. This was followed by a discussion on matrix inversion and pocedure for finding
matrix inverse. Nurober of examples were given in support of the above said operationsland inverse
of a matrix, !

Finally, two important applications of matrix algebra-predicting market shares using Markov models
and predictng the effect of a change in the ontput (or demand) of one sector of the economy on the
output of the other sectors, using input-output models were discussed.

411 KEY WORDS | | |

Co-factor: The npmber Ci] = (-1) ™ M, is called the co-factor of element &, in A. |

Determinant: A unique scalar quantity associated with each squarc matrix,
Tdentity Matrix: A matrix in which diagonal elements are equal to 1 and all other elemetjlns are zero.
Matrix: It is anarray of numbers, arranged in rows and columns. '
Minor: The minor of an element is the determinant of the sybmatrix obtained from a given matrix
by deleting the row and the column containing that element alg is denoted by Mij. :

~Niuilk matrix ; A matrix in which all elements are zero.

Tanspose matrix: A new matrix obtained by inerc @ rows and columns of the origiinal matrix.

P
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_BLOCK 2 DATA COLLECTION AND
ANALYSIS

This block consists of four units. The first unit deals with sources, types, need, and significance of data,
and data collection. The second unit systematically describes the classification and presentation of the
collected data. The third unit givesan insight into treatment of data through central tendency measurement
and fourth and the last unit thoroughly discusses the deviations and different measures of variation.
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UNIT 5 COLLECTI_ON OF DATA

Objectwes _
After studying this unit, you should be able to:

appreciate the need and significance of data collection
distinguish between primary and secondary data
know different methods of collecting primary data
design a suitable questionnaire
- edit the primary data and know the sources of secondary data and i its use
-understand the concept of census vs. sample

X oE® X % %

Structure

5.1  Introduction

5.2  Primary and Secondary Data

5.3  Methods of Collecting Primary Data -
54  Designing a Questionnaire

5.5 Pre-testing the Questionnaire

5.6  Editing Primary Data

5.7  Sources of Secondary Data "
3.8 Precautions in the Use of Secondary Data _
5.9  Census and Sample . ; '

5,10  Summary _ : O
5.11 Key Words ’ '
5.12  Seif-assessment Exercises
5.13 'Further Readings ?\

5.1 INTRODUCTION Q‘ |

To make a decision in any business@n you need data. -_Ijaéts cxpfesscd in quantitative form can
be termed as data. Success of any statistical investigation depends on the availability of accurate and
reliable data. These depend on the appropriateness of the method chosen for data collection. Thesefore,

-data collection is a very basic activitiy in decision-making. In this unit, we shall be studying the different-

.methods that are used for collecting data. Data may be clagsified either as primary or secondary.

52 PRIMARY AND SECONDARY DATA

Data used in statistical study is termed either 'I'primary"' or "secondary” depending upon whether it was

colected specifically for the study in question or for some other purpose. When the data-used-ina |

; statistical study was collected under the control and superviston of the investigation, such type of data
lis referred to as "primary data”. When the data was not collected by the investigator, but is denvcd from
dther sources then such data is referred to as "sccondary data’. :

“The difference bctween pﬂrnary and secondary data is only in- terms of degree. For example, data whlch :
is primary in the hands of one become secondary in the hands of another. Suppose ant investigator wants’
to study the working conditions of labour in a big industrial concern. If he collects the data himself or-

through his agent, then this data is referred 10 as primary data. But if this data is used by someone else,
then this data becomes secondary data.

5.3 METHODS OF COLLECTING PRIMARY DATA

Primary data may elther be collecled Lhrough the observatlon method or thrcmgh the quesuonnalre' _
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In the observation method, the investigator asks no questions, but he simply observes thé phenomenon
.under consideration, and records the necessary data. Sometimes individuals make the observatlon, on
-other occasions, mechanical and electronic devicés do the job. |
- In the observation method, it may be difficult to produce accurale data, Ph'y_sié’all difficnll|:ies on the part
of the observer may result in errors. Because of these limitations in the observatioh method, the
* questionnaire method is more widely used for collecting data. In the questionnairé method, the
investigator draws up a questionnaire containing ail the relevant questions which he wants to ask from
his respondents, and accordingly records the responses. Quesuonnalre method may becon ucted through
personal interview, or by mail or telephone.

Personal Interviews. In this method the interviewer sits face- -face with the respondelut and records
jh:s responses. In this method, the information is likely to be more accurate and reliable because the
interviewer can clear up doubts and cross-checks the respondents. This method is um_e-c?nsummg and
‘can be very costy if the numbér of respondents is large and widely distributed. ; |

Mail Questiennaire. In this method a list of guestions (questionnaire) is prepared and mailed to the
respondents. The respondents are expected to fill in the questionnaire and send il back to the
investigator. Sometimes, mai! questionnaire are placed in respondents’ hands through other means such
as attaching them to consumers' products or putting them in newspapers or magazines, This method can
be easily adopied where the field of investigation ig very vast and the respondents are spre#d over a wide
geographicdl area. But this method can be adopted only where the respondents are literates and can

understand written questions and answer them.. oy I
Telephone, lii this method the mvesugatu’r asks the reiew@sﬁons from the respo ents over the

telephone. This method is less expensive but it has et application since only those respondents can
be mtcrvxewed who have telephones; moreover, ve uestions can be asked on‘telepbone.
|

The questionnaire mcthocl is a very efficient an ethod of collecting data. But it has a very serious
limitations as it may be extremely diffj lect data on certain sensitive aspects such as income,
-age or personal life details, which the t may notbe willing 10 share with the i investigator, This
is so with other methods - als;:“di@ bople may interpret the question dlffcrently and ?onsequemly
-there may be errors and inacc data collection, _

- o : |
Activity A - ' |

Explain clearly the observauon and questlonnalre methods of oollacung pnmary data nghhght their
ments and: limitations. . _ o |

Activity B ' ' ' o
" Describe the personal interviews and mail quesuonnalre mcrhod of data collectlon

Achvnty C | |
Point out the advantages of {elephomc method of data collecuon Does it have any llmlt&ti,l)ll&?

JR S,

oooooooooooooooo

'Once the investigator has declded to use the questionnaire method the next step isto draw up adesignof -

the survey. - % : | | 5 !



A survey design involves the following steps:

a. . Designing a questionnaire o T )
b Pre-tesiing a questionnaire ~ . - L ' : : :
t Editing the primary data. ' '

54 ,DESIGNING A QUESTIONNAIRE ‘

The success of collecting data through a questionnaire depcnds mainly on how shllfully and i nnagma
tively the questionnaire has been designed. A badly designed questionnaire will never be able to gather
the relevent data In desxgmng the quesnonnajre some of the important points to be kept in mmd are: -

‘Covering letter: Every questionnaire should contain a covering lettm' 'I'he covering letter should
. highlight the purpose of study and assure the respondent that all responses will be kept confidential. It .

is desirable that some inducemeént or motivation is provided to the respondent for better response. The

objectives of the study and questionnaire design should be such that the respondent derives a sense of
. satisfaction through his involvement.

* Number of guestions should be kept to the minimum. The fewer the questions, the greater the c_hanées :
of getting  a better response and of having all ihe questions answered. Otherwise the respondent may -
feel disinterested and provide inaccurate answers particularly towards the end of the questionnaire. -

Informing the questions, the investigator has 10 take into consideration several factors such as the
purpose of study, the time and resources available.. As a rough ipdication, the number of questions
should be betwezn 15 10 40. In case the number of questions ig molg than 25, it is desirable that the

- questionnaire be divided into various parts to ensure clarity.

estions should be simple, short, easy to
ample, if the question is: 'Are youliterate?'

Questions should be simple, short and. nnainbiguous. ]
understand and such that their answers are unambigugus. For®

the resppndem may have doubts about the meaning y. To some literacy may mean a university
degree whereas to others even the capacity t an{ write may mean literacy. Hence it is desirable to
specify whether you have passed (a) high duation () post graduation etc. Questionscanbe

Yes/No type, or of multiple choice dependifig on the requirement of the investigator. Open-cnded
~ questions should generally be avoid - .

Questions of sensitive or personal natire should be avoided. The questions shouid not be such as
would require the respondent to. disclose any private, personal or confidential information. For
example, questions relationg to-sales, profits, marital happiness efc. should be avoided as far as possible.
If such questions are necessary in the survey, an assurance should be given to the respondent that the
information provided shall be kept smctly confidential and shall not be used at any cost to their
disadvantage. - . .

H

- Answers to questions should not reqmre cak:ulatmns. The quesuons should be framed in such a way |
that their answers-do not require any calculauons

Logical arrangement, - The questions should be loglcally arranged so that thcrc isa contmulty of
responses and lhell respmdemdoes not feel the need to refer back to the previous questions. Itis desirable-
.that the questionnaire should bcgm with some introductory questions followed by vital questions crucial -
‘to the survey and ending wnh some hght questlons 50 that the overall i u'npressnon of the respondem is -

~ h happy one.

Cross-check and Foofnotes. The questionnaire should contain some such questions Which actasa
cross-check to the rellablhty of the information provided. For example, when a question relatmg to
income is aslmd, itis desn'able © mclude a question:"Are you an income tax assessee?”

For the purpose of clarity, certain questions which might create a doubt i in the mind of respondcms, it
isdesirable to give footnotes. The purpose of footnotes is to clarify all possible doubts which may emerge
from ﬂ_lequesuonsandcanmt_bemwe_dwhﬂe answerthem. Forexample, if aquestionrelates to 1n§9mc _
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ltmlts like 1000 2000, 2000-3000; etc.; a person getung exactly Rs. 2000 should know in which income
class he has to place himself.

One specimen format for l;he quesnonnalre used by IGNOU to chcu backgmund of the pamapams and -
their expectations from the Diploma in Management course is shown below:

INDIRA GANDHI NATIONAL OPEN UNIVERSITY
SCROOL OF MANAGEMENT STUDIES

'DIPLOMA IN MANAGEMENT
- OBJECTIVE-EXPECTATION ASSESSMENT FORMAT

A Name

B Roll Number

C Name of your Organisation

D Nature of ownership of your - Organisation (tick one)

 Partnership

[ 1] [ 1 Private Limited Co.

[ ] Public Ltd. Co. [ ] Public Sector (Central/State)
[ 1 Central Government [} Cooperativ
[ \] Autononious [ 1 Anyothén St 1fy |

. E - Designation ' _ . O _
F  Whatis your jc;b level in the organim?'hierarchy of your _compaﬁy? :
Tick the appropriate box lakin@e 1 as reference.
TOP LEVEL ~ I

1 2 3 4 bﬁ 7 8 9 10 | 11

(110l eyry 0yl 0y 1 o)

If none, specify

G What is the nature of activities of ‘your organisation?
[ 1 Manufacturing - [ 1 Professional & other services
_ " e.g. (Hospital, P & T Education eic.)
[ 1 Trading [ 1 Civil Admmlslmnon
[ ] Banking & Other = = [ ] -Defence Services

Financial Services
[ 1 Anyother, specify
H  Whatis the scale of operations of your Organisation?

i Value of Turnover (in Rupees) _. . . Number of Employees

LessthanSOlakhs [ 1  Lessthan10
- More than 50 lakhs upto 1 crore  { i 1 Morethan 10 upto 25

[ 1]
L}




[ ] Morc than 1 crore upto 3 crofes [ . ] More than 25 upto 100
[ 7 More than 3 crores upto 7.5 crores [ ] More than 100 upto 500

[ 1 Morethan 12.5 crores [ ] More than 500 upto 2000
_ opto 30 crores '
[ 1 More than 30 crorcs up 50 crores [ - ] More than 2000 upto 10,000

[ ] More than 50 crores [ ] More than 10,000

With what objectives have you joined this course?
State them in order of importance. '

Most important

1
2
3
4
5

Would your employer appreciate and recognise your efforts in
doing this course? ' “Yes D No

If Yes, 15 he likely to reward you? Yes D No

If Yes, state how

How much time over and above the con%sions , would you devote to studies for this

programme  every week?

[ 1] Less than 2 hours

[ 1 More than 2 ho '4@: 5 hours
{1 More than 5 hours upte 10 hours
!

| Muore than 10 hours

Have you had a chance to read the 3 blocks of print material sert ¢ you this month?

Yes/No _

If yes, what do you like about them?

1.

2. |

3. |

And, what do you dislike about them? '

1.
2

3. .

Which day(s) of the week is your office closed for weckly holiday(s)

Give three preferences out of the following day and time slots for attending contact sessions. (1=
more preferred) :
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[ 1 Monday6.30 p.m, - 9.30 pam. [ 1 Saturday 10am. - 1 p.m.
[ ] Tuesday 630pm.-930pm. ., [ ] Sawrday 6.30 pm, - 9.30 p.m.
[ 1] Wednesday 6.30 pm - 9,30 p.m. [ 1. Sunday' 10 am. - 1 p.m.
[ 1 Thﬁrsday 6.30 p.m. - 9.30 p.m. [ ] Sunday 6.30p.m.-930 p.m.
[ ]

Friday 6.30 p.m, - 9.30 p.m.

Activity D

You have been directed by your employer to carry out a market survey to ascerlam  thie probable demanu
for the new drug your company is going to introduce. Prepare a suitable questionnairc in lhlS conmection.
‘State also the type of respondents yOu expect to cover.

............

5.5 PRE-TESTING THE QUESTIONNAIRE

Once the questionnaire has been designed, it is important to pre-test it. The pre-testing. of a
questionnaire is also known as pilot survey because it precedes’ the main survey work: Pre-testing
allows rectification of problcms inconsistencies, repetitions etg. If changes are required, the necessary
modifications can be made before administering the questiopnairysome questions aré found irrefevant,
they can be deleted and if some questions have to be inciud®, thefsame can be done. Pre-testing must
be done with utmost care, otherwise unfiecessary and gswegnted changes may be introduced. If time and
regeurces permit, a second pre-testing can also be d pnsure greater reliability of resulis. Proper.
testing, revising and re-testing would yield !n h dm ends,

5 6 EDITING PRIMARY DA -
Once the questionnaire have been fj the data collected; it is necessary to edit this data Editing

of data should be done to ensur cteness consisiency, accuracy and homogeneity,

Couwpleteness. Each questionnaire should be compleie in all respects, i.¢., the respondent should have
answered each and every question. Ifsome- important questions have been lefi unanswered, aticmpis
should be made to contact the respondent and get the' response. - If despite all efforts; answers to vital
questions are not given, such questionnaires should be dropped from final analysis,

Consistency. Questionnaire should alse be checked to see that there are no contradictory answers,

- Contradictory responscs may arise due o wrong answers filled up by the respondents or because of

carelessncss on the part of the investigator in recording the data. For example, the answers in a

* questionnaire 10 two successive questions "Are you married?"-and "Number of children you bave?” may

be given by a respondent as 'No' and 'Two’ respectively. Obviously, there is some inconsistency in the
answers o these two questions which should be sorted out with the respondent. '

Accuracy. The questionnaire should also be checked for the accuracy of information provided by the

respondent. It may be pointed out that thisis the most difficult job of the investigator and at the same

- time the most important one. If inaccuracies are permitied, this would lead to misieading resulis.
Inaccuracies may be checked by random cross-checking. :

Homogeneity. It is equally important to check whether the questions have been understood in the sams
sensc by all the respondents. For instance, if there is a question on income, it should be very clearly stated
- whether itrefers to weekly, monthly, or yearly income. If itis left amblgupus then respondents may give
different responses and there will be no basis for comparison because we may take some ﬁgures which
are valid for monthly income and some for arinual.income,
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57 SOURCES OF SECONDARY DATA

The sources of secondary data may be divided into two broad categories, published and unpublished.

Published Sources. These are a number of national and international organisations which collect
statistical data and publish their findings in statistical reports periodically. Someé of the national
organisations which collect, compile -and publish statistical data arc: Ceniral Statistical organisation
(CS0); National Samplc Survey Organisation (NSSO); Office of the Registrar General and Census
Commissioner of India; Labour Bureau; Federation of Indian Chambers of Commerce and Indusiry;
Indian Council of Agricultural Research (ICAR); The Economic Times; The Financial Express etc.
Some of the international agencies which provide valuable statistical data on a variety of socio- qconomlc :
and political events are: United Nations Organisation (UNO); World Health Organisation (WH®}; Inter-
nalional Labour Organisation (ILO): laternational Monetary Fund (IMF); World Bank etc.

Unpublished Sources. All statistical data need not be published. A major source of statistical data
produced by government, semi-government, private and public organistaions is based on the data drawn
from internal records. This data based on internal records provides authentic statistical data and is much
cheaper as compared to primary data. Some examples of the internal records include employees’
payroll, the amount of raw materials, cash receipts and cash book etc. It may be pointed out that it is
very difficull to have access to unpublished information.

3.8 PRECAUTIONS IN THE USE OF SECONDARY DATA

A careful scrotiny must be made before using published dagagThe should be extra-cautions in using
secondary dala and he should not accept il at its face va @ reason may be that such dara is full of
errors because of bias, inadequate sample size, errorsNgf @€linitions and computational errors etc.
Therefore, before using such data, the following %should be considered.

Suitability. The invesligator must ensm@: ata available is suitable for the purpose of the

inquiry on hand. The suitability of da ¢ judged by comparing the nature and scope of

investigation

Reliability. It is of utnost importanceadclcrmine how reliavle 15 the data {from secondary source and

how conlidently we can use it. In assessing the reliability, 1t is important 1o Know whether the collecting

agency 1s unbiased, whether it has a representative xdmple the data whether has been properly analysed,
a5 S0 on, : .

Adequacy. Data from sccondary sources may be available but its scope may be limited and therefore
this may not serve the purpose of investigation. The dala may coveronly a parl of the requirementof the
investigator or may perlain 10 a different time period.

Only if the investigator is fully satzsf;ed on all the above mentioned points, he should proceed with this
data  as the starting peint for further analysis,

5.9 CENSUS AND SAMPLE

When secondary dala is not available for the problem under study, a decision may be taken to collect
primary datz through original investigation. This original investigation may be obtained either by census
(or complete coumeration) method or sampling method. When the investigator collects data about cach
and every tém in the population, it is known as the census method or complete enumeration survey. But

. whenthe investigalor studies only a represcntative part of the total population and makes inferences about
the population on the basis of that study, it is known as the sampling method. In both the situations, the
investigator is interested in studying some characteristics of the population

The advantage of the census method s that inlormation about every itlem in the population can be obtained.
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Also the information colleclcd is more accurate. The. miain limitations of the census mclhpd are that.it
requires a great deal of money and time. Morcover, in certain practical situations of quality | conirol, such
asfinding the tensile strength of a steel specimen by stretching it tillit breaks is noteven ]physlcally possible
to check each and every item because quality testing result in the destruction of the item itsell. In most
cases, it is not nécessary to study every unit of the population to draw some inference about it. If a sample
is representative of the population then our study of the sample will yield correct inference about the total
population.

Tt shonld be noted that out of the ¢ensus and sampling methods, the sah]plin g method is much more widely
used in practice. There arc several methods of sampling which would be discussed in detail in unit 13 on

“sampling methods'.

5.10 SUMMARY

Statistical data is a set of facts expressed in quantitative form, The use of facls expressed as measurable
quantities can help a decision maker to arrive at better decisions. Data can be oblained thrpugh primary
source or secondary source, When the data is colleced by the investigator himself, itis called pimary data.
When the data has been collected by others it is known as secondary data. The most impogtant method
for primary data collection is through questionnaire. A questionnaire refers 10 a device used o secure
* answers 10 questions from the respondents, Another important distinction in considering data is whether
the values represent Lhe complete enumeration of some whole, known as pepulation or umvcrse or only

a part of the population, which is called a sample. \

given population or universe,

5.11 KEY WORDS

Census is the collection of cach and every igQ int

Population is the collection of itcms

hich§nformation is required.
Primary Data is the ¢collection of data O the investigalor himself,

Questionnaire is a device for answers 1o questions by using a form to which the respondent
responds, : -

Sample 1s any group of measurements selected from a population,

Secondary Data is the collection of data compiled by someone other than the user.

5.12 SELF-ASSESSMENT EXERCISES

1. Distinguish between primary and \cconddr), data. Discuss the various methods of collccung
primary data. Indicate the situation in which ¢ach of these methods should be uscd

2, Discuss the validity of the statement: "A sccondary source is not as reliable as a primary source”.

3. Discuss the various sources of secondary data. Point out the precautions to be taken while using
such data.

4, Describe briclly the guestionnairé method of collecting primary data. State the Psqcmldls ofagood
questlonmlre ’ . i

5. Explain what precautions must be laken, while drafting a useful questionnaire.
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6. As the personnel manager in a partjcﬁlar industry, you are asked 10 determine the effect of -

increased wages on output. Draft a suitable questionnaire for this purpose.

7. If you were to conduct a survey regarding smoking habits among students of IGNOU, what method
of data collection would you adopt? Give reasons for your choice.

8. Distinguish between the census and sampling methods of data collection and compare their _

merits and- demecrits. Why is the sampling method unavoidable in certain situations?

3. E)ﬁplajn the térms ‘population and ‘sample’. Explain why it is sometimes necessary and often

desirable to collect information about the population by conducting a sample survey instead of
complete enumeraticn. '
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UNIT 6 PRESENTATION OF DATA

Objectives
After studying this unit, you should be ablc fo:

= understand the need and significance of presentation of data

» know the necessity of classifying data and various types of classification

« construct a frequency distribution of discrete and continuous data

» presentafrequency distribution in the form of bar diagram, histogram, frequency polygon, and ogives.

Structure

6.1  Introduction

6.2  Classification of Data

6.3  Objectives of Classilication

64  Types of Classification

6.5  Construction of a Discrete Frequency Distribution
6.6  Conswruction of a Continuous Frequency Distribution
6,7 Guidelines for Choosing the Classes

6.8  Cumulative and Relative Frequencies

6.9  Charting of Data

. 610 Summary : '

6.11  Key Words o

6.12  Self-assessment Exerciscs _
6.13  Further Readings O
6.1 INTRODUCTION. ?s

In the previous unijt, we discussed the vn%ys of collecting data. The successful use of the data
collected depends to a great extent the Mangncr in which it is arranged, displayed and summarised.
In this onif, we shall be mainly %d in the precntation of data. Presentation of data can be
displayed either in tabular form or thggfligh charts. In the tabular form, il is necessary 1o classify the

data before the data is labulated. Therefore, this unit is dlvlclmi into two sections, viz., (2} classification
of data and’ (b) charting of data.

6.2 CLASSIFICATION OF DATA

After the data has been systematically collected and edited, the first step in presentation of data is
classifiction, Classification is the process of arranging the data.according to the points of similaritics
and dissimilarities. It is like the process of sorting the mail in a post office where the mail for different
destinations is placed in different compartments after it has been carefully sorted out from the huge heap.

6.3 OBJECTIVES OF CLASSIFICATION

The principal objectives of ciaséifying data are:

i} . tocondense the mass of data in such a way that éalient features can be readily noticed.
if) to facilitate compérisons betwc.enl attributes of variables

iii) to prepare data which can be presented in tabular form
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.Some common types of classification are:

iv}  to highlight the significant fealures of thc data ata glanée.

" $.4 TYPES OF CLASSIFICATION

1. Geographical i.e., according to area or region.
2. Chrono]ogical, 1.e., according to occurence of an event _iri time. - _ |

3. Qualitative, i.c., according to attributes.
: [

4, Quantitative, i.e., according to magnitudes. '

Geographical Classification, In this type of classification, data is classified -accordir:lg fo area or -
region.  For example, when we consider production of wheat statewise, this would be called
geographical classification. The listing of individual entries are generally done in an alphabetical order
or according to size to emphasise the importance of a particular area or region. :
Chronological Classification. When the data is classified according to the time of its  pccurence, it
is known as chronofogical classification. For example, sales figure of a codipany for last six years are

given below:
|
|

Year . Sales Sales
{Es. in lakhs) (Rs. in lakhs)
]
1982-83 175 1985-86 _ 485

198384 220 1986-87 565
1984-85 350 1987-88 620

Qualitative Classification. @the data is classificd according to some al.tribu!tes {distinct
categorics) which arc not capablc¥l measurement is known as gualitative classification, In a simple
(or dichotomous) classification, an attribute is divided into two classes, one possessing the attribute and
the other niot possessing it. For example, we may classify population on the basis of employment, i.e.,
the employed and the unemployed. Similarly we can have manifold classification wher an attribute

. is divided so as to form several classes. For exariple, the attribute education can have different classes
such as primary, middle, higher sccondary, university, etc. |

Quaniitative Classification. When the data is classified according to some characteristics that can be -
measured, it is called guantitative classification, For example, the employees of a comﬂiany:may be
classified according 1q their monthly salaries. Since quantitative data is characterised by different
numerical values, the data represents the value of a variable.Quantitative data may be: further classified

. into on¢ or two types: discrete or continueus. The term discrete data refers to quantitative data that is
“limited Lo certain numerical values of a variable. For example, the number of employees in an

organisation or the number of machines in a factory are examples of discrete data, |

|
Continuous data can take all valucs of the variable. For example, the data relating to weight, distance,
and volume arc examples of continuous data. The quantative classification becomes the basis for
frequency distribution. !

When the data is arranged into groups or categories ccording to conveniently established Hivisions of

the range of the observations, such an arrangement in tabular form is called a frequency distribution.
In a frequency distribution, raw data is represented by distinct groups which are known as classes. The
number of observations that fall inlo each of the class is known as frequency. Thus, a frequene
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distribution has two parts, on its left there are classes and on its right there are frequencies.

When data is described by a continuous variable it is called éontinuous data and when it is described by
a discrete variable, it is called discrete data. The following arc the iwo examples of discreie and
continuous frequency distributions. '

No.of No. of . Age No. of

employees . companies (Years) - workers -
1190 25 20-25 ' 15
i20 ' 35 o 25-30 22
130 70 30-35 38
140 100 : 3540 : 47
150 i8 - 40-45 18
160 12 _ 45-50. _ 10
Discrete frequency distribution | Continuous frequency distribution

Activity A .

What do you understand by classification of data?
Why classification is necessary?

Activity B
With the help.of a suitable example, itlustrate the%nce between qualitative and quantitative data.

6.5 CONSTRUCTION OF A DISCRETE FREQUENCY DISTRIBUTION

The process of preparing frequency distribution is very simple,  In the case of discrete data, place all

possible values of the variable in ascending order in one columm, and then prepare another column of

"Tally” marks to count the number of "Tally’ marks, are prepared and some space is left in between the

blocks. The frequency column refers to the number of "Tally' marks, a particular class will contain. To

Hlustrate the construction of a discrete - frequency distribution, consider a sample study in which 50
families were surveyed to find the number of children per family. The data obiained are:

3221 3421343502
1233 2112 30321
4 355 43635 43106
5431 201 2 345

To condense this data into a discrete frequency distribusion, we shall take the help of 'Tally' marks a.
shown below:
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No. of Children No. of families ' Frequency |
0 il 4 !

1 M 9
2 HY I 10 !
3 WOWN 12. !
4 I K 7 !

5 W 6
6 - Il P |

Total 50

6.6 CONSTRUCTT()N OF A CONTINUOUS FREQUENCY DI$ TRIBU-
TION | !

In consiruction the frequency distribution for continuous ddld it is necessary Lo clarify dome of the
important terms thal are frequently used. . |

.Class Limits. Class limit denote the lowest and highest value that can be included in thelclass. The
two boundaries (i.e., lowest and highest) of a class are known aNge lower limit and the upber limit of
~ the class. For example, in the class 6--69, 60 is the lower liMigand$69 is the upper limit or we can say
that there can be no value in that class which is less (hgmQ0 an ore than 69. |
: |

Class Tngervals. The class interval represents mc.wﬁan orsize) of aclass. The width may be
+ tetermined by subtracting the lower limit of ass from the lower limit of the following class
" (alternatively successive upper limits may be u;%

30, the width of the class interval would diff€rence belween the two successive lowerlimits, i.e.,
20-10 = 10-or the difference between theNgper limit and lower limit of the same class, i.e., 20-10=10.

. _ N
Ciass Mid-point. Mid-poinl of % defined as the sutn of two successive lower limits divided by
two. Therefore, it is the value lyingW8lfway between the lower and upper class limits. In the example

taken above the mid-point would be (10+20}/2=15 corresponding 1o the class 10-20 and 25 cprrespond-

ing to the class 20-30. ' |

Type of Class Inttrval There are different ways in which limits of Cl’lSS intervals can be Sh(}wn
-such as: _ |

I'
i.  Exclusive and Inclusive method, and
ii. Open-end. : i

’ N | s -

-Exclusive Method. The class intervals are so arranged that the upper limit of one class is the lower limit
of the next class. The following example illustrates this point. |

I

_ Sales _ No. of Sales ' _ ]\nlnf
{Rs. thousands) firms (Rs, thousands) - firms
20-25 20 - w40 2y
25-30 28 : 40-45 . 12

30-35 35 45-50 x : 8

In the above example there are 20 firmy whose sales are between Rs. 20,000 and Rs. 24,999, A firm with.
sales of exactly Rs. 25 thousand wounld be included in ihe next class viz. 25-30. Thcrcforc in the

cxclus*l\m method, it is always presumed that upper limit is exeluded.
|

104 _ |

For example, if the two classes are 10§20 and 20--



Inclasive Methed. In lhgs method, the upper fimitof aneclass is included in that classitself. The fnllowmo
example illustrates this point. '

Sales Mg, of : : - Sales o No.of

(R_s, thousands) firms ~ (Rs. thousands) firms
20-24.999 i 20 3539999 7
25-20 909 28 ' 40-44.999 12

30-34.999 . 35 ' 45-49.999 3

In this example, there are 20 {irms whose sales are between Rs. 20,000 and Rs. 24,999. A firm whose -
saies are exacily Rs. 25,000 would be included in the nexi class. Therefore in the inclusive method, it
is presumed that upper limit is included.

It may be obscrved that both the methods give the same class frequencies, although the class intervals
look different. Whenever inclusive method is used lor equal class intrvals, the width of class intervals -
can be obtained by taking the difference between the two lower limits (or upper limils).

Open-end. In an open-end distribution, the }ower limit of the very first class and upper limit of the last
class ts not given. In distribution where there is a big gap between minimuam and maximum valucs, the -
open-cnd distribution: can be used such as in income distributiong, The Income disparitics, of residents
~ of a region may vary between Rs. 800 to Rs, 50,000 per mont@ah acase, we.can form classes like:

Less than Rs. 1,000 . '
10002000 O
2,000-5,000 |
5,000-10,000 - ?s
10,000-25,000

"25,000 and above. _ Q~

Remark. To ensure continuity iet correct class intervals, we shall adopt exclusive method.
However, if inclusive method is su then it is necessary o make an adjustmnent to determine the
- class interval. This can be done by taking the average value of the difference hetween the lower timit
of the succeeding class and the opper limit of the class, In terms of formula:

~ Lower Limit of Second class-Upper Limit of the First class

Correction factor
' 2

This valu¢so obtained is deducted from all lower limits and added to a]l upper limits. For mslancc the -
example discussed for inclusive method can easily be converted into exclusive case. Take the difference
between 25 and 24,999 and divided il by 2. Thus correction factor becomes {25-24,999)/2=0.0005.
Deduct this value from lower limits and add it 1o uppcr limits. The new frequency distribugion will take
the following form: :

Sales No. of ' Sales - T No.of
(Rs. in thousands) firms © . {Rs. in thousands) firms
19.9995-24.9995 20 - 34.9995-39.9995" 27
24.9995-29.9995 28 39.9995-44,9995 12.
29.0995-34-999.5 ' 35_' - 44,9995-49 9995 8
105




6.7 GUIDELINES FOR CHOOSING THE CLASSES

‘The followmg guidelines arc useful in choosing the class intervals,

1.

The number of classes should not be too small or oo large. Preferably, the number of classes
should be between 5 and 15. However, there is no hard and fast rule about it. If me number of
ohservations is smaller, the number of classes formed should be towards the lowcr side of this

limit and when the number of observations increase, the number of classes form
towards the upper side of the limit.

If passible, the widths of the intervals should be numcrlcally simple like 5, 10, 25|
like 3, 7, 19 etc. should be avoided.

should be

etc, Values -

It is desirable to have classes of equal width, However, in case of distributions having wide gap
between the minimum and maximum values, classes with nnequal class interval can be formed

like income distribution,

The starting point of a class should begin with 0, 5, 10 or multiples thereof. For c:ltamplf,, if the
minimum value is 3 and we are taking a class interval of 10, the first class should be 0-10 and

not 3-13.

maximum values and the number of classes 1o be For exampie, il the i

ncome of 20

The class inicrval should be determined after iakinE into consideration thée -lri‘(inimum and

employees in a company varies between Rs. 1100 an
the class interval should be 1000

(5900-1100) '
_W_ = 48 Qr 5 v

90 and we want to fo

rm 5 ciasses,

All the above poinis can be explained@l& help of the following example wherein the ages of 50

employees are given: _ N
22 21 37 @ 28 42 56 33 32 59

_ Inorder to form the frequency distribution of this data, we take the difference between €
divide it by 10 to form 5 classes as follows:

40 47 29 65 45 48 55 43 42 40
37 9 5% 54 R 49 80 37 28 27
32 33 47 36 35 42 43 55 53 48

29 30 32 37 43 4 55 47 39 62

{3 and 21 and

Age (Years) Tally-Marks Frequency

20-30 HE N 7
30-40 RIECHCWE 16
40-50 : MWW 15
50-60 T ' 9
80-70 i 3

Total 50
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Activity C

Distinguish between the following:

i) Discrete and continuous frequency distributions.
i) Class limits and class intervals, - :
iii)  Inclusive and Exclusive method:

6.8 CUMULATIVE AND RELATIVE FREQUENCIES

It is often useful 1o express class frequencies in different ways. Rather than listing the actual {requency
opposite each class, it may be approprzaw to list etther cummulaiiNg [rL,qucncms ot relative freguencies
ot both. : Q '
C umulatwe}*requencm Asitsname indicaies, itcumulages the Meefliencies, starting ateither the lowest
or highest valuc. The curutative frequency of a given @ terval thus represents the total of alti the
previous class frequencies including the class against \ﬁ is writticn. To illustrate the concept of -
cumulative frequencies, consider the foflowing cw.

: . \J -
Wonthiy Salary . No.of Q‘ . Monihly Salary ' No. of

. (Rs)) emplopees ' (Rs.) _ employees
1000-1200 5 ' 2000-2200 25
1200-1400 14 - 2200-2400 22
1430-1600 23 2400-2600 7

- 1600-1800 50 2600-2800 2

©1RO0-2000 . 52

I we k(:cp on adding ‘;uCLebsne frequency of each class starting [rom the lrequency of the vcry first
<class, we shall get cumulative frequencies as shown below:

‘Menthly salary - _ No. of Cumulative

Rs) emplayees frequency
1000-1200 | 5 5
1200-1400 ' 14 19
1400-1600 23 42
1600-1800 ) 50 92
1800-2000 : 52 . 144
2000-2200 25 169
2200-2400 _ 22 191
2400-2600 7 198
2600-2800 ' 2 - 200

Total 200
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©.2. " Relative frequencies constitute the bagis of u

6.9 CHARTING OF DATA

Re!atﬁve?req wencies. Very ofien. the frequencics in a frequency distribution are converted 1o relative
frequencies to show the perceniage for each class. If the frequency of each class is divided by the totat

number of chservations (total frequency), then this proportion is referred to as relative freg

uency, To get

the percentage for each class, multiply the relative frequency by 100. For the above exampie, the values

.computed for relative frequency and percentage are shown below:

Monthly Salary No. of Monthly Salary No. of -

(Rs.) . emplovees : (Rs.) employees
1000-1200 : 5 0.025 2.5
1200-1400 : 14 0.070 7.0
1400-1600 23 0.115 ' 11.5
1600-1800 50 0.250 250
1800-2000 52 0.260 26.0
2000-2200 25 : 0.125 : 12.5
2200-2400 22 ’ 0.110 : 11.0
2400-2600 _ 7 0.035 35
2600-2800 : 2 : 0.010 1.0
200 1.000 100%

There are two important advantages in looking al relative freguencics {percentages) ingee
irequencies in a frequency distribugion, 6 . .

1. Retative [requencies facilitate the comparis@wo or more than two sets of ¢

Acliviiy D '
With the help of an example, explaiQ@cepL of relative frequency.

B

ad of absolate

Hata.

standing the concept of probability.

Charts of frequency distributions which cover both diagrams and graphs are-useful becau
a quick interpretation of the data.. A freguency distribution can be presented by a vhried
In this section, the following (our popular methods of charting {requency distribution ar
detail, :

i) Bar Diagram

i) Histogram

iiiy  Frequency Polygon

) Qgiveor Cumulative Frequency Curve,

Bar Diagram. Bar diagrams are most popular. One can see numerous such diagrams i
Journals, exhibitions, and cven on lelevision o depict different characteristies of data.
population, per capila income, sales and profits of a company can be shown easily through

se they enable -
y of methods.
e discussed in

1 DEwSPAPErs,
For example,
bar diagrams.

It inay be noted that a bar is” a thick linc whose width is shown 1o attract the viewer, A bar diagram may

be either vertical or horizontal.
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Inorder to diaw a bar diagram, we take the characteristic {or atiribule) undér consideration on the X-axis
It is desirable to mention the value depicied by the bar on the topof the bar. .

To explain the procedure of drawing a bar diagram, we. hdvc taken the population [igures {in millions)
of India whlch are given below:

Bar Diagram

1000 -+
960 +
800 +

100 4 . ' - 685 1R

600 © 54814

500 + : 439.23
' : 361,01

400 F 318,66
300 1+ 278,98 o

F-'cp.lulali{)n {{n Millions) -

X0 +
100 4

1873 1981 Year

Year 193} LY ’ 1651

" Take the years onthe X-axis and the populay 33 rure On the Y-axis and draw a bar (o show the population
figure for the particular year.- This is shown'®iow. As can be scen from the diagram, the gap between

one bar and the other bar is kept equ " 15010 width of different bars is same. The only difference
is in the Iength of the bars and that 1 @ is type of diagram is also known as one dlmcnsmnal

Histogram. One of the most commonly used and easily anderstood methods for graphic preseotations
of frequency distribution is histogram. A histogram is a series of reciangies having areas that ase in the
same proportion as the {requencies of a frequency distributicn,

To construct a histogram, on the horizontal axis or X-axis, we take the class limits of the variable and
on the vertical axis or Y-axis, we take the frequencies of the class intervals shown on the horizontal axis.
If the class intervals are of equal width, then the vertical barsin the histogram are also of equafl witdth.
On the other hand, if the class intervals are unequal, then the freguencics have io be adjusted according

to the width of the class interval. To illusiraie a histogram when class intervals are equal, let us consider
the following example.

Daily sales ~ No.of . Daily sales . No. of
(Rs. thousand) companies {Rs. thousand) : companies
10-20 ' 13 50-60 25 .
20-30 _ 22 . - 60-70 20
30-40 : 35 - 70-80 16
40-50 30 : - 80-90 7

In this example, we may observe that class intérvals are of equal width. Let us 1ake class intervals on the
X-axis and their corresponding frequencies on-the Y-axis. On each class mterval (as base), erect a
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reciangle with height equal to the frequency of that class. In this manner we getaseries of rectangles ca_ch
having a class interval as iis width and the frequency as its height as shown befow:

S &
‘ : Histogram with Equal Class intervals
35
35
3

30 0
<$— 25
,E 25
E 22
=] .
“ 20.
b 20 ‘
3
2 i3
5 1
z

10 ‘
{1
7
© 5

0 10 20 30 40 S0 0 80 %0 100 -
Daily Sales (In Thoussnd

. It should be noted lhat the hlslogra@nis the total frequency as chsmburcd o.lghom the

different classes. .

When the width of the class il@ are not equal, then the frequencies must be adjusied before
constructing the histogram, '

The following example will illustrate the procedure:
Income No. of Income : No. of
(Rs.) _ employees - (Rsy) employees
1000-1500 5 ; 3500-5000 12
1300-2000 : 12 . 50003-7000 8
2000-2300 15 T000-8000 2

'As can be seen, in the above example, the class intervals are of unequal width and hence we have to find
oul the adjusted frequency of each class by taking the class with the lowest class interval as the basis
of adjustroent. For exmple, in the class 2500- 3500, the class interval is 1000 which is twice the size of
the lowest class interval, i.e., 500 and therefore the frequency of thsi class would be divided by two, i.e.,
it would be 18/2=9. In a similar manner, the other frequencies would be obtained. The adjusted
frequencies for various classes are given below: ‘
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Income No. of Income. No. of

(Rs.) : employees (Rs.)  employees
1000-1500 5 . 3500-5000 : 4.
1500-2000 12 3000-7000 : 2
2000-2500 15 7000-8000 1

2500-3500

The hisiogram of the above distribution is shown below:

Histogram with Unequal Class Intervals

F-
15 t5 p
¢ 12
2 —
& H ’
E !
R s 3 :
3 | I, _
2 |
€ |
= H .
z O
s s
i
Bl
:[ .
{ o
L : @ ' | .
1008 2000V 1000 4000 5000 6000 I 3000 -

Income {In Rupees)

It mdy be noted thal a histogram and 1 bar diagram look very much alike bul have distinct [eatures. For
example, in a histogram, the rectangles are adjoining and can be of different width whereas in bar
diagram il is not possible. :

Activity E
Draw a sketch of a histogram and a bar diagram and explain the difference between the two.
Freguency Polygon. The frequency polygon is 4 graphical presentation of frequency distribution. A
polygon is a mariy sided closed figure. A frequency polygon is construcled by taking the mid-points of
the upper horizontal side of each rectangle on the histogram and connecting these mid-points by straight
lines. In order to close the polygon, an additional class is assumed at each end, having a zcro frequency.
To illusirate the fiequeny polygon of this distribution is shown on below:

19N
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Frequency Polygon

| r'e
’ 3
35 . ;
e |
30 \
g ; N
2 l
“é-’u 22 . N ‘
. Y D
& . | N
by . / . ’ \15
F-] 15 . -
1 .
10 \ 7 ‘
| \ .
.20 3 40 50 & 70 80 9 100 "
- " Daily Sales (In Rupees)
I we draw. 4, smeoth-curve aver these-points in such a way i area included under the curve is
approximatelythe same thatofthe polygon, then suchac] ig known as frequency curve. The following
figure shows the same data smoothed out to form a freq urve, which is another form otl' preseating

the same data

25

Nﬁmb:r of Companics

Remark. The histogram is usually associated with discrele data and a, frequency pdlygon 18 appropriate
tor continuous data. Bui this distinction is not always followed in practice and many factors may influenc’

the cheice of graph.

[y uene Curve _ ‘

R o

g

L 4

18 20 0 40 50 s % 8o 90 C100
Daily Sales (In Rupees)
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“The frequency polygon and frequency curve have a special advantage over the histogram pamcularly
when we want to compare two or more frequency distributions.

Actmty F
What is the procedure of making a frequency polygon'?
Iustrate with the help of snitable data.

Ogives or Cumulative Frequency Curve. An ogive is the graphical presentation of a cjlhulativc
frequency distribution and therefore when the graph of such adistribution is drawn, it iscalled camulative
frequency curve or ogive. There are two methods of constructing ogive, viz..

i) Less than ogive

i) More than ogive

Eess than Ogive. In this_,m'émod, the upper limit of the various classes are taken on the ;f’(faxis and the’
frequencics obtained by the process of curnulating the preceding frequencics on the Y-axis. By joining
the%e points we get less than ogive. Consider the examp]e relating to daily salcs dmusscd earlier,

“. Daily sales No. of  Daily sales {0 No.of
-..(R“ thousand) companies . (Rs. thousands) companies
10-20 15 Less thalZo 15
20-30 22 Less%ian T
30-40 35 wgss than 40 72
40-50 30 than 50 T 102
50-60 25 : Neefs than 60 127
60-70 20 Less than 70 147
70-80 16 Less than 80 163

8090 - g Q~ Less than 90 170
- The less than Ogive Curve is shovg W ) N _
4 ' Less than Oigive

210
180 /(96.170)
S _ _ (80,163}
§ -
70,147
g {70,147
[ jpat]
- (60, 127)
H
E w
g {50, 102)
A
50 (40.72)
30 30,37
10 '_2{_; 30 10 50 60 70 80 o0 106 o

Daily Sales {In Rupees)



More than Ogive; Similarly more than ogive or comulative frequency curve can be drawn byjtaking the
lower limits on X-axis and cumulative frequencies on the Y-axis. By jeining these poiats, we get more
than ogive. The table and the curve for this case is shown below.

Daily sales No. of ' © Daily sales Cumulativc‘
(Rs. thousand) companies (Rs. in thousand} Freguency
10-20 15 More than 10 170 |
20-30 22 - . Morc than 20 155 |
30-40 35 Morc than 30 133
40-50 . 30 © More than 40 98
50-60 ' 25 More than 50 68
60-70 20 ' - More than 60 43 |
70-80 16 Morte than 70 _ 23 )
80-90 ) More than 80 7 ‘

The more than ogive curve is shown below:

More than Ogive -

4 B |
- (10, 170) :
180 (20,139 | 0 |
(30,133) |
150
“120 ’ i |

(50, 68)

Number of Com.,é;nies

3

10 20 30 40 50 . &0 70 20 30 100 Lo
Daily Sales (In rupees)
The -shape of less than ogive curve would be a rising one whercas the shape of more than ogive curve

qhouid be falling one.

The concept of ogive is uselul In answering questions such as: Bow many comp'\mes are having sales

|lf:‘§'§ than Rs. 52 000 per day or more than Rs. 24,000 per day or between Rs. 24,000 and Rs, | 52,0007

Activity G
-With the help of an ¢xample, explain the concept of less than ogive and more than ogive.




6.10 SUMMARY

Presentation of daia is providzd through tables and charts. A frequency distibution is the principal
tabular summary of either discrete or continuous data. The frequency distribution may show actual,
relative or cumulative frequencies. Actual and relative frequencies may be charted as either histogram (a.
bar chart) or a frequency polygon, Two graphs of camulative frequencies are: less than ogive or more than
ogive.

6.11 KEY WORDS

Bar Chart is a thick line where the length of the bars should be proportional to the magnitude of the -
variable they present.

Class Interval represents the widrh. of a class.

Class Limis.é denote the lowest and highcst value that can be included inmth'c class.

Continuous Data can take all values of the variable.

Discrete Data refers to guantitative dala. that arc limited 1o certain numerical values of a variable.

Frequency Distribution is a tabluar presentation where anumber of observations with similar or closely
related values are put in groups. -

Qualitative Data isa charactenised by exhaustive and disGeg JTics that do not possess magnitude.

. Quantitative Data p(jssess the characteristic of numerica itude.

6.12 SELF-ASSESSMENT EXER

1 Explain the pupose and metho clasM¥fication of data giving suitable- examples. _
2. What arc the general guidelines Bi#forming a frequency distribution with pariicular reference to

the choice of class intervals and number of classes?

ES

3. Expléjn the varions diagrams and graphs that can be used for charting a frequency distribution.

4, What are ogives? Point out the role. Discuss the method of constructing ogives with the help
of an example. '

5. The folld_wing data relate to the number of fafnily members'in 30 families of a village.
' 4 3 2 3 4 5 5 -7 3 2

3 4 2 1 1 6 3 4 5 4

2 7 3 4 5 6 z i 3 3

Classify the above data in the form of a discrete (requency distribution.

6. The profits (Rs. lakhs) of 50 companies are given below:
20 12 15 27 28 40 42 35 37 43
5 65 53 62 29 64 69 36 25 18
56 55 43 35 26 21 48 43 50 67
14 .23 34 59 68 22 41 42 43 52
60 26 26 37 49 s3 40 20 18 17

Classify the above data takihg first class as 10-20 and form a frequency distribution.
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7. The income (Rs.) of 24 employees of a company are given below: . ‘

1800 1250 1760 3500 6000 2500 , _
2700 3600 3850 6600 3000 1500

4500 4400 3700 1900 1850 3750 ‘
6500 6800 5300 2700 4370 3300

Form a continuous frequency diéuibution_ after selecting a suitable class interval.

8. Draw a histogram and a frequency polygon from the following data:
Marks : ~ No. of Marks h ‘ No. of
students students
0-20 8 60-80 12
- 2040 12 80-100 _ b3
4060 15 - - -
9. Go through the following data carefully and then construct a histogram
Income No. of income - No. of
(Rs.) persons - (Rs.) %)ersons
500-1000 ' 18 - 3000-4500 '
1000-1500 20 45085000 ‘ 2
1500-2500 30 00-%000 _ S
2500-3000 . 25 N/ .

10. Tt_le _followmg data refating to-sales of 100 c@es is given below: .
Sales “No. of ?‘ Saies No. of
(Rs, lakhs) ccnmmes ' (Rs. lakhs) c#mpanies :
5410 25-30 Co18
' 10-15 30-35 : ‘ 15
15-20 35-40 I 10
20-25 : 20 . 4045 : 7

‘Draw less than and more than ogives. Determinc the number of companies whose sales a|rc (1) lcss than
Rs. 14 lakhs (ii) morc than 36 lakhs and (iii) between Rs. 13 lakhs and Rs. 36 lakhs. -
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UNIT7 MEASURES OF CENTRAL TENDENCY

_()b_iectives \
After going through this unit, you will learn:
| ;

the concept and significance of measures of central tendency )
to compute various measures of central tendency, such as arithmetic mean, weighted arithmetic
mean, median, mode, geometric mean and harmonic mean

to computie several quantiles such as quartiles, deciles and percentiles
the relationship among various averages. :

Structure

~7.1  Tnroduction

7.2 Significance of Measures of Central Tendency
7.3 . Properties of a Good Measure of Central Tendency
7.4 Arithmetic Mcan

7.5  Mathematical Properties of Arithmetic Mean

7.6 Weighted Arithmeuc Mean

7.7 Median .

7.8 Mathematical property of Median '

7.9  Quantiles :

7.10 Locating the Quantlle'; Graphlcaily O
© 711 Mode '

7.12  Locating the Mode Graphically

7.13  Relationship among Mean,Median and Mo
7.14  Geometric Mean

7.15 Harmonic Mean

7.16 Summary
7:17 Key Words
7.18 Self-assessment Exercises

7.19, Further Readings

71 INTRODUCTION

With this unit, we begin our formal discussion of the statistical methods for summarising and describirig
numerical methods for summarising and describing numerical data. The objective here is to find ong
representative value which can be used to locate and summarise the entire sel of varying values. This'
one value can be used to make many decisions concerning the entire set. We can define measures of
central tendency {or location) to find some central value around which the data lend to cluster.

7.2 - SIGNIFICANCE OF MEASURES OF CENTRAL TENDENCY

Measures of central tendency i.e., condensing the mass of dala in one single value, enable us to get an
idea of the entire data. For example, it is impossible to remember the individual incomes of millions
of earning people of India. Butif the average income is obtained, we gel one single value that represents
the entire population.

Measures of central tendency also enable us o compare two or more sets of data to facilitate

comparison. For example, the average sales figures of April may be comparcd with the sales figures
cof prewous months.
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7.3 PROPERTIES OF A GOOD MEASURE OF CENTRAL TENDENCY

A good mcasufe of central tendency should possess, as far as possible, the following properties.

i} It should be easy to understand.

i) It should be simple to compute.

iti) It should be based on all observations.

iv) It should be uniguely defined.

v} It should be capable of furtier algebraic treatment.
vi) It should not be unduly afifected by extreme values.

Following are some of the important measures of central tcnderic_'y which are commonly|used in business

and industry.

Arithmetic Mean
Weighted Arithmetic Mean
Median

Quantiles

Mode

Geometric Mean

Hamonic Mean

74 ARITHMETIC MEAN | %

The arithmetic mean (or mean or-average) is the r®mmbnly used and readily undlerstood_mcasure
of ceniral tendency, In siatistics, the term av?{efcrs toany of the measures of central tendency. The

aritiimetic mean is defined as being equal 1o g€ sum of numerical values of each and el

divided by the wtal number of obse boiically, it can be represnted as:
- XX

xR Q)

ery observatmn

where 2 X indicates the sum of the values of all the observations, and N is ihe |total number of
observations. For example, let us consider the monthly salary (Rs.) of 10 employees of a firm.

2500, 2?0{), 2400, 2300, 2550, 2650, 2750, _2450, 2600, 2400
If we compoute the arithmetic mean, then

2500+2?0{)+2400+2300+2550+2650+2_?‘50+2450+2600+2400
10

i:

25300
= *-f{')-— = RS. 2530

Therefore, the average monthly salary is Rs. 2530,

We have secen how 1o compute the arithmetic mean for ungrouped data. Now let us

consider what

_ modifications are necessary lor grouped data. When the observations are classified finto a frequency
distribution, the midpoint of the class interval would be treated as the representative average valué of that

class. \Therefore for grouped data, the arithmetic mean is defined as

¥ £x

X =
' N

Where X is midpoint of vanous classes, f is the frequency for. corresponding class and. N is the total

frequency. e, N = 2
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~ This methed is illustrated for the following data wheh relate to the monthly sales of 200 firms.

Monthly Saies No. of " Monthly Sales . No. of

(Rs. Thousand) firms . {Rs. Thousands) - Firms
300-350 5 550-600 25
350-400 14 - 600-650 _ 22
400-450 _ 23 650-700 7
450-500 30 _ 700-730 . 2
500-550 52 '

For computation of arithmetic mean, we necd the following table:

Monthly Sales Mid Point " No; of firms

(Rs. thousands) ’ X f X
300-350 . 325 5 1625
350-400 375 14 5250
400-450 © 423 23 9775
450-500 473 50 . 23750
500-550 525 52 . 27300
350-600 375 . 25 . 14375
600-650 625 22 C13750

650-700 675 7 4725
700-750 | 725 1450

: _ 0 2 £X=102000
- X 1, |
X = SIX 1000 -
oy 200
Hence the average monthly sales are Rs,

5
To simplify calculations, the following formiMe for arithmetic mean may be more convenient (o use.
X =A + — X 1

- . . oo X-A
where A i3 an arbirary point, d= =~ andi = size of the equal class mlcrval
i

REMARK A Justilication of this formula is as follows. When d = X- ,then X =A +id.
]

Multiplying through out by F, taking summation on both s:des and dividing by N we gel

X A+Eld i
-_— X
N i

This formula makes the Lomputduons very SImpIc and tikes less time. To apply this formula, et us
consider the same example discussed carlier and shown again in the follomng tdb]c

Monthly Sales Mid point Nuo. of
(Rs. thousand} ' firms  (X-528)/50 _ fd
. _ f =d
300-350 325 5. 4 -20
350-400 375 14 -3 -42
400-450 472 23 2 - 46
45(-500 475 - 50 -1 - 50
500-5350 525 52 Y ]
550-600 - 575 ‘ 25 +1 + 25
600-650 625 22 +2 + 44
© 65(0-700 . 675 7 +3 + 21
T 750 . 725 2 +4 +8
N=20i) . X fd=60
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=A+

- 2fd 60
21 Xi=525—
N 200

x 50

§25 —15 = 510 or Rs. 510

It may be observed that this formula is much faster than the previous one and the valug of anthmeuc mean

.remalns the same.

7.5 MATHEMATICAL PROPERTIES OF ARITHMETIC MEAN

Because the arithmetic is defined operationally, it has several useful mathematical properties. Some of
these are;

1.

The sum of the deviations of the observations from the arithmetic mean is always zero.
Symbolically, it is:

% (X-X)=0

~ Itis because of this property that the mean is characterised as a peint of balance, i.c., the sum of

the positive deviations from mean is equal to the sum of the negative deviations from mean,

The sum of the squared deviations of the observations from the mean is minimum, i.e., the total
of the squares of the deviations from any other value (g the mean value will be greater than the
total sum of squares of the deviations from mean\gymiplically,

Y xXe O

3. The arithmetic means of several sets o ay be combined into a single arithmetic mean for the
~combined sets of data. For two sets offata, the combined arithmetic mean may be dcfined as
NX +NX, '
Xp= —————
- N+ N@

Where _ _

X, = combined mean of two sets of data.

X, = arithmetic mean of the first sct of data.

X, = arithmetic mean of the second set of data.

N, = number of observations in the first set of data.

N, = namber of observations in the second set of data.
If we have to combine three or more than three sets of data, then the- same formula can be
generalised as:

< - NX +NX, +NX, + ...,

,=
s N +N+ N+ ...
The arithmetic mean has the great advantages of being easily compuied and readily understood,
 Itis due to the fact that it possess almost all the properties of a good measure of central tendency.
No other mesure of central tendency possesses so many properties. However, the arithmetic mean
has some disadvantages. The major disadvantage is that its value may be distorted by the presence
of extreme values in a given set of data. A minor disadvantage is when it is used for open-cnd
distribution since it is difficuft 10 assign a midpoint valuc o the open-end class.
Activity A

The following data relate to the monthly earnings of 428 skilled employees in a big organisation.
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Monthiy No. of Monthly No. of

Earnings employees Earnings emplioyees
{Bs.) ' (Rs.)
1840-1300 1 2080-2149 126
1900-1969 3 2140-2200 90
1960-2029 . 46 2200-2260 50
2020-2080 98 2260-2320 ]
' 2320-2380 8

Compute the arithmetic mean and interpret this value.

...........................................................................................................................................................

............................................................................................................................................................

‘IT.G WEIGHTED ARITHMETIC MEAN

The a;ilhmctic mean, as discussed earlier, gives equal imiportance weight) te each observation. In
some cases, all observations do not have the same importance. When Wis is so, we compute weighted
arithmetic mean, The weighted. arithmetic mean can be def ed a

— XWX
X =

Where T(w represents the weighted a_rithme@- .
X

W are the weights assigned (0 the varjalle X. _ _
You arc familiar with the use of wei averages 10 combing scverél-gradcs that are not equally

important. For example, assume that the grades consist of one final cxamination and two mid term
~ assignments.- If each of the three grades are given a different weight, then the procedure is to multiply
cach grade (X) by its appropriate weight (W), If the final examination is 50 per cent of the grade and
cach mid tcrm assignment is 25 per cent, then the weighted arithmetic mean is given as follows:

z . ZWX WX+ WX+ WX,
TOXW W+ W, + W,

_5_{)}(]+25X2+25)(_3

T 50425425

Suppose you got 80 in final examination, 95 in the first mid térm assignment, as 85 in the sccond mid termi
assignment then '

50 (80) + 25 (95) + 25 (83) ' _ _ |

X, =
100
4000 +2375+2125 8500 g
- 100 10

‘The following table shows this computation in a wabular form which is easy to employ for calculation of

weighted arithmetic mean. :
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Grade Weight

X W WX
Final Examination 80 50 4000
First assignment . 95 25 2375
Second assignment _ 85 25 2125 i
IW=100 ZWX=8500 |
_ ZTwX 8500 |
X == = e =
T XLw 100

The concept of weighted arithmetic mean is important because the computation is the same as used for
averaging ratios and -determining the mean of grouped data. Weighted mean is specially useful in

problems relating to the construction of index numbers.

Activity B
A contracior employs three types of workers; male, female and children, He pays Rs. 40,
Rs. 25 per day to amale, female and child worker respectively. Suppose he employs 20 males,

. In'the answer if the number of males, females and children employed are equal? Itiusirate.

..............................................................................................
...............................................................................

R AR R R R R e R R AR AR RN A AR R hm
.........................................................................

...................................................

Rs. 30 and

15 females,
and 10 children. What is the average wage per day paid by the contractor? Would it make any difference

X MEDIAN

|
A Second measuie of central tendency is the- median, Median is that value which divides the

distribution

into two equal-parts. Flfty per cent of the observations in the distribution are above the value of median
“and other fifty per cent of-the obscrvations are below this value of median. The median is the value of

the riddle observation when the series is arranged in order of size or magnitude. If (he
observations is odd, then the median is equal to one of the original observations. If the

number of

number of

observations is even, then the median is the arithmetic mean of the two middle observations, For examle,

if the income of seven persons immupees is 1100, 1200, 1350, 1500, 1550, 1600, 1800, then
income would be Rs. 1500. Suppose one more person joins and his income is Rs. 1850, then

1500 + 1550

the median

the median

income of eight persons. would be —5 = 1525 (since the number of observationsis evern, the

median is the arithmetic mean of the 4th and the Sth person.) -

For grouped data, the following formula may be used to lecate the value of median.
N/2 - pet
. L= _‘ff—pC X i

Where L is the lower limit of the median class, pef is the preceding cumulative frequency to
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class, f is the frequency of the median class and i is the size of the median class:

As an illustration, consider the following data which relate to the age distribution of 1000 workers iri an
industrial establishment. '

Age (Years) No. of workers ' Age (Years) No. of workers

Below 25 120 - 4045 150
25-30 ' 125 45-50 - 140
30-35 180 5055 100
35-40 © 160 55 and above 25

Determine the median age.

The location of median value is facilitated by the use of a cumulative frequency distribution as shown
below in the tabic,

Age (Years) No. of workers Cumulative frequency
f : c.f
Below 25 120 120
25-30 o 125 24
30-35 180 5
35-40 160 3

40-45 150 35 ‘
45-50 140 75 | -
50-55 100 - 975
55 and Above 25 ?\ 1000

N=1000 '

N '
Median=size of 5 th observation = &Oﬁm observation which lies in the class 35-40. -

. Nf2-pef 500 - 425
- Median =L+ Xi =35+ —— x5
’ 160
37
= 35+ % =35+ 2.34 =37.34 years

Hence the median age is approximately 37 years. This value of median suggests that half of the workers
are below the age of 37 years and other half of the workers are above the age of 37 years.

7.8 MATHEMATICAL PROPERTY OF MEDAIN

The important mathematical property of the median is that the sum of the absolute deviations about the
median is a minimum, fn symbols Z1X - Med.| = a minimam.

Although the median is not as popular as the arithmetic mean, it does have the advantage of being both
casy 1o determine and casy to explain.

As illustrated earlier, the median is affected by the number of observations rather than the vatues of the
observations;-hence it will be less distorted as a representative value than the arithmetic mean, -

An additional advanlage of the median is that it may be computed for an open-cnd distribution.
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The major disadvantage of median is that itis a less familiar measure than the arithmetic rnean, However,
since medain is a positional average, its value is not determined by each and every observation. Also
median is not capable of algebraic reatment

Activity C

For the following data, compute the median and interpret this value.

A Monthly Rent No, of Persons Monthly Rent No. of Persons
(Rs.) Paying the rent (Rs.) Paying the rent
Below 1000 6 1800-2000 : 15
1000-1200 9 2000-2200 _ 10
1200-1400 11 2200-2400 8
1400-1600 14 2400-and above 7
1600-1800 .20

;7.9 QUANTILES | ’ - 0

Quantiles are the related positional measures of cem@wncy. These are useful and frequendy
employed measures of non-central Iocation. The vtt;aml 1ar quantiles are the-guartiles, deciles, and

percentiles,

Quartiles: Quartiles are those values wh(@‘& the total data into four equal parts, Since three points
divide the distribution into four equa shall have three quartiles. Let us call them Q , Q,,and
Q,. The first quartile, Q, is the v that 25% of the observations are smaller and 75% of the
observations are larger, The second ©,Q, 15 the median, i.e., 50% of the observations are smaller
and 50% are larger. The third quartile, Q, is the value such that 75% of the observations are smaller and
25% of the obscrvatlons are larger,

For grouped data, the following formulas are used for quartiles.

_ iN/MA —pcl
L._+Jf pef

- x i forj=1,23

Qj =
where L. 1s lower limit of the quartile class, pef is the preceding cumulitive frequency . to the quartile class,
f is the frequency of the quartile class, and i is the size ofthe quartile class.

Deciles: Deciles are those values which divide the total data into ten equal parts.Sinca nine poinis divide
the distribution into ten equal parts, we shall have nine deciles denoted by D | D, , weovvvcvviincens D
For grouped dae, the following formulas are used for deciles:

g

KN/1G — pef ,
DkzL+f7- x 1t fork=12,....9
wherc the symbols have usual meaning and interpretation.

Percentiles: Percentiles are those values which divide the 1otal data into hundred equal parts. Since ninety
ning poinis divide the distribution into hundred equal parts, wc shall have ninety nine percentiles denoted
by .
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P P,P, e, P

1 2 3, 9y "
For grouped data, the following formulas are used for percentiles.

IN/1OO —
p =p+ N0 —pel

| ; i forl=1,2,...,99

To illustrate the computations ofquartiles, deciles and percentiles, consider the following grouped datz
which relate o the profits of 100 companies during the year 1987-88.

Profits S No. of _ Profits No. of
tRs. lakhs? companies _ (Rs. lakhs) - companies
20-30 | 4 60-70 15
30-40 8 T70-80 i}
40-30 18 80-90

50-60 30 90-100 7

Calculate Q ,, Q,, (inedian), D, and P, from the given data and interpret these values.

Tocompute @, Q,, D and P, we need ihe following table:

Profits (Rs. Lakhs) No. of companies c.;
20-30 " 4 ' ,
30-40 8 O 12
40-50 18 30 .

50-60 30 60
60-70 i3 75

70-80 : 10 ' 85
80-90° 8 93
90-100 100

Q = size of N/4th observation =@: 25th observation, which lies in the class 40-50

N/4 — pef _ 25 12
QL x 112404 e x 10240 4 72224722

This value of Q, sugest that 25% of the companies earn an annual profit of Rs. 47.22 lakh or less.

N - 100 '
Median or Q, = Size of—z-th obsewation.;'—? = 50th observation

which lies in the class SO - 60,

N!?—pc[x, 30 —30

Q=L+ i =50+ x 10 = 50 + 6,67 = 56.67

K

This value of Q,, (or median) suggests that 50% of the COmpz{ﬁ_ies earn an annua)
profit of Rs. 56.67 lakh or less and the remaining 50% of the companies earn an
annual profits of Rs. 56.67 lakh or more.
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- 100 R ) ;
- D, = Size ofﬂth observation = bx ; = §0th observation, which lies in the class 50 — 60.

|

6N/10 — pef” 60 — 30
_ x

De=L 4+ i =50+ - x 10 = 50 + 10 = 60

Tiwus 609 of the companties earn an annual profit of Rs. 60 lakh or less and 40% of i
the companies earn Rs. 60 lakh or more, '

' 0x 100 . S
Py, = size of 92:; th observation = 20x = 90th observation, which lies in the class |
1 |
80 — 90,
S0N/100 — pef 90 — 85
=L e TRl 80

This value of 90th percentile suggests that 90% of the companies earn an annual profit ofRs. 85 lakh or
less and 20% of the companies earn mote than Rs. 85 lakh or more.

7.10 LOCATING THE QUANTILES GRAPHICALLY

To locate the median graphically, draw less than cumulative frequency curve (less than ogivlb). Take the
variable on the X-axis and frequency on the Y-axis. Determing the median value by locLating N/2th
observation on the Y-axis. Draw a horizontal line form this Wmulative frequency curyve and from

where it meets the curve, draw a perpendicular on the X-axisy The Woint where it mezts the C-axis is the

vaiue of median,
Figure I: _Cumuﬁativemency Curve
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Similarly we can locate graphically the other quantiles such as quartiles, deciles and percentiles.
For the data of previons illustration, focate graphically the valucs of Q , QuDgpand Q.
The {irst step is to make a less than cumulative frequency curve as shown in figure L.

To determine different guaniiles graphically, horizontal lines are drawn from the cumulative relative
frequency values. For examptle if we want to deiermine the vaiue of median (or Q,), a horizontai line can
be drawn form the cumulative frequency value of 0.50 to the less than curve and then extending the vertical
linc io the horizonial axis. In a simiar way, othe r values can be determinced as shown in the graph. From -
the graph , we observe. ' o

| Q,=4722, Q,= 5767,D =600, P, =85.

[
It may be noted that thesc graphical values of quantiles are the same as obtained by the formulas.
Activity D

Given below is the wage distribution of 100 workers in a factory:

Wages (Rs.) No.of Workers Wages (Rs.) No. of workers

Below 1000 3 _ 1800-2 10
1000-1200 5 2 20 8
1200-1400 12 ' 230 5
1400-1600 23 . and above 3
1600-1800 31

Draw a less than cumuiative frequency cugfe Bgive) and use it to determine graphically the values of :
Q, Q. D and P Also verify your reSt by'the corresponding mathematical formula.

__________________________________ |

7.11 MODE

The mode isthe typical or commonly observed value ina set of data. It is defined as the value which occurs
most often or with the greatest frequency. The dictionary meaningof the term mode is ‘most usual’. Fox
example, in the seriss of numbers 3, 4,5,5,6,7, 8, 8, 8,9, the mode is 8 because it occurs the
maximum number of times. ' '

The calculations are different for the grouped data, where the modal class is defined as the class with the
maximum frequency. The following formula is used for calculating the mode.

d

1

Mode = L + ——— xi '\
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Where L is lower limit of the modal class, d |18 the difference between the frequency of the modal class
and the frequernicy of the preceding class, d A8 the difference batween the frequency of the modal class and
the frequency of the succeeding class, i 1s the size of the modal class, To illusirate the computation of
mode, let us consider the following data. : '

Daily Sajes No.of Firms Daily sales Mo, of fiems
* {Rs. Thousand) : _ (Rs. Thousand} ‘
2030 15 60-70 . 35
30-40 23 70-80 - 25
40-50 27 30-90 : 5

50-60 20

Since the maximum frequercy 35 1s in the class 60-70, therefore 60-70 is the modal class. Applying the
formula, we get

Mode = L +~—-—¢£—- X i=860 35-20

ol 4+ x
d, + d, {(35-20) + (35-25)

25

J31]

=00 + ¢ = Rs, 66,

Hence modal daily sales are Rs. 66.

\
7.12 LOCATING THE MODE GRAPHICANLY

In a grouped data, ihe value of mode can also be det graphically. In graphical method, the first
slep is to construct histogram for the given data, The Mseicp is to draw 1wo straight lines diagonally on
the inside of the modal class bars, siarting I'ro%@ upper comner of the bar to the upper corner of the
‘adjacent bar, The lasislep is to draw a cndifzlar line from the mtersection of the two diagonal lines
to the X-axis which gives us the mod%

Consider the following data 10 logate thNgalue of mode gfaphically. | : '
_ Monthly Salary fionthly Salary Mo, of . _ '
(Rs.} : emMgfecs ' (Rs.) employess. _

2000-2100 15 2400-2500 30
2100-2200 25 2500-2600 20
2200-2300 28 2600-2700 : 10
2300- 2400 42 '

First draw the histogram as shown below in figure 11

Figure II: Histogram of Monthly Salaries
Figure II: Histogram of Monthly Salaries
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- The two straight lines dre drawn diagonally in the inside of the modal ¢lass bars and then finally a vertical
line from the intersection of the two diagonal lines is drawn on the X-axis. Thus the modal value is

approximately Ks. 2353, It may be noted that the value of mede wouid be approximately the same if we
use the aigebric methed. ' :

_The chief advantage of the mode is that it is, by definition, the most representative value of ihe
distribution. For example, when we talk of modai size of shoe or garment, we have this average in mind.

Like median, the value of mode is not affected by cxireme values and its value can be determined in

open-end distributions.

The main disadvantage of the mode is its indcterminate vahluc, ie., we cannot calculate its value
precisely in a grouped tdata, but mercly estimate it. When a given set of data have two or more than two
values as maximuom frequency, it is a case of bimodal or muitimedal distribution and the value of mode
cannot be determined. The mode has no usefui inathemaiical properties. Hence, in actual practice the
. mode is more important as a concepiaal idea than as 2 working average.

Activity E .
Compute the value of mode from the grouped data given below. Also check this value of mode
. graphically.

" Monthly Stipend No. of management Monthly stipend No. of soanagement
(Rs.) trainecs ' (8%s.) N trainees
2500-2700 25 3300- 20
2700-2500 35 -370 15
2500-3100 60 ' @900 5
3100-3300 40

...........................................................................................................................................................

7.13 RELATIONSHIP AMONG MEAN, MEDIAN AND MODE

A distribution in which mean, median and mode coincide is known as a symmetrical (bell shaped)
distribetion. If a distribution is skewed (that is, not symmetrical) then mean, median, and mode are not
equal. In 2 moderately skewed distribution, a very interesting relationship exists among mean, median and
mode. Tn such type of distributions, it can be proved that the distance between mean and median is
approximatcly one third of the distance belween the mizan znd mode. This is shown below for two types
.of such distributions. ' :
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MEDIAN

This relationship can be expressed as follows:

Mean-Median = 1/3 (Mean - Mode) i
or Mode = 3 Median - 2 Mean ‘

Similarly, we can express the approximate relationship for median in terms of mean and :lnode Also
this can be expressed for mean’in tering of median and mode. Thus, if we know any of the two values

of the averages, the third value of the average can be determined from this apprommalc relauonshlp

For example, consider a moderately skewed distribution in which mean and median is 33.4 and 34.3
respectively, Calculate the value of mode. |

Ta compute the valie of mode, we usc the approximate m@ip

Mode = 3 Median - 2 Mean :

- = 3{(343)-2(354) :
= 1029 - 70.8 = 32.1 ' ' ‘

Thercfore the value of mode is 32.1. Qs E

7.14 GEOMETRIC MEQ) |

The geometric mean like the arithmetic mean, is a calculated average. The geometric mean, GM, of

a serics of numbers, X, X, ..., X ; is defined as

or the N® root of the product of N observations.

“When the number of obscrvations is three or more, the lask of computation becomes qui[e tedicus.
Therefore 2 transformation into logarithms is useful to simplify calculations. If we take logarithms of
both sidcs, then the formula for GM becomes '

I
Lo G == ]
g .M . (logX,+logX,+...+logXN)

GM = Antilog (_Z_!o_g_}_()
. . N

and iherefore, GM = Antilog ( Z log X,)
-———-_N.
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For the grouped data; the geometric mean is calculated with the following formula.

OM = Antileg (-—z-i;;g-g)

where the notation has the ysual meaning.

Geometric mean is specially usefal in the construclion of index numbers. It is an average most suitable
when large weights have to be given to small values of observations and smalt weightsto do large values
of observations. This average is also useful in measuring the growth . of populiation.

"The following data illustrates the use and the computations involved in geometric mean.
A machine was purchased for Rs. 50,000 in 1984, Depreciation on the diminishing balance was charged
@ 40% 10 the first year, 25% in the second year and 15% per annum during the next three years. What

is the average depreciation charged during the whole period?

Since we are mtere‘;ted in fi mdm;z the average rate of depreciation, geometric mean will be the most
appropriaie average.

Year Binyinishing value v Log X
© {for a value of Rs, 180)
. X -
1924 100 - 40 = 60 1.77815
1985 100-25=75 1.87506
1986 _ 160 -15= 8‘? 1.92941
1987 IOU -15= 85 - 1.9264]
1988 1.92943

Q X LlogX= 944144_

) Anulug 1.8883 =77.32

The dlm:mshmg value being Rs. 77.32, the depreciation will be 100-77.32 = 22.68%.

The geometric mean is very useful in averaging ratios and percentages. It also helps mdetermining Lhc
rates of increase and decrease. It is also capable of further algebraic treaiment, -so that a combined
geomelric mean can easily be computed. ' _

However, compared to arithmetic mean, the geometric mean is more difficolt to compute and intcrpret.
Further, geometric mean cannof be computed if any observation has either a value zero or negative.

Activity F
Find the geometric mean for the following data:
Class Inverval Frequency  Class Interval - Frequency
4.5-55 8 .. 85-95 25
55-65 10 - 95-105 18
65-75 12 10.5-11.5 7
1.5-8.5 15 L5 -125 _ 5.




7.15 HARMONIC MEAN

-The harmonic mean is a measure of central tendency for data expressed as rates such as kilometers per
~ hour, Lo_n_nes per day, kilometers per litre et¢. The harmonic mean is defined as the reciprocal of the
arithinetic mean of the reciprocal of the individuai ebservations, If X, X, el Xyae N
observations, ihen harmonic mean can be represented by the following formula. ' :

For example, the harmenic mean of 2. 3, 4 is

3 3 3
HM = — 2 g

b 13/12 1
it '
For grouped data. the formula becc 6
- b

S N

The harmonic mean is useful for @ ing the average raie of 1ncrcase of profits, or average speed at
which a journey has been performe e average price at which an article has been sold. Otherwise
its field of application is really restricied. ‘

To explair the computationat procediire, ket us consider the following example.

In a factory, a unit of work is completed by A in 4 minutes, by B in 5 minutes, by'C in 6 minjutes, by D
in 10 minutes, and by E in 12 minutes. Find the average number of units of work completed per minute,

The ¢alcufations for compauting harmonic mean are given below:

X : _1X

0.250
0.200
{.167
0.100
0.083

= .

o

Ti/ = 08

Hence the average number-of units compated per minute is 6.25.
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The harmonic mean like arithmetic mean and geometric mean is compmed from each and every
observation. It is specially useful for averaging rates.

*However, harmonic mean cannot be computed when one or more obberva[lom have zero value or when
.there are both positive or negative observations, In dealing wnh busme%s problems, Karmonic mean is
rarely used.

Activity G

In a factory, four workers are agsigned to complete an order received. for dispatching 1400 boxes of a
paiticular commodity. Worker A takes 4 minutes per box, B takes 6 muinuts per box, C takes 10 minates
per box, D takes 15 minuies per box. Find the average minutes taken per box by the group of workers.

7.16 SUMMARY

various measuies of coniral tendency may be chosen as the { icgescatative of typical measuve. The
arithmetic mean is widely used and understood as a measur entral iendency. The concepts of
weighted arithmetic mean, geometric mean, and hagfioNc mean are useful for specific 1ype of
applications. The median is gencrally a more represental gasure for open-end distribution and highly.
skewed distribution. The mode should be used wign the T8st demanded or customary valne is needed.

717 KEY WORDS % A |
Arithmetic Mean is equal to the s f thdwalues divided by the number of values.

SIERO
Geometric Mean of N observatio%e Nith root of the product of the given value observations"

Measures of central tendency give one of the very nmpmlﬁ%clcnsncs of daia. Any one of the

© Harmonic Mean of N observations is thc reciprocal of the arithmetic mean of the reuprocals of 1hr;:
given values of N observations. : '

Median is that value of the variable which divides the distribution into two equal parts.
Mede is that value of the variable which occurs the maximum number of times.

Quantiles are those values which divide the distribution into a fixed number of equal parts, eg., quartiles
divide distribution into four equal parts. :

7.18 SELF-ASSESSMENT EXERCISES

1. List the various measures of central tendency studied in this unit and explain the difference -
between them.
Discuss the mathetatical properties of arithmetic mean and meadian, _
Review for gach of the measure of central tendency, their advantages and disadvantages.
Explain how you will decide which average to use in a particular problem.,

~ what are quamillf;s? Explain and illustrate the concepes of quartiles, deciles and bercentiles.
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6. Followmg, is the cumulative frequency distribution of preferred length of study- tdlfle obtained
from the preferency study of 50 students.

No. of students

Length No.of students Length
~ more than 50 cms 50 more than 90cms 25,
more than 60cms 46 morethan 100cms 18 ‘
more than 70 cms 40 more than 110 cms 7
morethan 80 cms 32

A manufacturer has (o take decision on the length of study-table to manufacture. what lengt% would you

recommend and why?

7. A three monlh sludy of the phone (.,dIIS reccwed by small Company yielded the foll()wmg

information,

Number of calls No.of days ‘Number of calis No. of days
per day per day '
160-200 3 600-700 0 ‘
200-300 700-800 S
- 300-400 11 _ 8 0 8
400-500 13 o ON0-10 4

500-600

- 27 :
Compute the arithmetic mean, median and muode., O

8. | From the following distribution of pavel Wine of 213 daysto work of a firm's employee, find the

modal travel time, o

Travel time No ays. Travel time No, of days

(in minutes) (in minates)

Lcss than 80 213 : Less than 40 85

Less than 70 - 210 Less than 30 50

Less than 60 195 . Less than 20 18

Less than 50 156 Less than 10 2

10.

The mean monthly  salary paid to all employees in a company is Rs. 1600. The mean monthly
salaries paid to 1echnical comployees are Rs. 1800 and Rs. 1200 respectively. Delermine the
pereentage of technical and non-technical employees of the company,

The following distribution is with regard to welght (in grams ) of _applés of a given varicty. If an
apple of less than 122 grams is to be considered unsuitable for export, what is the sreentage of
total apples suitable for the export?

weigth No.of apples Weight No. of apples
{in grams) (in grams)

100-110 10 140-150 35

N0O-120 20 150-160 I5

120-130 40 160-170 5

130-140

Draw an ogive of more than one type and deduce how many apples will be more than'122 grams.
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11.  The geomertric mean of 10 observations on a certain variable was calculated to be 16.2. It was later

discovered that one of the observations was wrongly recorded as 10.9 when in fact it was 219. -
Apply appropriate correction and calculate the correct _geomc(ric mean.

12, Anincomplete distribution of daily sales (Rs. thousand ) is given below. The data refale 10229

days.
Daily sales No.of:days Daily sales No. of days
(Rs. thousand) {Rs, thousand)
10-20 12 50-60 - ?
20-30 _ 30 60-70 25
30-40 ? 70-80 18
40-50

You arc told that the median valie is 46, Using the median formuda, fill up the missing frequencies
and calculate the arithmetic mean of the completed data,

13, The following table shows the income distribution of a company.

Income No. of employees . Incoms Mo, of empluye.es
(Rs.) ' ' (Rs.)
1200-1400 8 2200240 35
1400-1600 i2 2400- 13

1600-1800 20 %2800 7
1800-2000 0 % 3000 6
2000-2200 40 . §0-3200 4

Determine (1) the mean income (if) the medief i comE(iii) the mean (iv} the income limits for the middie

30% of the employees(v) D, , the seventh d (vi) P, . the eighticth percentile.

7.19 FURTHER READIN(@
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Enns, P.G. 1985, Susiness Statistics, Richard D. Trwin : Homewood.
Gupta, S.P. and M.P. Gupia, 1988, Business Siatistics, Sultan Chand & Sons: New Dethi,

Moskowitz, H. and G.P. Wright, 1985. Smmrusfor Manayement and Economics, Charles E. Merill
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UNIT8 MEASURES OF YARIATION AND SKEWNESS

Objectives
Afier going through this unit, you will learn:
« the concept and significance of measuring variability -
» the concept of absolute and relative variation
s the computation of several measures of variation, such as the range, quartite deviation, average
deviation and standard deviation and also their coefficients '
» the concept of skewness and its importance
= the compniation of coefficient of skewness.

Structure
8.1  Introduction
82  Significance of Measuring Variation
8.3 Propertics of a Good Measure of Variation
- 8.4  Absolute and Relative measuies of Variation
8.5 Range
8.6  Quartile Deviation
8.7  Average Deviation
8.8  Standard Devialion
8.9  Coefficient of Variation

8.10 Skewness '

8.11 Relative Skewness :
8.12  Summary

8.13 Kcy Words

8.14 Self-assessment Exercises O

8.15 Further Readings 'i

8.1 INTRODUCTION Qs

In the previows unit, we were ¢ with various meacures that are used 1o provide a single
represenlative value of a given set of hig single value alone cannot adequately describe a set of data.
Therefore, in this unit, we shall siudy two more important characteristics of a distribution. First we shall
discuss the concept of variation and later the concept of skewness,

A measure of variation (or dispersion} describes the spread or scattering of the individual values around
the cnetral value, To illustrate the concept of variation, let us consider the data given below:

Firm A ' Firm B ' Firm C

" Daity Sales (Rs.) Daily Sales (Rs) Daiiy Sales (Rs)
5000 5050 S 4900
5000 5025 3100
5000 ' 4950 _ 2200
5000 ' - 4835 : . 1800
5000 5140 13000
X, = 5000 X,=5000 X_= 5000

Since the avera ge sales for firms A, B.and C is the same, we are likely to conclude that the distribution
pattern of the sales is similar. It may be observed that in firm A, daily sales are the same irvespective of
- the ddy wherc as there is less amount of vananon in thc dally sales for firm B and grcater amount of
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_ variation in the daily sales for firm C. Therefore, different sets of data may have the same measure cenurat .

tendency but differ greatly in terms of variation.

8.2 SIGNIFICANCE OF MEASURING VARIATION | \

Measuring variation is significant for some of the following purposes.

i) Measuring variability detcrmines the reliability of an average by pointing out as to how far an
average is representative of the entire data. ' :

i)  Another purpose of measuring variability is to determine the nature and causc of variation in order
fo control the variation itself. ) ‘

iii)  Measures of variation enable comparisons of two or more distributions with regard to their
variability. ' : '

iv) - Measuring variability is of great importance. to advanced statistical analysis. !-Tor examnple,
sampling or statistical inference is essentially a problem in measuaring variabitity.

8.3 PROPERTIES OF A GOGD MEASURE OF VARIATION

A good measure of variation should possess, as far as possible, the same propenies as thdse ol a good
measure of central tendency, '

Following are some of the well known measures of variation Wgich provide a numerical index of the
variability of the given data:

i) Range O
ii) Average or Mean Deviation

iii)  Quartile Deviation or semi-Interquartil e
iv)  Standard Deviation

8.4 ABSOLUTE AND § TIVE MEASURES OF VARIATION

© Measures of variation ma# be either absolute or relative. Measures of absolute variation are expressed in

termis of the origina! data. In case the two seis of data are expressed in different units of measurement,

then the abgolute measures of variation are not comparable. In such cases, measures of relative variation

shoud be used. The other type of comparison for which measures of relative variation are used involves

the comparison between two sets of data having the same unit of measurément but with dif[l,crnctmcans.
We shall now consider in turn each of the four measures of variation. '

8.5 RANGE

The range is defined as the difference between the highest (numerically largest) value anlfl the lowest
(numerically smalest ) value in a set of data. In symbols, this may be indicated as:

R=H - L, ' ' ‘
where R =Range; H= Highest value; L = Lo@est Value
As an illustration, consider the daily sales data for the three firms as given earlier.
For firm A, R="H-L=5000- 5000 -=0

For firm B, R=H-L = 5140 - 4835 =305 _ ‘
For firm C,R=H-L= 13000 - 1800 = 11200 !
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The interpretation for the value of range is very simple.

In this example , the variation is nil in case of daily sales for firm.A, the variation is small in case of firm
B and variation is very large in case of fim C.

The range is very easy 1o calculate and it gives us some idea about the variability of the dala. However,
the range is a crude measure of variation, since it uses only two extreme values.

The concept of range is extensively vsed in statistical quality control. Range is helpful in studying the
vartations in the prices of shares and debentures and other commodities that are very sensitive to price
changes from one period to another. For meteorological departments, the range is a good indicator for
weather forecast.

For grouped daia, the range may be approximated as the difference between the upper limit of the largest
class and the lower limit of the smaliest class, '

The relative measure carresponding to range, called the coefficient of range, is obtained by applying the
“following formula,

H—L
Coefficient of range = :

H+L
Activity A o
Following are the prices of .shares of a company from Monda Friday.
Day : Monday  Toesday Vadunesday  Thursday Friday
Price ' v 670 6 750 708 720
Compute the value of range and interpret the value é

Activity B :
Calculate the coefficient of range e following data:

Sales No.of ~ Sales - No.of
(Rs. Lakhs) days (Rs. Lakhs) day

30-40 12 60-70 19

40-50 18 70-80 - 13

50-60 20 80-90 8

.......

8.6 QUARTILE DEVIATION

The quartile deviation, also known as semi-interquartile range, is computed by taking the average of the
difference bf*twecn the third quamle and the first qua:ule In symbols, this can be written as:
Q,—Q,
QD. = ———
2
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where Q, = first quartile, and Q, = third Quartile

The following iltustration would clarify the procedure involved. For the data given below, compute the
quartile deviation.

Monthly Wages  No.of workers Fonthly wages No.of workers

(Rs.) . (Rs.}
"~ Below 8350 12 1000-1050 62
850-900 16 1050-1100 75
900-950 39 1100-1150 30

9350-1000 - 56 1150 and above 10

“To compute quatile deviation, we need the values of the first quartile and the third quariile which can be
obtained from the following table: ‘ '

Monthly Wages o No. of workers (TF
{Rs.) f !
Below 850 12 12
850-900 16 28
900-950. 39 - 67
956-1000 6 123
1000-1050 ON 185
1050-1100 75 260
1100-1150 ' QU T 290
1150 and ahove 0 309

Qj?‘ T

N N300 | - o
Q, = Size oi‘—q—th obsewatl% = 75th observation which lies in the class 350 — 1000,

7 75 — 67
Q =y Db - P =950 4 2

x 50

1)
= 950 +—_’-=950+T.14=95?‘14 ‘

% 300 . . :
=25th observation wiich lies in the

. 3N 3
Q, = Size of Tlh observation = class

1850 — 1109,

N IN/4 — pef 225185

Q;=L x i= 150 4 —— — x50
’ o 75

2000 ' : '
- 1oso.+__g = 1050 4 26.67 = 1076.67 ‘

_1076.67 —957.14 _ 119.53

- Q.D.
< 2

=59765 ‘
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The relative measure correspondmg te quartile deviation, called the coefficient of quartlle dcwauon is
calculated as given below: :

Q3 -_.Q]
Q+Q

Coefficient of Q.D. =

- The quartile deviation is superior o the range as itisnot based on two extreme values but rather on
middle 50% observations. Another advaniage of quartile deviation is lha[ it is the only measure of
variability which can be used for open -end distribution.

The disadvantage of guartile deviation is that it ignores the first and the last 25% observations.
Activity C

A survey of domestic consumption of electricity gave the following disribution of the units consurmed.
Compute the guartiie deviation and its coefficient

Number of units  Nember of consumers Number of ynits  Nuoinber of consumers

Below 200 9 45
200-400 18 38
400-600 27 20
600-800 _ 32 11

8.7 AVERAGE DEVIAT

The measure of average (or mean) deviation is an improvement gver the previous two measures in that
itéonsiders all observations in the given set of data. This measure is computed as the mean of deviations
from the mean or the median. All the deviations are treated as posmvc regardless of sign. In symbels, this
can be represented by.

YIX—X|  ¥1X-—Medianl
AD.= or
N N

Theoreucally speakmg, there is an aclvantagc in taking the deviations from median because the sum of
the absolute deviations (i.e. ignoring + signs) from median is minimum. In actual practice, however, _
arithmetic mean is more popularly used in compitation of average deviation: : '
For grouped data, the formula to be used is given as:

TIX —XI

AD.=
N

As an illustration, consider the following grouped data which: relate to the sales of 100 COmpanics.
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Sales _ No. of days Sales No. of days

(Rs. thousand) (Rs. thausand)
40-50 i0 70-80 - 30
50-60 15 - 8090 12
60-70 25 90-100 8
To compute average deviation, we construct the following table:
Sales X No. of X IX-X| AX-X
(Rs. thousand) m.p days '
40-5¢ 45 5 225 26 130
50-60 55 15 825 - 16T 240
60-/0 65 25 1625 6 150
70-80 75 30 2250 4 120
80-90 835 20 1700 14 - 280
90-100 95 5 475 24 12(_) |
N=100 X fX="7100 Y aX-X1= 1040

_ 7160 ' ‘
Rl fx_7100_, :
N 100
—xj 1040
AD. = z flx—x = ‘
The relative measure corresponding to the gragc eviation, called the coefficient of average deviation,
b

is obtained by dividing average deviati e particular average used in computing the average

deviation, Thus, if average deviationflas omputed from median, the coefficientof average deviation
shall be obtained by dividing th deviation by the median.
‘Coefficient of AD, = A.D. or A.D. o

Median Mean

Although the avefage deviation is a good measure of variability, its use is limited, If one desires only
to measure and comparc variability among several sets of data, the average deviation may be used.

The major disadvantage of the average deviation is its lack of mathematical properties. Fhis is more trire

~ -because non-use of signs in its calculations makes it algebraically inconsistent.

Activity D

Calculate the average deviation and coefficient of the average deviation from the following daia.

Sales No. of days Sales No. of days .-
{Rs. thousand} - _ {Rs. thousand) '
Less than 20 3 Less than 50 23
Less than 30 -0 Less than 60 25
1.ess than 40 20




88 STANDARD DEVIATION

The standard deviation is the most widely used and imporiant measure of variation, In comphting the
average deviation, the signs arc ignored. The standard deviation overcomes this problem by squaring the
deviations, which makes them all positive. The standard deviation, also known as root mean square
deviation, is generally denoted by the lower case Greek-letter o (read as sigma). In symbols, this can be

expressed as
_ I[Z"G_Z‘ﬂT
N

The square of the standard deviation is called variance. Thcre%

greater, Morc important, it is readily comparabl ther standard deviations and. the greater the
standard deviation the greater the variabilit ' '
For grouped data, the formulais - 2
f(x-x)’
N

Variance = ¢ Q
The standard deviation and variance become .largeg as theWaflability.or spread within the data becomes

The following formulas for standard deviation arg mathematlcally equivalent to the above formula and
are often more convenient to use in calculations. °

_ Whefedzm—
N N . f‘

' l},’};ra’_(im)’ ‘i X—-A

Remarks: If the data rcpresenl a sample of size N from-a populatlon then it-can be proved that the sum
. of the squared deviations are divided by (N- 1y instead of by N. However, for large sample sizes, there is

very little dlf ference in the use of (N-D) or N i in computing the standard deviation.

To understand the formula for grouped data, consider the following data which relate to the profits of 100

compames
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- Profit No.of Profit No. of
(Rs. lakhs) companies (Rs. lakhs) companies
8-10 8 14-16 30 .'
10-12 12 16-18 20
12-14 20 18-20 10
To compute standard deviation we construct the following table:
Profis mp. F d- fd fe
(Rs. Lakhs) X (X-15)2 |
8-10 9 8 -3 -24 72
10-12 1 12 . -2 24 48
12-14 13 20 -1 -20 20
14-16 15 30 0 0 0
16-18 17 20 +1 +20 20
18-20 19 10 +2 +20 ‘ 40 -
N = 100 Yid=28  Xid?=200

e

=v¥2—0.078 x 2= vV19216x2

= 13862 x2=2.7724 = 2.77

The standard deviation is comr@

100 100

200 _28?:2:

Q~

\e

D

cd to measure variability, while all other measu pjs bave rather

special uses. In addition, it is the onl¥ mesure possessing the necessary mathematical properties to make
it useful for advanced statistical work

Actwlty E

The following data show the daily sales at a petrol station. Calculate the mean and standard deviation. |

Num ber of
litres sold

700-1000
1000-1300
1300-1600
1600-1900

No. of days

12
18 .

- 20

Mumber of

litres sold

1900-2200
2200-2500
25002800

No. of days

18
5

........................................................................................................................
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8.9 COEFFICENT OF VARIATION

A frequently used relative measure of variation is the coefficient of variation, denoted by C.V. This
measure is simply Lhe ratio of the standard deviation to mean expressed as the percentage.

Coefficient of variation = c.v = ? x 100 when the coetticient of varialion is less in the data, it is said
10 be less variable or more consistent.

Consider the following data which relate to the mean daily sales and standard deviation for four regions.

Region c Mean daily sales "~ Standard deviation

{Rs. théusand) (Rs. thousand)
1 86. 1045
2 45 5.86
3 72 - 9.54
4 61 . 1.32.

To determine which region is most consisient in terms sales, we shail compute the coefficienis.
of variation. You may notice that the mean daily salcs 6l cqual for each region,

10.45 E 6
V., — 100 = 1 =23 0 — 1302
56 4
9.54 -
CV, =2 10@5; cv, =222 100 = 18.56
72 . ol |

As the coclficicnt of variation is minimum for Region 1, 1heref0rc the mosl commlem region is
- Region 1.

Aciivity F S
A factory produces (wo types of electric lamps A and B, In an experiment relating to their life, the
following resulls were obtained. :

Length oflii'e. - Type A Type B

{(in hours) No. of famps No. of lamps
500700 5 4
700-900 _ 11 30
- 900-1100 26 12
1100-1300 10 8

1300-1500 8 6

Compare the variability of the life of the two types of clectric lamps using the coefficient of variation.
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- values balance each other, In this case, mean = median = mode. {sceFig I (@)

8.10 SKEWNESS

- The measures of central tendency and variation do not reveal all the characteristics ofa given serof data. _
- For example, two distribntions may have the same mean and standard deviation but may dificr widely in

the shape of thier distribution. Either the distribution of data is symmetrical or itis not. If the, distribution
of data is not symmetrical, it is called asymmetrical or skewed. Thus skewness rcfcrs to| the. lack of
symmetry in dlstnbuuon

Asi imple method of dcwcnng the direction of skewness is toconsider the tails of the distributiont (ﬁgurcI). "
The rules are:

Data are symmetrical when therc are no extreme values in a particular direction so that low and high

If the longer 1ail is towards the lower value or left hand side, the skewness is negative. Negative skewness.
arises when the mean is decreased by some extremc!y low values, thus making mean < median < mode.

(sccFig1(b)). I _
If the longer tail of the distribution is towarcls the higher val u@l hanid side, the sksuwnex'q is positive

> median > mode. {see Fig I (c) )

- Positive skewness occurs when mean is increased by @ y high values, there by makmg mean

Figure I

(a}
Symmetrical
Distribuiion

(b)
Negatively skewed -
Distnbution
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()
Positively skewed
distribution

8.11 RELATIVE SKEWNESS

In order to make comparisons between the skewness in two or more distributions, the coefficient of
skewness (given by Karl Pearson) can be defined as:

Mean — Mode
$.D.

SK.=-

If the mode can not be determined, then using the-approximate relationship, Mode = 3 Median - 2 Mean,

the above formula reduces 10 _
: ' 3 (Mean — Mode& ,
SK.= -—

S.D.
1f the value of this coefTicient is zero, the distribution is etrical; if the value of the coefficient is
positive, it is pesitively skewed distribution, or if t of the cocfficient is negative, it is negatively
skewed distribution, In practice, the vaiue of this cofificient usually lies between + 1. :

when we are given open-end distributions Were extreme values arc present in the data or positional
measures such as median and quarg e fdlowing formula for coeffictent of skewness (given by
Bowley} is more appropriate,

Q,+Q, — 2 Median
. Q.3 - Q]

SK

Again if the value of this coefficicnt is 7cro,jy is a symmelrical distribution, For positive valoe, i is
positively skewed distribution and for negative vatuc, it i3 negatively skewed distribution.

To explain the concept of coellicicnt of skewness, let us consider the (ollowing data.

Profits No, of Profits " No. of

(Rs. thousands; comparnies {Rs. thousands) c_ompahics
-10-12 7 18-20 25
12-14 : 15 20-22 10
14-16 18 22-24 5

16-18 20

Since the given distribution is not open-ended and also the mode can be determined, it is appropriate
to apply Karl Pearson formula as given below:

Mecan — Mode
- SD.
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Profits m.p. _ . :
(Rs. in thousand) "X f d= td fd?
o (X-17/2
1012 11 7 -3 21 63
12-14 13 15 2 30 60
14-16 15 18 C -1 : -18 18
1618 17 20 0 0 0
18-20 19 25 "+l _ 25 25
20-22 21 10 . +2 20 © 40

22-24 23 5 +3 15 45

N=100 Sfd=—9 Yfd = 25t

XA +Zfd i olT o ) 2217-018=1682
N 100 o

5
Mode =L 4 —1  x =18 42 x 2= 18+ 067 = 13.67
d, +d, 15 :

T DTN DAL xi=‘/£‘,_i_)xz
N N 0100 100

[ —

= y 6,3001-0.0081x2 = 2: 50168 = 502
‘ 16,82 — Wb

Sk.= — = - 0.585 o ‘

 Thiswvalue of coefficient of skewnc icates that the distribution is negatively skewed and hence
there'is a greater concentration towards Mg higher profits.

" The a"pplic_htion of Boi»-lc_:y's me ould be clear by considering the [ollowing data:
Sales - Nowof . c.f.
(Rs. lakhs) Companies
Below 50 8 8
50-60 12 20
60-70 : S0 i .40
70-80 25 65 -

80 & above 15 o 80

N _ 80 ' ' L
Q, = size of—zth observation = T = 20th observation which Yes in the class 50-60

N/4 — pef 20 - ’ |
Q=L+— P9 i 50,228 100 - ‘
. N
Q: = Median = size of ~th ohs fon = ' '
o . ; ervation = —2— = 40th observatisn wh?ch lies in the class
ey N/2pef 0
Q,=Med. =L+ =60 x 10 = 70



- 3N o
Q; = Size of —th ob_scrvatwn = = 60th observation which lies in the class”

70-80

Q; + Q,— 2 Median’
Q-0

T8 +60—-2.x70

T m_e

Coefficient of SK. =

= —-0.11

This value of coefficient of skewness indicates that the distribution is slightly skewed to the left and
thereforc there is a greater concentration of the sales at the higher valucs than the lower values of the
distribution.

8.12 SUMMARY

In this unit, we have shown how the concepis of measures of variation and skewncss are important.
Measures of variation considered ‘were the range, average deviation, quartile deviation and standard
deviation. The conceptof coefficient of variation was used 10 compare relative variations of different.data.
The skewness was used in relation (o lack of symmeiry. :

8.13 KEY WORDS | O i

Average Deviation is the arithmetic mean Qlghe agolute deviations from the mean or the median.

Cuefﬁcient of Variation is é ratio of stan ! dcviatiqn 10 mean expréssed as percentage.
Interquarile Range considers the in the middle 50% (Q, - Q,)of the data.
Quartile deviation is one half the disl.anéc between first and third quartiles.

Range is the diffcrcn(;c between the largest and the smallest value in a set of data..

_Relative Variation is used to compare 1wo of ore distributions by relating the variation of one
. disribution to the variation of the other. '

Skewness refers to the lack of symmetry.
Standard Deviation is the root mean square deviation of a given set of data.

Variance is the square of standard deviation and is defined as the arithmetic mean of the squared
deviations from the mean, ' : : .

8.14 SELF - ASSESSMENT EXERCISES

Discuss the importance of measuring vartability for managerial decision making.
2. Review ‘the advantages and disadvatages of each of the measures of variation.. -

— .
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What is the concept of relative variation? what problem siwations call for the use of relative
variation in their solution. ' '

Distinguish between Kard Pearson’s and Bowley's coefficient of skewness. Which one of these
would you prefer and why? ' ‘

Compute the range and the quartile deviation from the following data:

Monthly wage - No. of workers Monthly wage 'No. of workers
- (Rs) _ (Rs.)
700-800 28 | 1000-1100 30 ‘
800-900 - 32 1100-1200 25

900-1000 40 - 1200-1300 15

Compute the average deviation for the following data:

Number of shares No. of Number of shares No. of ’
applied for applicants applied for applicants ‘
50-100 2500 250300 900 |
100-150 1500 300-350 750
150-200 1300 350%00 675
200-250 1100 0-4 _ 525 |
: 045 00 450
Calculate the mean, standard deviation ariance for the following data :
' |
No. of defects ; freq No.of defects Fr«equem:y|
per item _ : per item _ i
. A | |
0-5 wg 2530 150
3-10 32 30-35 100
10-15 50 35-40 90
15-20 75 ©L 4045 80

2025 125 | 4550 50|

. Records were kept on three cmploycés who wrapped packages on sweet boxes durinL the Diwali
holidays in a big'sweet house. The study yielded the foilowing data:

Empioyee Mean number ~ Standard
of packages deviation ‘
A 23 1.45 .
B 45 5.86 \
C 32 3.54 '
i) Which package wrzipper was most poductive? - |

ii)  Which employee was the most consistent?

i) What measure did you choose to answer part (i1} and why?
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| 9 The following daia r.el.'.:ltf. to the mileage of two types of tyre:

Number of Tyres

Life (in kms) :

: Type A E Type B
20000 - 22000 | 230 200
22000 - 24000 270 275
24000 - 26000 450 470
26000 - 28000 375 - 300
28000 - 30000 ' 125 155

i} Which of the two types gix'es a higher average life?

11) If prices are the same for both the types, which would you prefer and why?

10.  The following table gives the distribution of daily travél]ing allowance to salesmen in a company:

Travelling No. of salesmen Travelling Na. of salesmen
allowance Allowance

(in Rs.) | (in Rg.)

100-120 14 189200 1S
120-140 16 S 0-220 ' 7
140-160 . o200 ¢ 0-240

160-180 18 Y 240-260 -
compute Karl Pearson's coefficiém of sk@ comment on its value,
11, Calcuiate Bowley's cocf[‘im@cwness from the following data;

Monthly wages No. of workers Monthly wages  No. of workers
Below 600 ' 10 . 800900 : 20
600-700 : 25 900-1000 5
700-800 45 1000&above 5

12.¥ou are given the following information before and alter the setilement of workers' strike.

Before setilement  After settlement
of strike of strike
No. of workers ' 1060 950 \
Average wage (Rs.) 1300 _ 1350
standard deviation (Rs.) 400 . - 425
Median wage (Rs.) 1325 1300

Assuming that the increase in wage is a loss to the management, comment on the gains and losses from
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the point of view of workers and that of management,
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BLOCK3 PROBABILITY AND PROBABILITY
- DISTRIBUTIONS |

‘This block consists of fOur units dealing with prdbability distributions and decision—making.-
The first unit gives you an insight into the concepts as such, different appmdches appl:catlons in dlfferent_ '
' snuauons and their relevance in decision-making. '

_The second and third units deal with various application aspects of discrete and continuous probability
- distributions rcspectwcly in diffeent situations.

~ The fourth and the last unit sysiematically descnbes varicus key issues, approaches and analysis in ;

decision theory and diverse uses thereof, enablmg you 1o apprecmtc forrnuldte analyse and solve -
dlfferent decision problems,
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UNIT -9 BASIC CONCEPTS OF PROBABILITY

Objectives
After reading this unit, you should be able ro:
« appreciate the relevance of probability theory in decision-making
« understand the differcnt approches to probability
» - calculate probabilities in different situations -
* revise probability estimate, if added inférmation is available.

Structure
9.1  Inwroduction
9.2 Basic Concepts: Experiment, Sample Space, Event
9.3 Different Approaches to Probability Theory
94  Calculating Probabilities in Complex Situations
.9.5  Revising Probability Estimate :
9.6  Summary
9.7 Farther Readings

9.1 INTRODUCTION

&

Uncertainty is a part and parcel of human life, Weather, stockma@cs, prodact quality are but some
of the areas, where, commenting on the future with certai scomes inmpossible. Pecision-making in
such areas is facilitated through formal and precise exprefg for the uncertainties involved. Study of

rainfall, spelled out in a form-amenable fer analysis gpay ren€r the decision on water management easy.
Intuitively, we see that if there is a high chance of a antity of rainfall in the coming year, we may
decide to use more water of rainfall for powerg‘ eratipn and irrigation thig'year. We may also take some

stepsregarding flood conirol. However, in of w how much waier 1o relcase for different purposes,
we need 1o quantify the chances of different degntitics of rainfall in the coming year,

Similarly, formal and precise express stockmarket prices and product quality uncertainilies, may
go a long to help analyse, and facililaie decision on .portfolio and sales planning respectively.
Prohablhly theory provides us with the ways and means to attain the formal and precise expressions for
unceriainties involved in different sitnations. The objéective of this unit is to introduce you to the theory
of probability. Accordingly, the basic concepis are first presented, followed by the different approaches
to probability measurement that have evolved over time. Finally, in the last two sections, certain
important results in quantifying uncertainty which have emerged as a sequel to lhc theoreticai
developments in the field, are presented.

Activity A

Mention three evenis in your life, where you faced total certainty.

1
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Activity B _
Mention two major events in your life, where you faced uncertainty in taking decisions. Elaborate as to
how you dealt with the uncertainty in each ol the cases. °

9.2 BASIC CONCEPTS: EXPERIMENT, SAMPLE SPACE, EVEN']I{‘

Probabiility, in common parlance, connotes the chance ol oeenrrence of ancvent ¢ hztppcni!ng, In order
that'we are able 10 measure it, a more formal definivon is required. This is achicved through the study of
certam basic concepts in probability theory; like experiment, sample space and event. In LhiF, section we
_ explore these concepis.

Experimeng
The term experiment s used in probability theory ina much r sensce than in physics or chemistry,
Any action, whether it is the tossing of a coin, or measurentent of a prodoct’s dimension (o ascertain
quality, or the launching of a new product in the consirute an experiment in th probability

theory teaminology.

Theise experiments have three thin 25 In commor
i There are two or more oulcomes of ¢
2. It 15 possible 10 specify the oute in advance.
3 There is uncertainty about the out

For exampic, a coin tossing may r two oulcomces, in head or taul, which we know in advance, and
weare not sure whether 2 head or Mail will come up when we toss the coin. Similarly, the produce-
W dre Measuring may  wm out 1o be undersize or right size ot oversize, and we are not certain which
way it will be when we measure it.  Also, launching 2 new product involves uncertain butcome of
meeiing with a success or failure in the market. |
Sainple Space

The set of all possible outcomes of an experiment is definéd as the sample space. Each outcome is thus
visuatised as a sample point in the sample space. Thus, the set (head, tail) defines the sample space of
a coin ossing exporiment. Similarly, (success, failure) defines the sample space for the launching
experiment. You may noic here, that given any experiment, the sample space is ful'y detsrmined by
Hsung down all the possivle outcornes of the experiment.

Fvent

An event, in probability theory, constilules one or more possible outcomes of an experiment, Thus, an
cventean be defined as a subset of the sample space. Unlike the common usage of the term, where an
cvenl refers (o 4 particular happening or incident, herg, we use an event o refer to a single outcome or
a combination of outcomes.  Suppose, as a result of a market study experiment of a product, we find that
the demand for the product for the next month is uncertain, and may take values from 100, 101, 102.... 150.
W cun eblain differeni event like: '

frie it that demand is exactly 100.

e eng it demand Hies between 10 1o 520,
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"The ovent that deniand is 101 or 102, -

In the first case, out of the 51 sample points that constitute the sample space only one sampie pomt or
outcome defines the event, whereas the number of outcomes used i the second and third case are 20rand
2 rc,specu\fely

“With this background on the above concepts, we arc now in a pOSIUOn 10 formallsc the definition of
probability of an event. . In the next section, we will look at the different approaches to probability that
have been devcloped and present the axioms for the definition of probability.

* Example 1 .
Consider the experiment of testing three units of a product. We are interested in finding the possible
outcomes of this test.

Solution
In this experiment, we find that each umt can be either defcctwc or not defective. The test results of
the three units may be 1eprcscmccl as follows

1. DDD

4. DGG .
5. GDD

. . Defective Q
- Notdefective
: < Defective..... 7. GGD

6. GDG

Not defective..... 8. GGG
15t it 2nd vnit _ “3rd unit

tested tested tested

The above dtagram shows all pessible putcome (here 8 in number) of the experiment. Corresponding
to each.of the two outcomes of the testing of one uni, the second unit may be defective or non-defective,
leading'to 2 x 2 = 4 outcomes. Corresponding to each of these four outcomes, the third unit may agam :
give two results giving us in total 4 X 2 = 8 pessible outcomes of the experiment.

If we denote a defective by D and a non- defecuve by G, then the sample space(s) can be written down
as the list of alf possible outcomes of the experiment;

§ = (DDD, DDG, DGD, DGG, GDD, GDG, GGD, GGG)

Example 2 :
Suppose we are interested in the\following Event A i in the above experiment: The number of defective
are exactly two. How many sample points does t]'llS event correspond 107

Solution .
We can see from the sample space that there are three outcomes where D occurs twice; viz, DDG, DGD
and GDD, thus the Event A cofresponds to 3 sample point.
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Activity C
Consider an experiment where four coins are tossed once. List down the possible _outc'Fomes of the
‘experiment. In how many outcomes do you find the occurrence of two heads? |

9.3 DIFFERENT APPROACHES TO PROBABILITY THEORY

Three different approaches to probability have evolved, mainly 10 cater to the three difffi:rcnt types of
situations under which ‘probability measures are normally sought. In this scction, we first explore the
approaches through exampies of distinct types of experiments, The axioms that are conjmon to these

approaches are then presented, and the concept of probability is defined using the axioms.

~ Congider the following situations marked by three distinct typ@of experiments. The events that we are
intefested in; within these experiments, are aiso given, |

Situation 1 . ' :
Experimeng . Drawing a number from amon umber(s) (say 1 to 9). |
Event : On any draw, number 4 {W . o
Sitnation 2 |
Experiment : Administering a pagficular drug.

Event : Thedrug %r to sleep in ten minotes. R |
Situation 3 a8 _

Experiment :  Commissioning a solar power plant _ |
Event @ The plant turns out to be a successful venture.

| .
The first situation is characterised by the facs that on any draw, each of the nine nurabers has got equal
chances of occurrence, if the experiment is conducted with faimess, Thus, in any draw, any one of the
numbers may tum up, and the chances of occurrence of each is equal. This type of siluations, marked
by the presence of "equally likely" outcomes, gave rise to the Classical Approach 1o probability theory.
In the Classical Approach, probability of an event is defined as: | '

the number of outcomes favourable to the event |

total number of outcomes

. I
Thus if we denote the event that "a 4. comes out in a draw” as A, and the probability of the event as P
(A}, then we can see that the totai number of outcomes in a draw of numbers 1 to 9.is 9, jas any onc of
~ the numbers may occur. The number 4 occurs only

once in these 9 outcomes.  Thus, P (A) = 1/9. . | |

"We now have a 160k at the second situation. If we try t0 apply the above definition of propability in the
second experiment, we find that we cannot say that the drug will be equally active for all persons.
Muoreover, we do not know as to how many pefsons have been tested. This implies that we should have-
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the past data on people who were administered the drug-and the number that fell asleep in ten minutes.
In the absence of past data we have to undertake an cxpcnment whcrc we administer the drug on a group
of people to check its effect. We are assummg here that expenmen[aﬂon is saff: ie., lhe drug docs not
have any- side etfects. .

The - Relative Frequcncy Approach is-used to-compute probability in such cases. As'per thIS approach,
the probability of occurrence of an event is given by the ratio of the number of times the event occurs to
the total number of frials. Denoting the event by B, and the probability of the event by P (B), we can
write: : ; ' : '

P@E) number of pérsans who fell aslcep in H) minutes

~ total number of persons who were given the drug

It was recognmed in this approach that, int order to take such a measure, we should have it tested for a
large number of pcople In other words the total number of trials in the experiment should be very farge.

‘The third situation seens apparenily similar o the seconcl ome. You may be temptf,d here to apply the
Relative Frequency Approach. Denoting by C, the event that the venture is a success, and P(C) the
probablhty of success, you may calculate P (C).as:

number o'_f successful véntures -
tqta.l nummber of such ventures undertaken

that is, the relative frequericy of successes will be a' measureNyf thg) probability.

Hoewever, the calculfation here presupposes that eitheris possible to do an experiment with sich
ventures, or (b that past data on such ventures will be Mvaidéble. In practice, a solat power plant being
a relatively new development involving the lates logy, past experiences arenot available. Experi-
mentation is also.ruled out because of high cost al time involved, unlike the drag testing situation, In
such cases, the only way outis the Subje: @, pproach (o probability. In this approach, we try to assess
the probability from our own experiences, may bring in any information to assess this. Inthe situation
- cited, we may, perhaps ,look into ormance of the commissioning authority in other new andrelated

technologies. You may note hcrf:%ce the assessment is a purely subjective one, it will vary from

person Lo person. : ' : :

Activity D
Which approach to probab;hty will you apply in the follow1}|g Sitwations?

Situation 1. Drawing a card from a deck of cards. - ' : .
Situation 2. Selecting a perscn at random from a group of 50 people.

Situation 3. Determining the effect of alcohol on accident.

- Situation 4. Determining the chances of a third world war.
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If you have not faced-any problem while attempting the.exercise in classifying the above simaLjons, you
should ry your understanding with the following. Let us assume that we are interested in finding out
the chances of geuing a head inthe toss of a coin. By now, you would have come up with the answer
by the classical approach, using the argument, that there are two outcomes, heads and 1ails, which are
equally likely. Hence, given thata head can occur only once, the probability is 1/2: Consider the ‘Ii"o!lowing
-alternative line of argument, where the probability can be estimated vsing the Relative Frequency
Approach. If we toss the coin for a sufficiently large numér of times and note down the number of fimes
the head occurs, the proportion of times that a head occurs will give us the required probability. -

Thus, given our definiti .. “he approaches, we find both the arguments to be valid. This %ﬁng ont,
ina way, the commonality vetween the Relative Frequency and the Classical Approach. The dliffercncc,
however, is that the probability computed by using the Relative Frequency Approach will be iending
tobe 1/2 with a large number of trials; moreover an experiment is necessary in this case. In comparison,
in the Classical Approach, we know apriori that the chances are 1/2, based on ou'r_ assuimption of
"equally likely" cutcomes. As already noted, the different approaches have evoived to cater to different
kinds of situations. To highlight the commonality of the Classical Approach and the Relative Frequency
Approach vis-a-vis the third approach, the first two are sometimes refermed (o as thie objectvist's measures
in conirast to the subjectivist's measure of the third approach. ‘ '

All these approaches, however, sharc the same basic axioms. These axicms are fundamental fo -
probability theory and provide us with unified approach to probability. The axioms are:

A)  Theprobability of anevent A, written ds P(A), mustbeanumber between zero and one, both values
- inclusive. Thus 0<P (A) < 1. : '

B) The probability of occurrence of one of the other of all P ie events 15 equal to o|ne.' As §

denotes the sample space or the set of all possib ﬂ ts, we write P (§) =1. Thus in tossing

a coin once, P (ahead or a tail) = 1. |

C) I two evenis are such that occurrence of?%ﬂplies that the other cannot occur, then the
probability that either one or the %l occur is equal to the sum of their individnal
aresali

probabitities. Thus in a coin tossin n, the occurrence of a head rules out the possibility
of oceurrence of tail. These eyapts ed mutually exclusive cvenus. In such cases then, if,
A and B are the two CVGBE"I%BIY, then P (AorB)=P (A)+P(B)ie., Head + IT’ { Tail) =

(Head) + P (Tail).

You may noie here that these being axioms, they cannot be proved. It follows from the Jast two axioms
that if two mutually exclusive events form the sample space of the experiment, then P {A or B) = P (A)
+P(B)=1; thus P (Head) + P (Tail) =1. If two or more evenis together define the total sample space,
the events are said to be colleciively exhaustive. ' - '

Given the above axioms, we may now define probability as a function which assi ENS probabﬁlity vaige
P 10 each sample point of an experiment abiding by the above axioms. Thus, the axioms themselves
define probability. We are now In 4 position to look into the process of calculating probabilities for more
complex siluations. In the next section, we auempt this through a study of the probability theorems.

Example 3 ' :
Suppose, we are interested in finding out the probability that the toss of three coins will'resdill in only
heads. We reason out that the possibie outcomes of the experiment are;

(A} all heads, (B) two heads and one 1ail, (C) one head and two tails and (D) all tails, Since!'thcm are °
four possible outcomes and only one result with all heads, the required probability is 1/4.

Detect the error in our argumert.
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Solution :
We can see clcariy that the total number of possxble outcomes of the ¢ expenmcm is 8, the sa,mple space
bemg

(HHH, HHT, HTH, HTT, TTT, TTH, THT, THH)

Out of the above 8 possible outcomes only one outcome is favourable o the event of all heads, hence
the probability is 1/8. If we were to list down the four different outcomes as reasoned out, we find that
the event listed above occur as follows;

Event A All heads; once, HHH

Event B Two heads and one tail; three times, namely, HHT, HTH, THH
Event C Two tails and one head: three times, namclv, TTH, THT, H‘IT
‘Event I} Al tails: Once, TTT.

Thus, if all the pﬁssitﬂc ouicomes are classified as above, then it follows that the chances of occurrence
-of the above evenis are 1/8, 3/8, 3/8, and 1/8 respectively, i.e., the event.

A, B, C, D are not equally likely, as we have taken in our argument, Heacs tie error.

anmple 4 :

A person who sells newspapers wants to fiad out the chances that on any day he wiil be able to sell more
than 100 copies of Indian Express. From his diary where he has recorded the daily sales of last year, he
finds out that out of 365 days, on 73 days he had sold 85 copies,\qp 146 days he had soid 95 copies, on
-60 days, he had sold 105 ‘copies and on 86 days he hag sold cgpics of the Indian Express. Can you

- help him to find oul the required probability? O

Solutior _
Taking Relative Frequency Approach we find: ?\

Sales No. of days Relative

@ (Frequency} Frequency

85 - 73 737365

95 146 146/365

105 ' 60 607365

110 86 : 86/365
365

Thus the number of days when his sales were more than 100=(60+86) days= 146 days chcc the requm:d
probabitity = 146/365 = 0.4,

Activity E
Calculate the probability of drawing an ace from a deck of 52 cards.

ﬂu_ﬁ\ i(Y F
A proof reader is interested in finding probability that the number of mistakes in a page will be less than
19). From his past expertence he finds that out of 3000 pages he has proofread, 100 pages contained no
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€ITOrS. 900 pages: contamed 5 errors, and 2000 pages conmmed 12 ormore cnom Can you hclp him in
finding the probabﬂlty'?

-------

9.4 CALCULATING PROBABILITIES IN COMPLEX SITUATIONS

Inthe last section, we have seen how to compute probabilities in certain sitnations. Thenature of the events
were relatively simple, so that direct application of the definition of probability ~ould be used for
computation. Quite often, we are interested in the probability of occurrence of more complex events.
Consider for example, that you want to find the probability that an ace or a spade will occur in a draw
from a deck of 52 cards. You may be interested in the occurrence of this event becanse you have betted
on the same. Similarly, on examining couples with two children, if one child isknown as a bo¥, youmay -
be interested in the probability of the event of both the children being boys. These two situations, we find,
are not as simple as those disucssed in the carfier section. Asa selyel to the theoretical devclopmem in
the field of probability, certain results are available which h computing pmbablliufs in such

sxtuatlons In this section, we explore these results 1hro®a

Example 5 _ _ ' _

Suppose that you have taken the examinations on three courses given in Modute I by LG.N.O.U.
You have received the {ollowing information aboulighe results of your batch. All your batchmates have
appeared for all the three courses and, |

35% have failed ini course 1, ‘
20% have failed in course 2, @
25% have failed in course 3, _ ‘
109% have failed 1n both courses 1 and 2, ' .

5% have failed in both courses 1 and 3, '
8% have failed in both courses 2 and 3, and
2% have failed in all the three courses.

You are interested in finding out the probability that any one of your batchmates passing in all the three
courses, . E ‘

Solution

A pictonal representation of the problem helps immensely in solving such probles, J R

tion s called a Venn Diagram. In a Venn Diagram the whole sample space of an cxpliineal i
represented by a rectangle and different events are visualised as different areas inside the rmungle.
The same Venn Diagram areas can be used to represent the probability space itself, with probability of
occurrence of the rectangle as 1 (being the sample space), and probabllmcs ot events as areas inside
-the Tectangle.

Thus, if two events have an overlap, they will be shown as intersecting with one another, thuc two
mutually exclusive events, by definiion being non- ovcrlappmg, will never intersect.”

We can now ry [0 represent the given problem through a Venn Dlagram ‘We define the following
events,
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‘A © Failure in course 1

B :  Failure in course 2 -

c :  Failure in course 3

AB . Failoreincourses 1 and 2
AC : Failurein courses 1 and 3
BC :; Failure in courses 2 and 3
ABC :  Failure io all the courses

The probabilities of the above events are given by the relative frequency approach as P (A) = 0.35, P
(By=0.2; P(C) = 0.25 and so on.

A rectangle of unit 1 is first drawn. [t represents the probability of the sample space of the experiment,
namely, resuits of the three courses. Circle A, with area =0.35 is side this rectangle than represents P (A).
If we are to draw another circle, B, of arca 0.2 representing P (B), we find that A and B should intersect,
as the two events A and B are overlapping. The information tellsus that there are some people who have
failed in both courses 1 and 2 {event AB). The value of P (AB) = 1.10 givesus the area that is common
io both A and B. Therefore, circle B is to be drawn intersecting A, so that the overlap area between the
circles is 0.10. We have then the following diagram:

!/A /B

/
AB

are instances of failure in courses 1 a CYand 2 and 3 (BC). There is an instance of falure in

_ How do we now draw the third circlc?@d that C has overlapping areas with both A and B, as there
ali the subjects {ABC) also. Thus, the cittle C can be drawn as follows:

Each circle in the process is divided into four areas, the value of eachis sho_wh inside the respective areas
in the diagram : o :
The values are derived as follows: ' .

PABC) represents the area common [o the events A,B and € i.¢ failure in all the subjects, and is given
by .02, We also know thal P(AB) 1.e, the arca common to A and B is. 10. Thus P(AB) represents failure
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in courses I and 2 and as such contains people who have faﬂed in course 3 also. Hence the probability of'
. failure in course 1 and 2 but not in 3 will be (. 10-02) = .08. This is apparent from the d1'“|lgram also.

Similarly

Prob. of failure in courses 1 and 3 bui notin 2 = .05 - .02 = 03 |
Prob. of failure in courses 2 and 3 but not in 1= .08 - .02=.06 |

we know the failure percentage in course 1, given by P(A) = 35 is divided into four segments with three
segments having areas of .08, .02 and .03. These areas basically mean that out of the people who have failed
in course 1, some have faited in course 2.also but not in 3, some have filed in course 3 but not in course
2, and some have failed in courses 2 and 3. Hence the remaining area of the circle A, will be (.35 — .08
— 02 — .03) = 0.22 representing the probability of failure only in course 1. |

‘Similarly, we find the other two areas as .04 and .14 {as shown in thc diagram) re}l,jmenting the
probabilities of failures in course 2 only and course 3 only respectively. The total area enclosed by all
the cireles can be foond by adding up areas of all the segments. .

' |

‘The balance area in the re(,tangle 18 then (1-0.59) = 0.41 and gives the probability of the cvent of "pass
in all the three courses™

22+ 08+ .02+ 03+ 06+ .14 + .04 = 0,59,

-(You may do well to list down all the matually exclusive atexhaustive events of the experiment of ;
results of conrses 1,2 and 3) . .

The required probability that any person will pasz@he subjects is 041. |

Example 6
Consider your iocality, where, out of the 500(}%0 residing, 1200 are above 30 years ofi age and 3000
are female. Out of the 1200 who are aj 30,280 are female. Suppose, after a person is chosen you are
told that the person is a female. WhalN@the probability that she is above 307 |

Solution @ | |
We define the folowing events: o |

At a person chosen is abave 3¢ years.
B: aperson chosen i is female. |

We are interested in the event A, given that B has occurred. If we denote this event by A/B, we want to
find P(AIB). |

Out of the 1200 persons who are above 30, 200 are females. |

". Out of 5000 people in the locatity, 200 possess the. characteristics: of being female as chll as above
30 years. Using a notation similar to the last example, we define the event AB as:

AB: Evem that a person is both a female and above 30 years ofage we derive from the dajta given that:

P(A) 1200 P(B) dP(AB) 200 |
= —_— = an T r—
5000 : 5000 .

To find the probability that, given a female has béen chosen, she will be above 30, w¢
see that out of 3000 females in the total population only 200 females are above 30{ Thiee
the required probability is

200 200 | |
— ie.P(A/B) ——.
3000 3000
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You may note hcrc that -
260 200 5000 200 /3000 _ P{AB)

PAB)= -~ = -
AB)= 3066 ~ 5600 “3000 50w/ 5009 P(B)

The examples given above refer to probability computations under two distingt types of sifuaiions:

1) In the first example, we were interested in calculating probabilities for events which are not
mutually exclusive.

2) In the second example, we wanted 1o find the probability of an event given that ancther ¢veng has
oceurred.

Such situaiions have long since been formalised in probability theory and we have results in this arca that _
may be used directly to calculate the requrcd probability in such situations. We present the results here
withowl proof,

Resuii 1. The probability of accurrence of either A or B, written as P {A or B), is given by
P{A)+ P (B) - P(AB), where

P (A} = Probability of A occurr-‘ng

P (B} = Probability of B occurring

P (AB) = Probability of A and B jontty occurmg

e

P (AB) is referred 10 as the joint probability and P {A) and P (& he unconditional or rnarg,mal
probabilities of the events.

Resuit 2. The probability of occurrence of either A of B o.u:n' as P A orBor (), is.givcn byP
(AY+P(BY+P(C)-P(AB)-P(BC)-F (Ca;+P (wl result is directly applicable to Example

5, and the notations here are the same as those used i ample.

Thus, P (A or B or C} basically gives the are iby all the circles and epresents the prohabllny
that a person will fail in either course 1 gLcours®2 or course 3.

Thus, in example 5, we found P (A or ) =0.59

Now, il we denote the event D = pass in all three subjects, then the sampie space of the experiment can
be divided into two mutnally exclusive and exhaustive events (13 D and 2} AorBorC.

Hence, Probability of the sample space = P (SH=PD)+P{AorBor C) =1
or; Py =1-59 = 41, '

Result 3. If the occurrence of event B affects the probability of occurrence of event A, then the probability
ot oceurrence of A given thal B has occurred {(known as conditional probability), denoted by P (A/B) is
equal o

P(A/B)= %, or P(AB) = P(A/B) x P(B)

This has been demonstrated in Example 6.

A special case of this result is when the events A and B are independent, i.e. the occurrence of B does
not affect the probability of occurrence of A. Then P {A/B) = P (A); hence P (AB} =P (A) X P (B)
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|
Aﬁ examplc of indepcndént_ cvents i_é_tl_l-(-:_succe;sivc tossing of COEHence the prabbabi.:lity of two heads

occurring in two successive tosses. t

1 i 1
— X — = e : |
2 2 4 |
‘The above summarises certain key results in probability theory which help us.in calculating probabilities
in relatively complex situations. In practice, we often find that after we have estimated the chance of

occum:noe_of an cvent, added information on the event becomes available to us, based on which we revise
the odds. In the final section, We present the theory behind such revision of pmbabilitihﬂ:s.

|
Activity G : .
What'is the probability of getting an ace or aspade in a draw from a deck of 52 cards?|

...l»-......u.....-........
Activity H |
Consider families with only two children, and you are told that in a family one of their children isa bo .
what is the pobability that the other child is also a boy?

9.5 REVISING PROBABRILITY ESTME |
N/

us in making decisions, Quite often, whetherWis 1n our personat life or our work life, décision-making
is an on going process. Consider fore le, aStller of winier garments. You are interested in the demand
of the preduct. Tohelp you in decidin  amount you should stock for this winter, you have computed
the probability of selling dif&%u?n ies and have noted that the chance of selling a large quantity is

_ _ - |
Aswe havealready notedin the intmduction,?@ic objective behind calculating probabilities is to help

very high. Accordingly, you en the decision to stock of large quantity of the product. Suppose,
when finally the winter comes a ¢ season ends, you discover that you are left with a large quantity of
stock. Assuming that-you are in this business, you feel that the carlier probability calculation should be
updated given the new experience to help you decide on the stock for *he next winter, Similarly sitnations
exist where we are interested in an event on an ongoing basis. Everytime somenew information is
available, we do revise our odds menally. This revision of probability with added information is
formalised in probabitity theory in terms of a theorem known as Bayes' Theorem. In the final section of
this unit, we present the Bayes' Theorem for revising probabilily estimates.

Bayes'/Theorem

Iy states that if A and B are two mutnally exclusive and collectively exhaustive events an'c[ C is ancther
event defined in the context of the same experiment, then given the values of P (A),P (B), P(C/A) and
P (C/B), the conditional probability. '

P(C/A) X P(A
PALC) = (C/A) (A) |

P(C/A) X P(A) + P(C/B) P (A)

and P (B/C) = P(CIB) X P (B)

P(C/B) P (B) + P (C/A) P (4)

We discuss now an application of the-above theorem. . |
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Consider the case of a manufuacturer w_hd is using a particular machine for producing a product. From
earlier data, he has estimated that the chances of the machine heing set correctly or incorrectly are 0.6 and
0.4 respectively. Thus, we have two matually exclusive and collectively exhaustive events:

'A: The set up is correct
B: The sct up is incorrect

withP(A)=0b6andp (B)=0.4 (check P (A) + P (B} = 1, follows from definition mutually exclusive and
collectively exhaustive events),

From the past data, the manufacturer has estimated that when a machine is set correctly, it produces 10%
defectives, otherwisc, it produces 60% defectives.

Suppose, before going for the batch production, one unit has been produced, inspected and found to be
defective. The manufacturer wants o find out in what way this new information affects the probabilities
of the events A and B. In other words, given added information, what is the probability that the set up
is correct? '

Thus, given the two events A and B , we have third event, C that a defective occurs.

we find that C is defined in the context of the same experiment and can occur with either A or B or jointly.
In other words occurrence of C can be partitioned into two mutually exclusive events: :

AC: A defective occurs with sel up correct

BC: A defective occurs with set up incorrect.

PCy=P(AQ)+P(BO)..ccoeve... )
We also have the data on conditional probabilities 0
P (Defectivefset up correct) = P (C/A) = 0.1
P (Defective /set up incorrect) = P (C/B) = 0.6 O

From result 3 of the last section, we know: ?\
P(AC) = P (C/A) P (A) and '
P (BC)=P ((/B) P (B) Q~

__ Therefore (1) can be written as: @

jP(C) P (C/A) P (A) + P (C/B) P (B) |
.' We are interested in finding the probability that the set up was correct given that a dcfecuvc piece has
come out i.e P (A/C).

P(AC) P(CIA)P(A)
P(C)  P(C/A)P(A)+P(C/B) P(B)

Hence the proof of the Bayes’ Theorem.

0.1x 0.6 06
. P(AIC) = = -
0.1x0.6+0.6X0.4 ~ .06+ .24

Again from result 3, P{A/C) =

Thus, with the new information we have revised the probability estimate of a correct set up. As the new
piece was defective, this has reduced the probability of correct set up.

We can consider a further variation in the above situation. Suppose mstead of basing his calculation on
a single piece, the manufacturer produced 1wo pieces before going in for batch production. If he found
both the pieces defective, what is the probability that the current set up is correct?

Now the event C is defined as both pieces being defective. P (C/A) denotes the probablhty that given the

set up was correct, both pieces have turned out to be defective.

The chance of one defective with a correct set up is, 10%
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L PKCA)=1x.1=01.
Similarly P(C/B) = .6 X .6 =.36.

Applying the theorem directly, ' ‘
P(C/A) x P(A) DIx.6 '

PAC) = - . =04,
A= A PA) T PCBIP(E)  01x.6+ 36% 4

The above formula demonstrate the method of using added information e revise the probability estimates.

With this section, we are in a position to calculate probabilities under different situations. However, we
have not demonstrated explicitly as to how exactly this probability information can be used for decision-
making,. Before we do this, certain other concepis and standard representations in probablllty theory need
to be discussed. we take up these issue in the subsequent units.

Activity I

A

Instead of two mutually exclusive and collectively exhaustive events, as cdnsidered in the above leﬁct,
suppose that there are 3 events Al, A2 and A3 which are mutuatly exclusive and collectively exhaustive.
Defining the event C in the same way as in the text, show that |

P(C/IAL)P(AL) -

P(A1/C) = P(C/A1) P(A1) + P(C/AZ) P(A2) + P(C/A3) P(A3)

Derive the expression for P(A2/C) and P(A3/C})

QL
\el o

Activity J _
Find areal life analogy of the situation giveg in Activity I and explain the usefulness of such probability

calculation in decision-making,

' (Hint: A1, A2,A3 may respectively be the events of having aa undersize, sight size and oversize product.
Undersize pieces of the product is much less desirable as compared (o oversue ones, as :rcworkmg is
possible in the latter, while the former will be scrap.)

9.6 SUMMARY |
: _ o

Probability in commeon partance means the chance of occurrence of an event. The need to developa-formal
and precise expression for uncertainty in decision-making, has led to different approachcs 1o probability
measurement. These approaches, namely, the Classical, the Relative Frequency and the Subjéctivists',
Approach, arose mainly to cater to different types of situations where we face uncertainties. the
approaches, however, share the same basic axioms. In this unit, we have used these axio'lms to define
probability formally and the definition has been used to calculate probabilities of different types of events.
As the events, of interest to us, become more complex, the computation of probability through definition
turns out to be tedious, Certain results probability theory which are helpful in this context have been

presented. The need to revise the odds in the light of new information s felt in many situationi. In the final
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section of this unit, we have shown thc method o revise the probablllty estimate as addea mfonnanou on
_ the outcome of the experiment becomes avallablc . :
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~ UNIT 10"DISCRETEPROBABIL‘iTY DISTRIBUTIONS

'Objectlves ‘ _
After readmg this unit, you should be able to ' ' '
~» understand the concepts of randomn variable and probabxhty distribution
« * appreciate the usefuiness of probability distribution in decision-making
~ « identify situations where discrete probability distributions can be applied
» find or assess discrete probability distributions for different uncertain situations
* appreciate the application of summary measures of a discrete probablllty distribution

Structure

10.1 Intreduction

10.2 Basic concepts: Random Vanableand Probabihty Dnsmbunon
10.3 - Discrete Probability Distributions

- .10.4 - Summary Measures and their Applications

1_0.5 ‘Some Important Discrete Probablhty Dlsmbutlons
- 106 Summary : .
'10.7 Further Readings.

10.1 INTRODUCTION . S \>
In our sludy of Probablllty Theory we fiave 80 far been 1 in gpecific outcomes of an experiment
and the chances of occurrence of these outcomes@inghe-1ast unit, we have explored different ways of ’
computing the probability of an outcome, For € e,v we know how to calculate the probability of -
geiting all heads in a toss of three coins. we ise'that this information on probability is helpfulinour
decisions. In this case, a mere 0.125 chance ds may dissuade you from betting on the event of "all -

heads™, It is easy to see that it ;%\;e n further heipful, if all the possible outcomes of the -

experiment together with their chs currence were made available, Thus, given your interest in

~ betting on heads, you find that a toss _ee'_coins'_may r_c’s_ult in zero, one, twoor, ﬂ'_irce heads with the
3 - .1 3 3 1
_Tespective probabilities of ro . 8h and - Y The wealth of information, presented in this

way, helps youin drawing many different inferences. Looking at this information, you may be more ready

. 1o bet on the event that either one or two heads occur in toss of three coins. This representation.of all

. posssible ontcomes and their probabilities is known asa. probablhly distribution. Thus, we refer to this

. as the probability distribution of "number of heads® in the experiment of tossing of three coins. while we.

see that our previous knowledge on computation of probabilities helps us in arriving at such representa- - '
 tions, we recognise that the calculations may be-quite telfious. This is apparent, if you try to calculate the

- probabilities of different number of heads in 4 tossing of twelve coins. Developments in Probability
- Theory help 0s in specifying the pmbablhty distribution in such cases with relative ease. The theory also

_ gives certain standard probability distributions and provides the conditions under which they can be

 applied. We will study the probabihty distributions and their applications in this and the subsequent unit.
The objective of this unit is to'look iito a type of probability distribution, viz., a discrete probability

distribution, Accordmgly, after the initial presentation on the basic concepts and deﬁnmons we w111 S

discuss as to how cllscretc probablhty distributions can be used in-decision- makmg e

' Activity A

_ Suppose you are 1ntcrested 1n bet[mg on 'tails' in a lossmg of four coms Wntc down thc result of the
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- variable and the resulting dlSlI'lbutan is a discrete probab111ty dlstrlbutlon

experiment in terms of the "number of tails" (zero to four) that may occur, wiih their

probabilities of occurrence. Elaborate as to how this may help you in betting.

respective,

102 BASIC CONCEPTS: RANDOM VARIABLE AND PROBAB’ILITY

DISTRIB UTION

Before we attempt a formal definition of probability dlSlIlbullOl‘l the concept of 'randoin vanable‘ which -

is central to the theme, needs to be elaboratcd

In the example given in the Introduction, we have seen that the outcomes of the experimen
three coins were expressed in terms of the "number of heads" Denoting this "number of he

of a toss of

L} by the .

letter H, we find that in the example, H can assume values of 0,1,2 and 3 and corresponding (0 each
value, a probability is associated. This uncertain real variable J, which assumes different numerical

values depending on the outcomes of an experiment, and 1o each of Whose values a probability|assignment
can be made, is known as a random variable. The resulting Yepregentation of all the values with their . .-

‘probabilities is termed as the probability distribution f is customary ko present the dﬂmbutlon as

follows:

Probability Distribution of Numb$ea @)
H Qw P(H) :
0. 0.125
1 ' 0.375

2

0.375
3 0125

In thlS case, as we find that H takes only discrete values, the variable H is called a dlscr.,te: random

In the above situation, we have seen that the random variable takes a limited number of values. There are '

certain situations where the variable of interest may take infinitely many values. consider for e ample that
you are interested in ascertaining the probability distribution of the weight of the one kitogram tea pack,

machine produces a certain percentage of the packs slightly below one kilogram andisome
kilogram. Itis easy to see that there is essentially to chance that the pack will weight exactly 1.
and there are infinite number of values that the random variabie"weight" can take. In such cases
sense 1o talk of the probability that the weight will be between two valugs, rather than the P!

. that is produced by your company. You have reasons to belicve that the packing process is lecn that the

above one
0000kg.,
s, it makes
bability of

the weight will be between two values rather than the probability of the weight taking any specific, value.
these types of random variables which can take an infinitely large number of values are called continuous
randem variables, and the resulting disiribution is called a continuous probability distribution. sometimes,

for the sake of convenience; a discrete situation with a large number - of outcomes is appr?;{ﬂ'nated bya

continuous distribution, Thus, if we find that the demand of 2 product is a random variable

ing values

of 1, 2_3 .10 1000, it may be worthwhilé to treatitasa contmuous variable, obvmusly, the representation -

’
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of the probability distribution for a continuous random variable is quite different from the discrete case'
that we have secn. We will be discussing this in a later unit when we take up continuous probablhty
distributions.

Coming back to our example on the tossing of three coins, you must have noted the presence of another
random variable in the experiment, namely, the number of tails (say T). T has got the same distribution
asH. In fact, in the same experiment, it is Possible: 10 have some more random variables; with a slight
extension of the experiment. Supposing a friend comes and teils you that he will toss 3 coins, and will
pay you Rs. 100 for each head and Rs. 200 for each tail that turns up. However, he will allow you this
privilege only if you pay him Rs. 500 to start with, : '

You may like to know whether it is worthwhile to pay him Rs. 500. In this situation, over and above the
random variables H and T, we find that the money that yon may get is also a random variable. Thus, if
H=number of heads in any cutcome, then 3-H=number of tails in any cutcome {as the total number of heads
and 1ails that can occur in a toss of three coins is 3)

.. The money you get in any outcome = 100H + 200 (3-H)
' o =600-100H = x (say)

We find that x which is o function of the randem vartable H, is also a random variable. We can see that '
the different values x will take in any outcome are {600-100 X 0) =600

-(600-100 X 1) =500
(600-100 X 2)=400

' (600-100 X . e300
Hence the distribution of x is:

X : P
600 .
500 “3/8
400 %8
300 1/8
The above gives you the probabilit our getting different sums of money. This may help you in
deciding whether you should utilis portunity by paying Rs. 5(x)

From the discussion on this section, it should beclear by now that a probability dlsmbuuon is defmed only
in the context of a random variable or a function of a random variable. Thus in any situation, it is important
to identify the relevant random vanable and then find the probability distribution to facilitate decision-
making.

In the next section we will look at the properties of discrete probability distributions and discuss the
methods for finding and assessing such distributions.
Activity B

Suppose three anits of a product are tested. The result of the test is given in terms of pass or fail. If the
- probability that 2 unit will pass mspecuon 15 0.8, find the probability distribution of the numbcr of units
that pass inspection.
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10.3 DISCRETE PROBABILITY DISTRIBUTION S

In the previous section we have seen that a representation of all possible values of a discrete random
variable together with their probabilities of occurrence is called a discrete probability distribution, The
objective of this section is to laok into the properties of such chstnbunons and discuss the methods for
assessing them. : ‘

In discrete situations, the function that gives the probability of every possible outcome is referred 1o in
probability Theory as the "probability mass function” (p.m.f.} The outcomes, as you must have noted, are -
mutually exclusive and collectively exhaustive. Thus, arepresentation of the p.m.f. of thz number of heads
H, in a toss of three coins, :

~Can be : f (H) = 0125 ifH = 0 heads
: : § 0375 ifH = 1 heads
= 0378 ifH = 2 heads
= {.125 ifH = 3 heads

Thus, we see that p.m.f. is the name given to a discrete probability distribution, and if, for any situation,

we can specify the p.m.f, of the relevant random variable, the whole probability distribution is then

specified. The properties of any p.m.f., say f (x) where x the random variable, can be derived from the
" fact that £ (x) basiceiHy refers to prabability values, Any probability measure is by definition non-negative .
f(x) = 0 Moreover, it follows from probabllny theory, that Xf(x) =1, the sum being taken over all the

possible cutcomes.

Sometimes, we are interested in finding the probability of a gr@utcomes, In such cases, an addition
of the relevant values gives us the resull. Thus, in the egample gi¥en carlier, we find that the probability
of 2 or 3 heads = f{2) + £ {3) =3 Further, we may be in @ in the probability that the random variable
will take values less than or equal to a particular quanbig he result in such situations is achieved by
specifying whatis known as cumulativc_disuibul?@tjon {c.d.f}. Thec.d.f. denoted by F (H}is formed

by adding the probabilities up io a given quantity}and it gives the probability that the random variable
H will take a value less than or equal to uantity. The F(H) in the example’discussed earlier car be

written as: : .
0.12 torH=0
: .'U‘S% for H=1 or less
F{)= 0.875 for H=2 or less

1.0 for H=13 or less

~ We can see from the above ¢.d.f that the probability of getting 2 or less heads is 0.875.

' Assessment of the p.m.f.ofarandom v ariable follows directly from the different approaches to probabiiity
that we have discussed in the earfier unit. The different methods by which p.m.f. of arandom variable can
be specified are: :

1 using standard functions in probability theory
2 using past data on the random variablc
3 using subjective ass',c:ssmemT

we now discuss each of the methods and the situations where these can be applied.

Using Standard Functions

Sometimes the knowledge of the underlying process in an expertment helps us 1o specify the probability
mass function. Probability theory has come out with standard funciions and the conditions under which
these standard functions can be applied to any experiment. Consider again the p.m.£. for the random
. Ivariable H in the tossing of three coins. An alternative way of specifying f (H} would be as follows:.
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3!
f = il IH =
(H) —*-—H TesTY ()" (7™ forH=0,1,2,3.

Where H!is read as H factorial and is given by

HUTX 2X 3% oo ' ><H and 0 1=1

Thus, for H =0, we have f(0)= _'3!_(,)0 1=}
Stmilarly, youcan venfy thd[ the values you get for {(1}, £ (2}, ((3) by substituting, 1,2, and 31 n Lhc above
function, are the same as oblained those obtained sarlier,

This form of £(H) is made possible, as the coin tossing experiment satisfies the conditions specific to a
Bernoulli Process. Bernoulli Process s defined in probability theory as a process marked by
dichotomous outcomes with probability of an ecventremaining constant from trial to trial. In coin 10ssing,
we find that the outcome of any toss is either a head or atail, so (hat the dichotomy is preserved. Also in
each of three coin tosses, the probability of head (or L} remains consiant, nanely 1/2, The probability -
distribution pertaining to such a process is standardised in probability theory, so that wecan directly write
down the p.m.f. corresponding to any experiment that satisfies the Bernoulli Process, Such standard
discrete distributions will be discussed in detail in a later section. :

Using Past Data

Past data on the variable of interest is used to assess the p.m.f., only if we have reasons 1o belicve that
conditions similar to the past will previal. Thé frequency of occurrence of cach of the values of the variable
are noted down and the relative frequency of each of the values is lakag as a probability measure. The basis
lies in the Relative Frequency Approach discussed in the last unig, YotNnay like to compare the resulting
p.n L. with the corresponding frequency distribuation, Thus, under € mption that buyer behaviour has
notchanged much, we 1ake the past sales data of a product tgffffhe probability distribution of future sales.
While frequency distribution is simply a representation o & ps happened in the past, p.m. [ represents
what we can expect in the future. If you refer now§ Exaitiffe 4 of the last unit, you can see that the

probability distribution of the random variable"daily Indian Express" has been estitnated from past
data. 1f we denote the random variable by x, jegcan §rite down the p.n.f. as:

365%0r x = 83
365 for x =95
fix)= 65 for x = 103

| 86/365 forx =110

Using Subjective A'i';essment

This method of assessing the p.m.f. slems from the Subjectivists' Approach to probability. This method
is applied if there is no past data, and the situation of interest does not resemble any known processes in
Probability theory. Suppose arecord manufacturing company is contemplating the introduction of a new
ghazal singer, Before introducing him, they want to find out the likely sat:s of an L.P. record of the new
person in the first year of the release of the record. The random variable here is the "sales in first year™.
Letusdenote it by S. We may here use our subjective assessment to find the p.m.f, of S. One way 10 asscss
this may be as follows. The company knows that currently one lakh people buy their records and it believes
that out of this one lakh people, 20% i.e. 20,000 customers have the atilude to try anything new, so that
the other 80,000 will never buy an unknown singer's record in the first ycar of release. They have also
assessed that at least 10% of their customers are always ready for riew ghazals. Building up on such
assessments, the final p.m,f of S may be:

.6 for § = 10,000
{(s}= .2 for § = 15,000
2 for § = 20,000
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In other words, they expect that sales in the first year will be 10,000 with a 60% chance, angd 20% chance
each that 15,000 or 20,000 people will buy it.

We have seen the different ways to assess a discrete probability distribution. These distributions help us
in our decisions by presenting the total scenario in an uncertain situation. The p.m.f. of sales as discussed
above, may help the company in déciding how many records should be produced in the first year, While
preducing 10,000 records is definitely a safe thing to do, we realise that a 40% chance of not beisig able

‘to meet demand is also there. Simitarly production of 20,000 records takes care of meeting all demands
that may arise, but then there is a chance that some records may not be sotd. Systematic analysis of such
decisions can be done with the p.m.£. and the relevant cost data, and will be taken up in Unit 12. Analysis
is made easier, if together with the p.m.f. data, certain key figures, of the p.m.f. are presented. Thus, it
may be easter for us to see things, if the expected sales figare is given to us in the above cabe. These key
figures pertaining to a p.m.f are called summary measures. in the next section we discuss schme surmary
measures that are helpful in analysing situations.

Activity C . ‘

Check whether the following p.m.f. applies for the random variable in activity B,

3 - A
tX=—F (3-X)! (87 (2) ‘

Where , X = the number of units that pass inspection

(Hint: find £(0), #(1), f(2) and £(3) by subsituting X=0, 1,2, and 3 in the above function, Check whether
these values are the same as what you obtained carlier.)

10.4 SUMMARY MEA@ AND THEIR APPLICATIONS | |
| |

As the name implies, a summary measure of a probability distribution basically summarises the ‘
distribution through a single quantity. Just as we have seen in the case of a frequency distribution, here .

. too we have the measure of location and dispersion that help us o have a quick picture of the behaviour

of the random variable concerned. The objective of this section is 1o look into some of the summary

measures and discuss the possibte application of thesc measures.

Measures of Location

The most widely used location measure is the Expected Value. It is similar to the concept of mean of a
frequency distribution and is calculated as the weighted average of the values of the ranclal::m variable,
taking the respective probabilities of occurrence as the weight. Thus, in the tossing of three coins, the

Expected Yalue of Number of Heads, written as E(H) can be found as follows:

EM)= THx f(ED=0 x 125 + 1 x 375+ 3 x .125=15

Similarly, considering the extensionof the experiment as discussed earlier, we can calculate the money
you can expect if you take up your friend's proposal, as: '

EX) =600 x .125500 x .375 + 400 x 375 + 300 x .125 =Rs. 450
' 176




Recalling thal you have to pay Rs. 500 to gt the privilege of entering this game, you may decide not to
goin [or it as the expected pay off is less than the sum you have to pay. It may be noted in this context that
the pay off X at any out come is a function of the random variable H. As already noted, X itself is.-
random variable, Instcad of calculating the E(X) as above, it is possible 1o caluclate the E (X} as follows.

E(X)=E(600-100H) = 600-100E(H) = 600 - 100 x 1.5 = 1.5 450

It can be seen that for any linear function g (H) of H, the following holds: E [g(H)] = gfE(H)]. That this
is not trrug, for functions other than Hinear can be varified by taking, for example, g(H) = H? '

EM)=IH{(H=0x 125 +1 x 375+4 x 375 + 9 x 125 =3
However [E (H) |2 = (1.5)% = 2.25 '
Thus [E (H) |? # E ( H?).

Expecied value of a random variable gives us a measure of location and is an indicator of the long-ron
average value that we can expect. In th2 computation of the expected value, the most likely outcome is
given the highest weightage. Sometimes; it is useful to characterise the probability distribution by the most
+ likely value, which is defined as the mode. The modal value is the value corresponding to which, the
probability of occurrence ismaximum, Another measure of location thatis of interestis known as ‘fractilc’,
Avalue H, is defined as the k™ fractile of the distribution of H, if

F (K B all H< H,

_ any JzkforaliHzH,
Recalling the ¢.d.f. of H, developed earlier
H ?. F (H) |
125
060
500
@2 875
3 1.000

Suppose we want to find the 60th fractile of the distribution , i.c., we want to find a value of H = H, such
thatF (H) <.60for H< H _and F (H) > .60 forall H > H,. We identify that .60 lics between .50 and .875F
(H) values. This is shown by an arrow in the above distribution. The value of H just above it is one that
will be the .60th fractile i.e. H=2 is the requircd answer. We can verify that for H<2 i.e. for H=0 and 1,
F(0)=.125 and F (1) = .5, both of which are less than 0.6. Similarly for all H > 2, F(2} = 875 and F(3)
= 1, both of which arc greater than .60. Hence it salisfics the conditions.

You may note that the .5Cth fractile here is 1, i.e. if any required fractile coincides with any F(H) value
in the distribution then the valuc with which it matches, is the required value. You may verify whether
this satisfies the stated conditions. The .Sth fractile is called the median of the distribution and is of
interest at times, '

Measures of Dispersion

Standard Deviation {SD}, range and absolute deviation arc the measures of dispersion of a distribution.
.Of these, SD being the most widely uscd, we will discuss it here. You may recall that the same term has
been used in the context of a frequency distribution also. However, in a discrete probability distribution,
we are dealing with a random variable, and the distribution represents various values of the random
variable that we expect will occur tn the future. In such, cascs, the variance is defined as the expected
. value of the square of the difference between the random variable and its expected value. Then SDis given
by the square root of the variance. Thus, for the random variable H in the coin tossing example, we can
write:
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Variance = E [H — E (H)f = E{H = 1.5F |
= (0-1.5)0 £(0) + (1- LY (1) + (2—1.5) £(2) + (3-1.5)*{(3)

i 3 3 1
=225 x—+025%X -+ 025X -+ 225X - |
8 8 8 g
=3 |
4  —
ahd S$.D. = V variance = 3} V3 '

. . | » .
The knowledge on expected value and standard deviation of a distribution of random variahlle is usefdl in

our decisions. Suppose you have got an offer to take up any one of the two projects A and BI' B/»pth/ Aand
B have got uncertain ocutcomes, so that the payoff for A and B are random variables. If expected pay off
for project A is equal to that of project B, and S.D. of payoff in the case of A is Jess than Il}at of B, then
you may decide to choose project A. Here S.D summarises the variability in monetary payoffs that we

can expect from the projects. |

We now take up an exampte to illustrate the use of expected value in decision-making. More compiex
situations will be taken up later when we study Decision Theory. : |

. : |
Exampie 1

'Consider a newspaper seller who gets newspapers from the local office of the Newspaper every morning

and sells them from his shop. He buys each copy for 60 p. and sell it for Rs. 1.10p. However, he has to
rell the office in advance as to how many copies he will buy, The office takes back the copies he is not
able to sell and pays him only 30 p. for each copy. His problem is essentially tofind¢ i how many copies
he should order every day. He has cstimated the p.m.f. of the daily demand from past data|.

0.1 for D =30 i

0.2for D=31
f(D) =] 0.2 for D=32 |

Solution |

To analyse such situations, first malise the problem in terms of alternative courses oflactions open
1o the newspaper man. As he expects that the daity demand witl not be fess than 30 or more than 35,
we understand that there is no point in his ordering less thian 30 or more than 35 copies. Tiuks, he has got
six options. ' -

Alternative 1, Order 30 copies :
Alternative 2. Order 31 copies
Alternative 3. Qrder 32 copies , |
Alternative 4, Order 33 copies
Alternative 5. Order 34 copies
Alternative 6. Order 35 copies i

Corresponding to each alternative action, there are six possible vatues that the demand can take and each
of these values lead to a monetary payoff with different chances of occurrence. We can calculate the
expected monetary payoff for each alternative and choose the alternative that promise ug the highest
expected payoff. _ , ' |

For calculating monetary payoff corresponding to any outcome and any action, we note:

i. . Ihe orders X copies and demand (D) turns out to be moere than or equat to X, then hel will be able
to sell only X copies, so that the pay off will be (I-10 - 0.60) x X = 0.50 X ! '
_ ' i
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2, If he orders X copies and D tarns out to be less than X, then he wil be able 1o sell D copies for
which he wilt profit 0.5 D and he will be losing (.60 - .30) = 30 p. for each copy he ordered more,
ie loss =30 (X - D).

.SD,- 33X+ 3D
BD-3X

“With the above background, we are now in a position to calculate the payoff P corresponding to cach
outcome of an alternative. As these payoff values correspond to the demand values only, the chances
of occurrence of the payoffs are given by the chances of occurrence of the respective demand figures.
Thus, for each alternative, ihe p.m.f. of P and the corresponding Expected value of P can be calculated
A sample calculation for Alternative 4 {order 33 copies ) is shown below.

His payoff

Alternative 4.
Order 33 copies (X =33)7

Outcome Demand(D) _ IfDzXthanP=5X P f{P)
IfD < Xthan P = 8D — 3X '

1 30 P=.8x30—3x33 141 1
2 31 P=.8x31—3x33 14.9 2
3 32 P=.8x32—3x33 15.7 2
4 33 ' P=5x33 : 16.5 3
5 34 P=.5x33 16.5 A
6 3 P=_5%33 16.5 .1

¢

EP=141x.1+149x2+157x 2+165x 3+ |®1 +16.5 x .1
=141+298+3.14+495+ 165+ 1.65 = 15,

Similarly, we can calculate the Expected f for th.er alternatives also. The newspaper man should
go for the alternative that gives him the estexpected payoff A convenient representation of the

altcrnatives and the culcomes is giv low. onesponclmg toalternative 4, we havefilled up the values.
You may now {itl up the otherce

Probabilities of Demand tal 22 3] 1 1 {Expected

Demand {30 [ 31 |32 [33 |34 }35 I;gf;“

Order (Outcomes) : ;
(Alternative) _

£ 30

2. | i

3. 2 _

. 35 |1a1 | 149 157 [165 |16.5 [165]15.78

s, 34 '

6. 35

On solving E (P), we find that the maximum expected pa}; off is obtained for Aliernative
4. Hence we can say that the ncwspaper man should order for 33 copies.

Activity D

In the above problem, instead of calculating the payoffs, we could have calculatcd the expected
opportunity loss for each aliernative.
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1. Number ordered (X) = Number demanded (D) In this case there is no loss to the ne spaper man
as he has stocked the right number of copies. W

we recognise that for each alternative and an outcome, three situations ¢an arise.

2 Number ordered (X) < Number demanded {D}: In this case, he has understocked. and for each
copy that he has notordered for and conld have sold, he loses the profit=0.50 p. Thus, opportunity
loss = .50 (D-X).

3. Number ordered (X) > Number demanded (D): Inthis case he has ordered for more than he can sell,
- 50 he loses (.60-.30) = .30 p. for each extra copy that he has ordered therefore opportunity loss =
0.30. (X-D). ‘

Using the above, calculate the opportunity loss correspohdin g to each outcome of each alternative. Find
the Expected opportunity loss for each altematlvc and state how you will decide on the bgsis of these
* expected values. Z[

: N |
10.5 SOME IMPORTANT DISCRETE PR(@LI‘TY DISTRKBU']&'IONS

While examining the different ways of assessing p.e have noted that proper iclem!jfication of
experiments with certain known processes in Prokability teory helps us in writing down the probability.
distribution function. Two such processes are rmoualli and the Poisson. The standard discrete
probability distribution - that are conse to Yhese processes arc the Binomial and the Poisson
distribution, The objective of this fin, 15 o look into the conditions that characterise these
processes, and examine the standarg distriByions associated with the processes. This witl enable us to

identify situations for which the: riputions apply.,

Bernoulli Process

Any unceriain situation or experiment that is marked by the following three properties is known as a -
Bemoulii Process. :

i, There are only two mutually exclusive and collectively exhaustive outcomes in the éxperiment.

2 In repeated observations of the experiment, the probabilities of occurrence of these events remain -
constant.

3. The observations are independent of one another.

Typical examples of Bernouli process are coin-tossing and success-failure situations. In repeated tossing
of ccins, for each toss, there are two mutually exclusive and collectively exhaustive events, namely,
head and tail. We also know that the probability of a head or a tail remains consiant (=1/2) from toss to
toss, and result of one toss does not effect the result of any other toss.

Similar dichotomy 1s p_reserved in testmg of different pieces of a product. Each piece when tested may be
defective  a failure) or non-defective (a success). we know that the production process is such that the
probability of a non-defective in any trial is P and that of a defective = g = (1-P)

Once the process has established, it is reasonable to assume that the success and failurz of each piece is
independent of the other and also the probability of a success (p) or a failare (q) remains constant from
trial (o trial. Thus, it satisfies the conditions of a Bernoulli process. r

The random variables that may be of interest in the above sitnations are:
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1. The number of success or failure in a specified number of trials, given the knowledge on the
probablhty of a success in trial. This implies that if the expcriment is observed n times then given
that the probability of a success is f in any observation, we are interested in finding out the
distribution of number of successes that may occur in n observations.

2. The number of trials needed to have a specified number of successes, given the kmowledge on the
probability of success in any trial. We are interested in finding out the probability distribution of
the number of trials required to get a specified number of successes.

The Binomial distribution and the Pascal distribution provide us with the required p.m.fs. in the above two
cases. We discuss these two distributions with examples.

Biaomial Distribution

Letus take the example of a machining process which produces on an average 80% good pieces. We-are
mnterested in finding out the p.m.f. of the number of good pieces in 5 units produced from this process.
From our definition, this situation is a Bernoutli process, with the probability of success =P = 0.8

", Probability of failure or defective pieces = q=1 —P =02
The number of trials = 5. '
Let r be the random variables of interest, i.e., the number of good pieces. As N=5, obviously r can take
values of 0,1,2,3.4,51.¢, as 5 pieces are produced, at the best all 5 can be good pieces. We can now Ty
to calcuiate the probabilities for different values of r using the results given in the last unit:
=0 means all 5 are failure. As the probability of failurc is q in every irial, znd the trials are independent,
probability of 5 failures =q'x gx qx qx q=g% The total agmber of outcomes in the expriment
are 27 and we find that only in one cutcome all § are failu.res.o

therefore {0 = g@°

r =1 implies that there is one success and four 1’ailurcs.@obability of this is pg* However, out of
the 2° possible outcomes, one success and four fa$: occur in the following ways:

Ist unitis a success and the resi are failure i.e. §

2nd ynit is a success and the rest are fail FFF
3rd unit is a success and the rest argdailure M. FFSFF
4th  unit is a success and the rest @e i.e. FFFSF
5th unit is a success and the rest are fai.lure i.e. FFFFS

Where S denotes a success and F a failure. Thus, 1 success and 4 failures can occur in 5 different ways,
for each of which the probability pgd '

Hence f (1) = 5 pq*. Similarly forr=2, the proﬁabilily of 2 successes and 3 failures is p? ¢°. To find the
number of outcomes in which 28 and 3F will occur we can use the following. Basically, we want toknown
the diffeent ways in which 28 and 3F can bc putina sequencc This is cprcsented by *C, read as "five C

5
two" and given by e 10.

Hence f (2) = 10p*q®

The required p.m.t, or ris then

' - g forr=0
Spq*forr=1

10p’g* forr=2

f(oo = 10pq*forr=3

Sptgqforr=4

p’ forr=5
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S . |
The p.m.f; is alternatively written as f(r/m). ' i
-

Suppose we want to find the distribution'of the number of accidents r, given tha! there- are, on an average,

3 accidents per month, we can find this by putting r = 0,1,2,3,4,.. .in f@/3)
fom=— XY se s e
OFy == =c7" = 4%

The mean and variance of a Poisson distribution are equal and are given by m. ThlS property islsometimes

used to check whether the Poisson applies for the event undcr siudy.
Activity E

A plane has got 4 engines. The probability of an engine failing is 1/3 and each engine may fail
independently of the other engine. Find the probability that all the engmes will faul Write down the p.m.{.

of Failed engines'

D L L T TP PP PP PP

Activity F

1£1% of the bolts produced by acertain machme are defective, fm the probabil 1tytha£ ina random saﬁiplc

of 300 bolis, all boits are good.

[Hmt. This is & case of a Bmomial distribution with n=300 and’ 1. We have to find £ {G/300,. 01)

A £(073).]

P RN O PR AN R NN A R R A R b T R L R L T P P AP SR

Activity G @ . _
From past expericnce a Proof reader Tas found that afierhe proofreads, there remain 2 €I7ors on an

average ina page What is the probability of finding a page wadmut any eimr’?

( lculate the reqaired probablh ty. Poisscen

...................

................

10.6 .S_UMMARY

We have introduced the concepis of random vanable and probability distribution in this unit. In any
uncertain situation, we are often interested in the behaviour of certain quantities that take diffefent values

indifferentoutcomes of theexperiments. These quantities are called random variablesandarep:
that specifies the possible values a random variable can take, together with the agsociated prA
is called a probability distribution. The distribution of a discrete variable is called a discrete p

sentation
babilities,
bability

distribution and the function that specifies a discrefe distribution is called a probabitity mas's function

(p.m.f} . We have looked into situations that gives rise to discrete probability distributions, and
how these distributions are helpful in decision-making. The concept and application of expected
other summary measures for such distributions have been presented. Different methods for

discussed
valueand . .
assessing.

such distributions have also been discussed. Tn the final section certain standard discrete: probdblhty dis-

tributions.and their applications have been discussed.
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UNIT 11 CONTINUOUS PROBABILITY DISTRIBU-
TIONS

Ob jectives
' After reading this unit, you should be able to:

« identify situations where contimzous probablhty distributicns can be apphed
. » appreciate the usefulness qf continuous probablllty distributions in decision-making
+ analyse situations involving the Exponential. and the Normal distributions. - '

Struction _
11.1 Inl:roduction

11.2 Basic concepts : :
113 Some Important Continuous probabil'ity Distributions ~
. 114 Applications of Continuons Distributions

11.5 Summary '

116 Further Readings

111 INTRODUCTION ' > :

In the last unit, we have examined situations involvi Q ete random variables and the resulting
probability distributions. . Let us now consider vﬁ:n, where the variable of intererest may take

any value within a given range. Suppose that w lanning for release of water for hydropower
generation and irrigation. Depending on ucB water we haye in the reservoir viz. Whether it is
above or below the "normal” level, we@mn the amount and time of release. The variable -
indicating the difference between thgegctual Necservoir level and the normal level, can take positive or
negative values, integer or other oreover, this value is contingent upon the inflow to the
reservoir, which in turii is uncertain. SIS type of random variable which can take an infinite number
" of values is called a continueus random variable, and the probability distribution of such a variable is -
called a continuous probability distribution. The concepts.and assumptions inherént in the treatment of
such distributions are quite different from those used in the context of a discrete distribution. The
objtective of this unit is to study the poperties and usefulness of continuous pobability distributions . -
Accordingly, after a presentation of the basic concepts, we discuss some important continious
. probability distributions, which are applicable to many real-life processes, In the final section, we
dicuss some possible applications of these distributions in decision-making. '

-Activity A : : ' '

Give Two examples of continuous random variable. Nole down the difficulties you face in writing
down the probability dlsmbuuons of these vanables by proceedmg in the manner explained in the last
unit. :
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11.2 BASIC CONCEPTS

We have seen that a probablhty distribution is basically a convenient representation of the different
values a random variable may take, together with their respective probabilities of occirrence. The_
random variables consideréd in the last unit were discrete, in the sense that they could e listed in a
sequence, finite of infinite. Consider the following - random variables r.hat we have taken up in Unit '
10; .

I Demand for Newspap‘er (D)

2 Number of trails (N) required to get r successes, given that the probability of a success in any trial

18 p.
In the first case, D could take only ﬁmte number of i mleger values, 30,31..... 35; whereas in the second
- case, N could take an infinite number of integer values 1, r+1, 1+2......... o , In comrast to these

situations, let us now examine the example cited in the introduction of this unit. Let us denote the
variable, "Difference between normal and actual water level”, by X. We find thai X can fake any one
of mnumerable decimal values within a given range, with each of these values having |a very small
chance of occurmece. This marks the difference between the continuous variable X and the discrete
variables D and N. Thus, in case of a continuous variable, the chance of occurrence of; the variable
taking a particular value is so small that a lotally different reptgentation of the probability function is
called for. This representation is achieved ihrough a funcifeg kndwr as "probability density function”
(pdf). just as a p.m.f. represents the disributiongafa coMinuous random variable. Instead of
specifying the probability that the variable X wia particular value, we now specify the
probability that the variable X will lic within an ing Before discussing the properties of a.p.d.f.

let us study the following example. .

Example : .

C-onsider of experiment of picking a Q?mndom from all available values between the integers
o

the line segment 0-1, with the 0. Then, a point picked up at random will have a distance X

Oand 1. We are interested in fingigg out¥he p.d.f. of this value X. {(Alternatively, you may consider
from the origin. X is continuous om variable, and we are interested in the distribution of X).
Solution o '

Let us first try to find the probabrhty that X akes any partlcular value Say.. 32.

The Probabitity (X=.32), written as P (X=, 32) can be found by noting that the 1st digit of X hasto be -
3, the 2nd digit of X has to be 2 and the rest of the digits have to be zero. The event of the 1st digit
having a particular valuc is independent of the 2nd digit having a particular value, or any other digit
having a particular value. :

: 1
Now, the probability that first digit of X is _3 = 0 (As there are 10 pessible numbers 0 10 9).

Similary the probabilities of the other digits taking values of 2,0,0 ..... etc. are gach.

P (X =.32) =0 ! ! 0 (n | L
=. = X - X - = —
AT 10 10 _ 10

Thus, we find that for a continuous random variable the probability of oceurrence of 'y particular
value is very small. Therefore we have to look for some other meaningful repesentation).

We now try 10 find the probability of X taking less than a partlcular value say .32. Thea P(X< 32)
is found by noting the following events. !
, :
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A) The first digit has to be less than 3, or _ | RS
B) The first digit is 3 but the second digit is less than 2.’
1 2

\ o
PX<32) = - R
X<3=3* 0 " W "7 @

Combining {1} & (2) we have :

PX) < 32)=.32
Similarly, we can find the probability that 7( will lie between any two valuesaand b,1e., P{a<x <
b); this is the type of representation that is me,amngful in the context of a continuous ranclom variable,

- Properties of a p.d.f.

The properties of p.df. follow ‘directly from the axioms of probability discussed in Unit 9. By
definition, any probability function has to be non-negative and the sum of the probabilities of all
possible vaiues that the random variable. can take, has to be 1. The summation for continuous
variables is made possible through 'integration’, '

If £ (X) denotes the pdf of a continuous random variable X, then
1 f(Xy=0,and-
2) fR f(X) dX =1, whee -"IR" denotes the integration

over the entire range {(R) of values of X, _
The probability that X wiil lie between iwo values a and b, wil beWven by : f*’, £ dx.

The Cumulative density function (6.d.f.) is found by integgatige th Wa.f. from the Towest value in the
range up to an arbizary level X. Denoting the ¢.d.f. baz_l-:'i the lowest value the variable can

take by a, we have:

FX) = |7 f(x) dx. Y

Once the p.d.f. of a continuous randcsm va wn, the corresponding c.d.f. can be found. You
may once again note, that as the vanab]e n any value in a specified inicrval on a real line, the
propabilities are expressed for m than for individual values, and are obtained by

integrating the p.d.f. over the releva

Example 2
Suppose that you have been told that the following p.d.f. describes the probability of different
weights of a "1kg tea pack” of your company:
100 (X—1), 1< x € 1.1
f (= o
otherwise

Verify whether the above is a valid p.d.f.

Solution
As, f{() =100 x—D for 1 € x < 1.1
= 0 otherwise.

~.The relevant limits for integration are 1 and 1'.}_'; for all other values below I and above 1.1, the
probability being zero. S .
In order that f (x) is a valid p.d.f., two conditions néed to be satisfied. We test them one by one.
1 Check f(x)20 '
i.e. toshow that 100 (x - p=0for1€x<1

It is easy to see that this is true, for all othe values of x, f(x) is given to be 0. So this condition is
_satisfied. . :
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2 Check f(x)dx=1
i.e. To show that {11100 (x-1) dx = 1

11 W
~ (By integration) : ‘
. i

Left Hand side = 100"72 I”—zoo x
1

| . |

=—-29[1.12-12]— 100 [1.1-1] _ ‘

=50x2.1%x.1~-100x.1 =10.5-10=.5
. As this is not equal to 1, this is not a valid p.d.f.

Example 3

The p.d.f. of the diffeent weights of a "1kg tea pack” of your compny is given by:

f(x)=200 (x-)for1< x< 1.1 ‘
= 0, otherwise

(You may note that the packing process is such that even if yon set the machine to a valu]'e, yoﬁ will
only get packs around that value. The p-d.f. shows that there are chances of only exceeding the I kg
value and there is no chance of packing less than lkg. This is normally achieved by setting the

machine to a relatively high value to overcome the government regulation on packing stahdard
weights,) :

Verify that the given p.d.f. is a valid one. Find. the probability that the wcight of any péck will lie
between 1.05 and 1.10

Selution _ ' \] ?
Proceeding in the same way as in the earlier example gye ca w that

]
j{-_‘ 200 (x-1) dx = 1 6 ’

Now, we find the probability that x will lie bt% 1.05and 1.10: ‘

P(LOS< x <1.10) =] 200(x-1

1.10 .
= 100 x? =200 x '
105

= 100 (1.12 - 1.05?) — 1—1.05) |
=100 X 2.15 X .05-200 X .05 = 15 X .05 = .75

1.

Alternatively, we could have found the above as follows ‘
P(1.0S< X <£1.10)=P(l < x < 1.1) —P(1 < X < 1.05)
- =1-[100 x 2.05 x .05-208 ~ .05} ' :
=1-.25=.75 ‘
Example 4 _ .

find the cdf for the pdf given in Example 3.

Solution .
F(X) = |, 200(x-1) dx

= (100 X? ~ 100) — 200(X-1) ~ ~ _ ‘
=100 (X2-2X + 1) . !

(Here, 1 is the lowest possible value that x can 1zke.)

In this section we have elaborated on the concept of a continuous random variable and have finally
shown how to arrive at a representation of the probability function of such a variable, We have used
"integration” for our purpose. Those of you who are not familiar with the concept of imegrgtion, may
note that this is similar to the summation si gn (%) used in the context of a discrete variable, Also, if
£ (x) vs x 13 plotted on a graph, we will have a curve. The integration between two values 2 and b of
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x then signifies the ‘area under the curve and as we have aleady seen this is nothing but the
probability that x ‘will lie between a and b. This idea will be useful again when we discuss some
imporiant theoritical probabllny distributions of continsous: vanables in the next secuon '

Activity B

Suppose that yeu are told that the time to service a car at your friend's petrol station is uncertain wlth .
the p.d.f. given as: . .

Ix — 2i2+ 1for0< x<2°
0 otherwise.

f(x)

H

Examine whether this is a valld pd.L.
(You may need to brush up Integration from any clementory Calculus book )

Activity C
The life in Hours of an electric bulb is known o be uncertain. A particular manufacturer of bulbs has
estimated the p.d.f of "life" {the total time for which the bulb will burn before getung fused) as:

f(x)=0, forx < 0

5 e —(x/100), for x 20 : O
Check whether the above is a valid p.d.f. | . Q :

If it is a valid p.d.f., find the probability tth‘b will have a life of more than 100 hours.

L T T B L T T T T T TT LT LT T

-11.3 SOME IMPORTANT CONTINUOQUS PROBA[}_ILITY DISTRIBUTIONS

The knowledge of the probablllty density functlon (p.d.L)) of a continuous random variable is helpful
in many ways. The p.d.f. allows us to calculate the probability (hat a variable will lie within a-cetain
range. The usefulness of such calculations are illostrated with the help of the followmg two situations,

Situation 1

Mr. X manufactures tea and sells it in packets of 1kg. He knows that the packing prcess is unperfcct
so that there is always a chance that any packet that is firally sold will have a tea content exceeding
kg or less than 1kg. in the current process, it is possible to set the packing machine, so that the packet
~ weights within a certain range. As the government regulition forbids packets with weights lesser than
what is specified on the packets, Mr. X has set the machine at a higher value, so that only packets with
\weghtj;\l exceeding 1 kg. will be produced. Th;s has created a problem for him: He fecls that currently
he is losing a lot of money in the way of excess material being packéd. He has got an option to go for
a more sophisticated packing machine at a certain cost that-will reduce the variability. He wants to -
find out whether it is worthwhile going for the new machine. Say, the new process will produce
packets with weight ranging from I to 1.03kg, if sef in the same manner. :
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A knowledge of p.d.£. of the weights produced by the currens process witl help dr, X o calcniat the
probabilisy that any packet will weigh more than, say, 1,05 Kg., or that any packet will weigh between
LUI to L.US Kg. These probabilities arc helpful for his decision, A high probability lP[ the weight -
exceeding 1.05 Kg is an indicator of a high percentage of packets having more than 1.05 Kg. weight.
These probablllues may help him calculaie the expected loss due to the curient process. This
expected loss may be traded off then with the cost of buying the machine 1o arrive at the {inal
decision. : :

Slluaﬁon

Mr. T, a manufacturer of Electric bulbs, feels that the desired lfe of a butb should be 100 hrs., Le. a
new bulb should burn for 100 hrs. Before the filament breaks. He realises that a high cost is
associated with having a process that will manufaciare all bulbs with life of more than 100 hrs. He is
ready to make a trade off between the quality level and the cost. : ‘

In this case, if he knows the p.d.fs. of "the tife (in hours)” of bulbs manufactured through different
processes, then for different processes he can find out the probabilities Ihat the tife will exceed or
cqual 100 hrs. Suppose, he found the following for two p:oc-:bﬂcs ‘

P (fife £100 hrs.) = .8 for process 1
P (2100 hrs.) =- .9 for process 2

The above formula indicates ihat the provess 2 is a better process, so far as quality is concerned.
Cne may note that the cost for process 2 is higher than that of process 1. Mr X may now try to decide
whether it is worthwhils paying extra cost for this quality.

. The above formula shows how the mionmation on p.df. ¢ e helpiul in decision making. This
. brings us to the question of assessing a p.d.f. Like we ha in the case of discrele variables, for

- continuous variables also may real life situations capeg: ppidkimated by certain theorceyical distriby-
t tion functions, Knowledge about the process of inf pnd the past data, on the variable help us to
“find out what type of standard (iheoretical) p.d.f. is applied in a particular situation,

We now present two important thoretical pro ¢ density functions, viz., the Expon:rnual and the
Normal. A study of the properties of § fungtions will be helpf ul in cha:acten31ng the probability
distributions in a variety of situation

Exponential Distribution

Time between breakdown of ¢s, duration of telephone calls, life of an electric balb are
cxamples of sitnaitons where the Exponential distribution has been found useful. In the pevious enit,
while discussing the discrete probability disiributions, we have examined the poisson pr?cess and the
resulting poisson distribution. In the Poisson pracess, we were interested in the random variable of
number of occurcnces of an event within a specific time or space. Thus, using the knowledge of
Poisson process, we have calculated the probability that 0,1,2,......accidents will oceur i any month.
Quite often, another type of random variable assumes ll’]‘l])O[[cln(,C in the context of a Poisson process.
We may be interested in the random variable of the lapse of time before the first accurenc ¢ of the
event, Thus, for a machine, we note that the (irst failure or breakdown of 1he machine gy oCCur ailer
1 month or 1.5 months etc. The random variable of the number of failures within 2 specific time, as
we have already seen, is discrete and follws Poisson distribuiion. The variable, tinte ot first failure,
is continuous and the Exponential p.d.t. characterises the uncertaialy.

if any situation is found 1o satisfy the conditions of a Poisson process, and if the average dccurrence of
the event of interest is m per unit time then the number of occurcnces in a given lenglt of time has
- a Poisson distribution with parameter m1, and the time between any two consecutive occurences will
be Exponential with pararneter m. This can be used 1o derive the p.d.f. of the Expoacatial distribuation.

Let  f(t) denote the p.d.f. of the time between occuarrence of the event.

F(1) denote the c.d.f. of the lime between occurence of the event (say, 1 >0).
Let  Abethe event that time between occurrence is less than or equal to t.

and B be the event that time between occurrence is grater than 1.
By definition, as A and B are mutually exclusive and collectively exhaustive:
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CP(AY 4 PB) = 1 oo (1)
Fom the dci‘mmon of c.d. f and the descnpnon of event A,
. PLAY =F(L) ... reverrenennns (2) '

from the defm:uon of event B, as the time between occusrence is greater than t, it implies that the
number of cccurrences in the interval (0.8) is zero. Taking the distribution of number of occuIrences
in thine ¢ as Poisson, we can write: :

P(B)=Prohability that zero occurences are there in time t, given that the average number of
OCCUTERCEs are ini.

From Poissor formula, P (B3 can be wrilten as ;

e x {(mt)°
R(B). = Hr =e ™ L. %)
From (1}, {2} and (3), we have :
Flg-re™=] :
or, 5(1) =.1_.,€—m:
Diﬁgrcniiaiing, we arrive atthe p.d.f.
, i 0
f{t) { G, othermae

The above formula gives Lhe pdf of the Exponential Distribution. We can now verily as to whether

this is a valid pdf. ._
| We find f(1) = 0 for all tas m > 0 0
also [ f(t) dt. = J'Dm e dt 0

Hence this is a vaid p.d.f. _ . ' '
If we assumeé that the occurrence of an eve@; ds to-customers arriving for servicing, then the
ha

time between the occurrence would . co: ¥ to the inter-arrival time (IAT), and m would |
cortespond to the arrival rate. Expon aNbeen useéd widely to characterise the JAT distribution,
The Exponential p.d.f. is also used cterising service time distributions. The parameter ‘m’ in
that case, correspoends 1o the service ra ¢ take up an example o show the probabitity calculations
using the Exponential p.d.f. In the final section of this unit, we will be illustrating l:hrough an example,
~ the use of the ExpOnentlal distibution in decision-making, I

Example 5

A highway petrol pump can serve on an average 15 cars per hour. What is the probability that for a
particular car, the time taken will be less than 3 minutes?

. Solution

Here, Exponential apphies with m=15 (service rate). We are intesestiod i foding the probability that
<3 minutes ie., & < 3/60 hrs,

From definition of ¢.d.f., we want to Find F {——) = F{Z(J)

we have seen that F{t) = 1 —e™

1
F(n)= 1-e15%120 = _ ¥ = 5276,
)

Example 6

The distribution of the tolal time a light bulb will burn from the wiowent it is fist put into serv:ce is
known fo be exponential with mean time between failure of the bulbs equal to 1000 hrs. What is the .
probability that a_bulb will burn more than 1000 hrs.
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Solﬁtion o :
: . 1 : |
Here,m= — ' !
1000

1 ' :
andf(t) = |- €% fort0 _ o |

: 0 otherwise _
Wo are interested in finding the probability that © >1000 hrs.
P(t> 1000) = 1 — p(t=<1000) = 1-F {1000)
- F(1000) = 1 — 100X 11000 = | _ -1

". The required probability = ¢! = 0.368.

Activity D

In Example 5, find the probability that for any car, the time taken to serve will be more than 10
minutes. Discuss how this probability and the probability you have found in Example 5, can be useful
for Lhe petrol pump owner. .

-------------------------------------------------------------------------------------------------------------
.............................................................................................................

Activity E _ .' : P

in Example 6, find the prr:ubability that the I%‘ny bulb will lie between 100 hrs, and 120 hrs.
1]

Elaborate as to how this information 88ful to the manufacturer of the bulb. i

Norma) Distribution l . |

The Mormal Distribution is the most versatile of all the continuous probability distrlbuuons Itis found -
t be useful in Statistical inferences, in characterising uncertainties in many real-life processeb and in
approximating other probability distributions. : -

Quite often, we face the problem of making inferences about processes based on limited daia Llrmwd
data is basically a sample from the full bady of data on the process. Irrespective of how the full body
of data is distributed, it has been fourid that the Normal Distribution can be used to characterlse the
sampling distribution. This helps considerably in Statistical Inferences. i

Heights, weight and dimensions of a product are some of the continuous random vanablt,s which are
found to be normally distributed. This knowledge helps us in calculating the probabilmes of different
events in varied situations, which in turn is useful for decision-making. -
Finally, the Normal Distribution can bz used to approximate certain probability cllsmbulmns Thls
helps considerably in simplifying the probability calculations. _ I

In the next few paragraphs we examine the propemes ‘of the Normal Distribution, and explain the

method of calculating the probabilities of different events using the distribution: We then show the

Normal approximation to Binomial distribution to illustrate how the probability calculauons are
simplified by using the approximation. An application of the Normal Distribuiion in decmon making
is presented in the last section of the unit. The use of this distribution is Statistical Infererices is taken
up in a later Block. i
Properties of the Normal Distribution
The p.d.f, of the Normal Distributicn is given by: _ : i
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f(x) =
*)=

' where, 7 and e are two constants with values 3.14 and 2. 718 respectively. The wand o
are the two parameters of ‘the distribution, and x is a real number denotmg the
_continuous random variable of interest.

. Thec.d.f. is gwen by:

X
F(X)=J

1
ey

It is apparent from the abovc that fis a positive function, e_;(x_—E)z being positive
for any real number x. It can be shiown that

% f(x)dx = 1, so that f(x) lsavalid p\d f. The interested reader may look up the book by
Gangolli et. al. for proof..

The mean and the standard deviation are respectively derioted by and a.
Thus, different values of these two paramcters lead to different ‘niminal curves’

The mherem snmllanty in all the ‘normal curves’ can be seen by exammmg the
“Standardised curve’. The Standard Curve with p = 0 and o = 1 is obtained by usmg

x
Z--—--ﬂ- so that we get the p.d.f.

-1,z : .
f(z)= \(;_ue P o Z<o . 2

The p.d.f. (1) is referred to as the regular form while the @ is known as the standard form.
Normal Distribution with mean and standard deviation g js ge y denoted by N {m, o).

For large value of n, it is possible to derive the abd @ f. as an approximation to the Binomial

Disiribution. The p.d.f. cannot be integrated analytic ¢ c.d.f. is tabulated for N{0,1) and the
probabilities are calculated with the help of thdi's% :

The plot of £(x) vs. x gives the Normal W e are:é under the curve gives the probability. The
the

Normal Distribution is symmertic about the area on each side of the mean is 0.5. The area

between p + K1 and ju + K20 megs the Same for all Normal ¢urves irrespective of the values of pt
and ©. % - . L
Though the range of the variable is sp&ified from o to o, 99.7 of the values of the random variable

fall within + 3¢ Limits, that is, P {il - 36 € x < ¢ + 3) = .997. Moreavet, ‘it is known that 95.4% and
68.6% of the values of the random variable lie between + 20 and + 16 limits respectively. '

Because of the symmetry, and the points of inflexion ai + 10 distance, the Normal curve has a bell
shapcﬁ The right and' left tails of the curve extend indefinitely without-touching the horizontal line,
Probabiiity Caleutation o ' ' '

Suppose, it has been found that the duration of a parucular project is normally dlsmbuled with a

mean of 12 days and, a standard deviation of 3. We are interested in fmdmg thc probability that the_
project will be completcd in 15 days

Given the p and ¢ of the random variable of mterest we. f1rst find

x—u._ o . o 15-12

- L= - Hence, p =12,0=3andx =15, .. Zu-_3._ —

o)

The values of the probabilities coresponding to Z are tabulated and can be found from the table. The
Standard Normal being a symmetrical distribution, the table for one half {the right half } of the curve
is sufficient for our purpose The table gives the probablhty of Z bemg less than equal oa pamcular
value.
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Consider the following diagram depicting the standardised Normal curve denoted by N(O 1). The
probability of Z lying between 1 and 2 can he representcd by the area under the curve between Z
values of 1 and 2; that is, the arca represented by FBCG in the diagram given below. '

>

) . i
E o F G :

Because of the symmetry, the area on the right of OA = area on the left of OA = 0.5. If youénow look
up & ‘normal table’ in any basic Statistics 1ext book; you will find that corresponding t0.Z = 1.0 the
probability s given as 0.3413. This only implies that the area QABF = 0.3413, so that, |

P(Z<1} = 0.5 + .3413 = 0.8413, the area 10 the left of OA beng 0.5. :
Similarly, coresponding to Z = 2.0, we find the value 0477@0)&@6 =04772).
This implies :

P(Z<2) = 0.5 + 0.4772 = 09772 | O

~. If we are interested in th shaded area FBCG,?@ thai, FROG « AreaQACG

- Area OABF = 04772 - 03413 = ().mQs
w PSZ<2)=0.135, :

'ﬁ;e area, hence the probability, (@ndmg to a negative value Z can be found from symmetry
~Thus, we have the area OADE = the area QABF = (.3413. ;
S P@ES-1)=05-03413=0.1587. - o
Rclummg 1o our example we are interested-in finding the probability that the project duranon 15 less
an. or equal io 15 days. Denoting the random variable by T, we know that Tis N {12, 3)

T-12  15-12
P(T S15) = P =)= P2s 1) = 0.5 +0.3413 = 0.8413.

' Similarly, if we were intercsied in undmg out the chances that the project duration will be between 9
and 15 days we can poceed in a similar way.

9012 T-—12 15——12] l
< - " o= i i

SPO<T<15= P { < <
_ ' 3 3 3

. _ I
P (172 1) = 0.3413 + 03413 = 0.6813 - | ‘
(Note that thm conflmwo”m earhcr statement that 68% of the values lie between + 1a lirnlt).
Normal as an Approximation to Binomial _
For large n and with p value arouﬁd 0.5, the Normal is good ap]jroximatinn for the Binonslial. The
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COMreSponding 1 and ¢ tor the Normal arc up and ) npg respectively. Suppose, we want to find the
prqhabﬂuy that the number of heads in a oss of 12 coins will lie between 6 and 9. From the prévibus
unil, we know that this pobability is cqual :o: : o

Y
DIRLONUEES
(= :
As such, this tedious calculation can be obviated by assurning that the random variable,
number of heads (¥}, is Noram! with mean = np and ¢ = Vipq. Here p=12X0.5=6
and o = VIZX0.5x0.5 = VI=1.732

* assuming H is N (6, 1.732), we can find the probability that H kes beiween 6 and 9.
The following continuity correction helps in betier approximation. insisad of looking
for the area under the Normal curve between 6 and 9, we look up the area beiween 5.5
and 9.5, i.e. 0.5 is included on either side.

55-6 H-6_ 9.5—6]

SCP(BI=sH=95) = P(
L P{- 289 < 2 2.02). |
From the table, correspending to Z = 0.289 and 2.062 we find the values 0.114 and .
0.4783. .

". the required probability = 0.114 + (1.4783 = 0.5923. Now you nuay check that bygI
using the Binomia! distribution, the same probability can be caiculated 23 0.5934.

1732 T 17320 1732

Fractile of a Normal Distributien

The convept of Fractile as applied to Normal Distribution isStes: found to be useful. |
The kth fractile of MN{y, v} can be found as follows. First@ the kth fractile of the
N{0,1). Let Z, be the K™ fractile of N(0,1).

By definision, F(Z) = K, (0 <K < 1}. O
Say, if 2, is the .975™ fractile of N(0,1}, then: _

T(Z,) = 0.975, F(Z < Z,) = 0.975 = 0.5 + 0.:?, |
From the table, we find that correspon@ﬁ 1.96, the probability is0.475. Hence -

Z, = 1.96. Now suppose that we are i in the .975% fraciile of N(50,6). If X,

be the required fractite, . :
i~ "
then =7y
3 : .

LKy mut+ 2w =50+ 1.9 x 6=61.76

From symmeiry, the . 025" fractile of N(50,0) can be seen tobe = 50-1.96 X6 = 38.24.

Activity F

A bal-bearing is manufactured with a mean diameter of 0.5 inch and a standard deviation in diameters
of .002 inch. The distribution of the diameter can be considered to be normal, the bearing with less
than .498 inch and more than 0502 inch are considered o be defective. What is the probability that a
ball-bearing manufactured through this process will be defective?

Activity G

- Suppose from the above exercise, you have found that the probability of a defective is 0.32. If the
bearing are packed in lots of 100 units and sent to the supplier, what is the pobability that in any such
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lot, the number of defectives will be less than 277 (The probability corresponding © Z value of 1,07
is 0:358.) g L S RN -

T P
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- 114 APPLICATIONS OF CONTINUOUS DISTRIBUTIONS

- The following two examples -illustrate the use of the Exponential and the Normal Distribution in
- decision-making. : ' ' -

Example 7

:A TV manufacturer is facing the proble'lﬁ' of selecting a suppliér of Cathode-ray tibe which is the
most vital component of a TV. Three foreign supplicrs, all equally dependable, have agreed (o
supply the tubes. The price per tube and the expected life of a tube for the three' suppliers are as

follows: . _ o

- Pfice/t[lbe O Expecled-éli.fe per tube
§uﬁpﬁer 1 : . Rsi? : S l?500 ]ilrs.
Supplier 2 : 000 : : 2b00 hirs.' .

Supplier 3

1500 4000 hs
The _m.anufacuxrer guaraﬁtees its_gus;mers that it will replace the TV set if the mbcéfails carlier than
1000 hrs. Such a replacement wilk cost him Rs. 1000 per tube, over and above the price of the tube,

~ Can you help the 'manufac'mrer to select a supplier?

Solution _ _ |
- The Expected cost per tube for each supplier can be. found as follows:
.Expectéd ¢ost per tube = price per tube + cxp(_e»cted replacement cost per ebe,

Expected replacement cost per tube is given by the product of. the cost of replacement and the .
probability that a replacement is needed. Both the cost of replacement and the probability| vary from _
supplier to supplier. We note that, a replacement is called for if the tube fails before 1000 hlrs., so that,
for each supplier we calculate the P (life of tube < 1000 hrs.) This probability can be calculated by _
assuming that the time between failure is exponential. Thus, p (t<1000) is basically ﬁ:xponential with

1 1 ) : :
m= 0 000" and for the three suppliers
T _ -
P(t1000/m= —— )= F,(1000) = 1710001500 = 486
| 1500
Pt=<1000/m= — . )= F,(1000) = 1-e-10002000 = 3935

g
and p(t<1000/m=-—-_".) = F.(1000) = |—e-1000:4000
| oo = FA(1000) = 1-¢ | 2212

198 -




Once the expecicd costs [ hoannpbior are known, wo can ke a decision based on the cost. The
calculations are shown m th ' ;

Supplicr Price . Cost per P Expected cost |
Number ‘tube Replacement 10604 hrs)) per tube

P C P E = (P+Cp)
1 - 800 1800 4886 1679.48
2 1000 2000 3935 1787

1500 1500 2212 2053

We find that for the supplier 1, the expecied cost per tube is the minimum. Hence the decision is to
select 1.

Example 8

A supplier of machined par(s has got an order to supply piston rods to a big car manufacturer, The
client has specified thal the rod diameter shoutd lic between 2.541 and 2.548 cms. Accordinglygthe
supplier has been looking for the right kind of machine. He has identified iwo mahcines, both of
which can produce a mean diameter of 2.545 cras. Like any other machine, thése machines are also
not perfect. The standard deviations of the dinmeters produced fiom the machine ! and 2 are 0.003
and 0.005 cm. respectively, i.e., mag P wey tham macking 2. This is reflected in the prices of
the machines, and machine 1 costs 3 lakhy i g 2. The supplier is confident of
making & profit of Rs. 100 per piston tod, howsver, a rod e i mean a loss of Rs, 40,

AN

The supplier wants to know whether he should go for the bgiter wie at an extra cost,

Solution

Assuming that the diameters of the piston rods @maduced by the wachining process is normally
distributed, we can find the probability of acceptan§gol o part if prodaced in a particular machine,

For machine 1, we find that the diameter ig
for machine 2, we find that the diameter ix

45, .003), and

NG 545, 005y,

1f > dernte the diameter, then :

2.541 = D =2 548, implies the rodi ooz
Probzbility of acceptance if a rod is
#2540 = 2.548)
e py 2541~ 2,545
=P = 003
=P(~12357Z=<))
= 4066 + 3413 = . 7479[from M|} tabie]
Hence probabilits of rejection = 1 - .7479 = 2521
Expected profit per rod if machine 1 is used
=100 X .7479 - 40 x .2521 = Rs. 64.706 ......... (1

Similarly, if machine 2 is used; we can find 1he expected protit per rod.

Probability of acceptance here
-p [2.54] —2.545

<7< 2.548 - 2..545)
005 005
=P - 8=D= .6)
C= 2HR1 + 2257 = 5138
Probability of rejection = 1 - 5138 = 4862,
Expeéted_ profit period if ma'chinc 2.15 wsed
=100 x .5138 - 40 x 4862 = Rs. 31.932 ... (2)
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Thus, from (1} and (2) we find that the expected polit per nart is more if machine 1 is used As
machine 1 costs 3.3 lakh more than machine, it will be profitable to use machine Il only if the
-praduction is more. '

We can find the beakeven poduction ]cvel as follows, ' ' |

Let N be the number of rods produced, for which both the machines are cqually profllablc

Then Nx(64.706 ~ 31.93) = 330,000 - . o . ]
~or; N = 10,069. -

This implies that it is advisable to go in for machine 1, only if the production level is higher than
10,070, (Note that we assume that there is encugh demand for the rods. S

Activity H

Suppose in Example 8, you have decided that machine 1 should be used for production. Assnme now,
that this machine has got a facility by which one can set the mean diameter, ie., onie can st the
machine to preduce any one mean diameter ranging from 2.500 to 2.570 cm. Once the machine is set
to a particular value, the rods are produced with mean diameter equal o that valpe and standard
deviation equal to 0.003 cmm. If the profit per rod and loss per TBJCCUO"I is same as n example 8,
‘what is the opumal machine sctimg? . | ’

.........................................................................................................................

.....................................................

.........................................................

,11.5 SUMMARY | . o

The function that specifies the probability distribution of a continuous random variab‘lé is cailed the

probability density function (p.d.f.). The cumulative density function (c.d.f.) is found liay ‘integrating
the p.d.f. from the lowest value in the range upto an arbitrary level x. As a continluous random
varaible can take innumerable values in a specified interval on'a real line, the probabilities are

expressed for interval rather than for-individual values. In this unit, we have -exa_milhed the basic
concepis and assumptions involved in the treatment of continyous probability distributicns. Two such

* important distributions, viz., the Exponential and the Normal have been 'presemedll Exponential
distribution is found to be useful for characterising uncertainty in machine life, length of telephone
calt etc., while dlmensnons of machined parts, heights, weights etc. found to be Nmmaqy distributed.
We have examined the properties of these p.d.fs. and have seen how probability calculations can be
done for these distributions. In the final section, two examples are presented o 1llusq|ale the use of .

- these distributions in decision-making. |
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UNIT 12 'DECISION THEORY

Objectives
After reading this unit, you she.1d be able 1o.:
* structure a decision problem involving various alternatives and uncenainties in outcomcs
- = apply marginal analysis for solving decision problems under uncertainty _ -
* analyse sequential problems using Decision Tree Approach
» appreciate the use of Preference Theory in decision-making under uncertainty
* analyse uncertain situations where probabilities of outcomes are not known

Structure

12.1 Introduction

- 12.2 Certain Key Issues in Decision Theory

12.3  Marginal Analysis

124 Decision Tree Approach o

12.5 Preference Theory ' -
12.6 Other Approaches : '
127 Summary

12.8 Further Readings

) A N
12.1 INTRODUCTION | o \)

In every sphere of our life we need to take vag usg decisions. The ubiquity of decision.
problems, together with the need 1o make goodé%ls, have led many people from different time
and fields, 1o analyse the decision-maki rocoys. A growing body of literature on Decision
Analysis is thus found today. The analy. with the nature of the decision problem, so that any
classification base for decision problems prowjdes us with a means to segregate the Decision Analysis
literature. A necessary condition f istence of a decision problem is the presence of alternative
ways of action , Each action leads to sequence through a possible set of outcome, the information
on which mlghl be known or unknown, One of the several ways of classifying decision problem has

been based on this knowledge about the information on outcomes. Broadly, two classifications result:

a) The information on outcomes-are deterministic ancl are known with certainty, and _
~b) The information on outcomes are porbabilistjc, with the probabilities know or unknown,

The former may be classified as Decision Makmg under certainty, while the latter is called Decision

Making under uncertainty. The theory that has resulted from analysing decision problems in uncertain

situations is commonly referred to as Decision Theory. With our background in the Probability |
Theory, we are in a position 10 undertake a sudy of Decision Theory in this unit. The objective of this |
unit is to study certain method for solving decision problems under uncertainty. The methods are |
consequent to certain key issues of such problems. Accordingly, in the next section we discuss the

issues and in subsequent sections we present the different methods for resolving them. -

12. CERTAIN KEY ISSUES N DECISION THEORY

Different issues arise while analysing decision problems under uncertain conditions of outcomes.
Firstly, decisions we take can be viewed either as independent decisions, or as decisions figuring in
the whole sequence of decisions that are taken over a period of time. Thus, depending on the planning
horizon under consideration, as also the nature of decisions, we have either a single siage decision
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problem, -or a sequential decision problem. In real life, the ‘decision maker provndesL the com-
~monthread, and perhaps all his decisions, past; present and futare, can be considered to be | equential. -

* The problem becomes combinatorial, and hence difficult to solve. Fortunately, valid assulmpuons in

most of the cases help to reduce the number of stages, and make the problem fractable. In Unit, 10.
we have seen a method of handling a single stage decision problem. - The problem was estenually to

e find the number of newspaper copies the néwspaper man should stock in the face of uncertain = -

“demand, such that, the expected profit is maximised. A critical examination of the method tells us that
the calculation becomes tedious as the number of values the derand i is takmg iricreases. Y|0u may try
the method with a descrete distribution of demand, where demand can take valaes from.31 to 50.
Obviously a separate method is called for. We -will be presenting Marginal ‘Analysis for solvmg such

 single-stage problems. . For sequential decision probelms; the Decision Tree Approach is I?clpful and

- will be.dealt with: in a later section. - The seond issue arisés in terms of selecting a criterion for -

deciding on the above situations. Recall as to how weé have used "Expected Profit' as a cnteﬁon for our
decision. In both the Marginal Analysis and the Decision. Tree Approach, we will be usm the same
criterion. However, this criterion suffers from two problems. Expected Profit or’ or “expected’
‘Monetary Value (EMV), as it is more commonly known, does not take into account the decision
maker's attitude towards risk. Preference Theory provides us with the remedy in thlsl}onlext by
‘enabling us to incorporate risk in the same set up. The other problem with Expected Mongtary Value
is that it can be applied only when the probablhues of outcomes are known. For problems| where the
. probabilities are unknown, one way out is to assign equal probabilities to the cutcomes, and then use
. EMV for decision-making, However this is not always ratlona.l and as we wxll find, other criteria are
: avallable for deciding on such situations. S '

Eor lhe purpose of this unit, we will be discussing the issues rais_ed above,
This will be athieved through a study of the following: b | p |
. Marginal Analys:s for smgle stage: decision prob] '
‘Decision Tree Appoach for sequemial decision pm
' .Pret‘erence Theory

- Other approaches for problems wheb1 ities are unknown B

o In the subsequent sections we take yp thegpove in the order presemed

.*h'.-n-!#‘*.:'—*

' Aclwny A

Suppose you have the option of mvestmg either in Project A or in Prolect B. The oulcorr es of both'
_the projects .are uncertain, -If you invest in project A, there is a 99% chance of making|Rs.20,000 -
-profit, and a 1% chance of losing Rs.1 ,00,000. If project B is choosen, there is a 50-50 chance of

making a proﬁt of Rs 6 000 or Rs 18, 000. Whlch pro;ect will you choose and why .

Actlvlty _ )
: Suppose in Exermse I, you have calculated the expected payoff (EMV) for both Lhe pro;ect as folloyvs_.'. '

-EMVQ-;'.99 -X'zo;ooo;_oi-_x 1,00,000 = Rs. 18000
EMV, = 5X 6,000 — 5 X 18000 =Rs 12000

You have: thus found that by mvestmg in pro_lect A you car expect more maoney, $0 you ha ve chosen
A. Your frlend when- gwen the same optlon chooses B argumg that he would not hke to g0 bankr'upt i




{losing 1 Jakh) by choosing A. How do you reconcile these two arguments?

12.3 MARGINAL ANALYSIS

In Unit 10, we have seen how expected value can be used while deciding on one alternative from
among several alternative courses of actions, cach of which is characterised by a set of uncertain
ouicomes, It is easy to see that the computations become tedious as the number of values, the random
variable can take, increases. Consider the example of the newspaper man discussed in section 10.4.
Instead of six valucs of the demand that we have assumed there, if the demand could take say, twenty
values, with different chances of occurrence of each value, the computation would become very
iedious. In such cases, marginal analysis is very helpful. In this section, we explain the concept
behind this analysis. -

Consider Example 1 in sectton 10.4 with the following change. Let us assume that the newspaper man
has found from the past data that the demand can take valuesganging from 31,32.......... te 50. For
easy represeniation, let us assume that each of these valocg haf\got an equal chance of occuorence
viz,, 1/20. The problem is to decide on the number of copidjoBe ordered.

Marginal Analysis proceeds by examining whether o @ y an additional unit is worthwhile or not.
Thus, we will order X copies, provided ordering the @by is worthwhile but ordering the (X+1)*
copy is not. To findout whether ordering X co is worthwhile, we note the following. Ordering of
the X* copy may meet with two consequcnces%ing on the occurrences of two evenis:

A The copy can be sold.

B The copy cannot be sold.

The X™copy can be sold only if g and exceeds or equals X, whereas, the copy cannot be sold if
the demand turns out to be less than X. Also, if event A occurs, we will make a profit of 50p. on the
extra copy, and if event B occurs, there will be a loss of 30p. As this profit and loss pertaing 16 the
additional or marginal unit, these are referred to as marginal profit or loss and the resulting analysis is
called marginal analysis.

Using the following notations

K = Margina'l profit- = 50p.

K, = Marginal loss o= 30p.

P(A) = Probability (Demand 2X) = 1 — Probability (Demand < X — 1),

P(B) = Pobability {Demand < X} = .Pro'bability (Demand <X—1)

We can write down the expected marginal profit and expected marginal loss as :
Expected Marginal Profit = K, P (A) |

Expected Marginal Loss = K, P (B}

Ordéring the X* copy is worthwhile only if the expected profit due te it is more than the expected
loss, so that: : ' ’

K, P(A)2 K,P (B),

" Now, if F (D) denotes the c.d f. of demand, then by definition, Probability

Demand < (X — 1)+ F (X = 1)
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Hence, K, [1-F (X-1]) > KF (X-1)
of; K, —K, F (X—1) — K,F(X—1)20

. K
or; F(X-1) € ———— __......... (Condition 1)
- K +X

Thus, if condition 1 holds good, it is worthwhile to order the X COopY.

If the optimal dwision is 1c order X copies, then ordering the (X+1)* copy will not be worthwhite, i.e,
the expected marginal profit due to the {(X+1)" copy should be less than the expected loss.

Proceeding with the analysis in the same-way as above, we have:
Expected Marginal Profi K, Pobality (Demand > X +1)
| - K, [1-F(X)]
Expected Marginal Loss K, F(X)
. For the (X+1)* copy : K, (1-F (X) < K, F (X)

. ) B K
From conditions (1) and (2) and the definition of Fractile, 1t is clear that X will be the (_F ! < )l
. *1 + 2

i}

the fractile of the Demand distribution.

Thus, for our problem, given the above result, all that'we have to do is to calculateK = (——* s

K +K

and find the K™ fractile of the distribution, which will give us the required answer. b

In our problem:

K =S—-§- = .625 and the .625% fraciile is 43, 0
S, : :

= The optimal decision is to order 43 capies. Q

We can verify.quickly that in the problem given in seBn 104, the 625" fractile of the demand
distribution is 33. So the optimal .decision 1he order 33, which is the answer that we havc_ :
obtained there, ' '

The above shows hew marginal analysi@ﬂx in arriving at the optimal decision with Lery little
computation. This i cspecially usefil wheMthe random variable of interest takes a large number of
values, Though we have demons%is for a discrete demand distribution the same lo%ic can be
shown to be applicable for continuo iributions also. Instead of the distribution we have taken, if
we would have assumed that demand is normal with a specific & and o , then also the same K&
{ractile of N (1,5} would have given us the optimal decision. a

Activity C
The demand for a particular perishable item is known to be N {50,6). The cost of understocking(K. ),

and the cost of overstocking (K, per unit is now to be Rs.20 and Rs.1 respectively. How much of
the item should be stocked to minimise the cost due to understocking and ovestocking?

(Note the understocking implies stocking less than what is demanded, the loss being in terms of
contribution, while overstocking implies stocking more than what is demanded, and hence, there is the
cost of not being able to sell. These are K, and K, respectively as discussed in the next. '

12.4 DECISION TREE APPROACH

In the earlier section we have seen o single stage decision problem. Quite often the decisioh maker
bas to take decisions in a sequence,, the decisions, coming later in the sequence being dependent on
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those coming earlier. The sequence is cither built-in, or it is possible to engineer such a sequence for
a better decision. For example, consider the periodic production decision for a certain item with
uncertain demand(say, refrigerator); for each period, a decision on the number of units to be produced
is to have a number of decisions for each period, with intervening. uncerainties in outcomes for each
decision between any two periods. In such cases, the séquece is buili-in,

* In contrast to the above, we find situations, where the time-frame of decisions are such, that before
going for the final decision, it is possible to go for a method for generating exira information that will
facilitate the final decision. For example, before deciding on marketing a product nationally, one can
decide on Test Marketing. Similarly, in a production situation, where a machine produces an
unknown percentage of defectives, one may have an option to buy a special atttachment that helps Lo
produce a known low fraction of defectives. The trade-off then, is between not buying the attachment
and thereby risking a high percentage of defectives, of buying the attachment at a cost, to safeguard
against the risk. An infinite sequence of decisions can be engineered in this case by allowing
sampling from the current process, io ascertain the percentage of defectives. Thus, at each stage we
can have two alternatives, '

a) buying, and
b} not buymg and samplmg

This can go on till we decide to siop sampling due to some reason (e. £ bamplmg cost becomes
prohibitive.)

Tbe Decision Tree Approach provides us with auseful way to analyse such sequential decision
problems, We illuséeate this approach through an example. oil drilling example has been a
favourate of many authors. We have taken the following @ from Management Decision
Science by Berryet al., with some modifications,

Example 1 .
Consider the decision of drilling for oil in a parti region, confronting our decision maker. The
chances of getting oil in the region as per the geo eprot is known w0 be 0.6 To start with, the

and not getting oil, in terms of cash left ision, are known 1o be Rs.5 lakh and Rs.40,000
respectively. The decision maker has got anption to undertake a seismic test that will increase his
knowledge about the ¢il content of @ sgion. The test will cost him Rs.5,000; however, the benefit
in having the test is that, if oil is actua 0 ere the iest would predict it corvectly for 90% of the time,
and if there is actually no oil, that would be predicted correctly for 70% of the time. What should we
do and why? .

decision maker has got Rs. 1.5 lakh. The @12 es of drilling and getting oil and that of drilling

“The first step is to structure the decision problem. In decision Tree Approach a square " [ |"is used
(o denote an action or a decision point, and a circle * (" is used to illustrate the point of uncertainty.
First the alternatives of courses of action are shown as emanating from the decision point and then
corresponding to each decision, the possible outcomes are shown emanating from the uncertainty
point. The probability and consequence for each outcome are listed by the side of the ouicome. The

" resulting diagram is calfed a Decision Tree. For our example, we have to start with two possible
actions:

1. Take the Seismic Test
2. Do not take the Sgismic Test.

. If the test is taken, the test may say that there will be oil, or it may say that there will not any oi.
. These cutcomes are uncertain as the test is not a perfect test, Once the test outcomes-are known, the
. decision maker has again to decide on whether to drill or not. The outcomes corresponding to each
decision are once again known here. Similarly, if it is decided that the test is not to be taken, one has
 to still decide on whether to drill or not.

- The Decision Tree, thus, can be drawn as follows:
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The consequences show beside each outcome are in thousand rupces.

The second step is to write down the probabilities corresponding to each outcome.  If the test is not
taken, the chances of finding oil is given directly by the geologist's report as 0.6, Therctore, the
chances of not getting oil, = 1- 6 = 4. These can then be written comesponding i each of the
outcomes with consequences of 500 and 40 thousand, However, once the test is taken, tﬁ{, chances of
the test saying positive (presence of oil) or negative ( no oil) is dependent on the predrr,u ve capabikity

of Lhe test, and has 10 be calculated. Similarly, the probabilitygof fmdmg o0il given that test has yielded
positive results is expected (0. be more than 0.6. These agd re probabitities are to be calcuiated
also. The probability calculations can be done by using B hecrerm discussed in section 9.5,

Using the same notations, we find two mutually ex @ and collectively exhaustive events A and B
as follows:

A : find oil | ?s

B : find no iil. |

The other events defined in the comeQRsame experiment are:
C: Test says oil is there (posil@lts) : '

D : Test says no 0il is there (negai¥e resﬁlts)

The daia given to us are:

P (A) = Probability of finding oil = 0.6

P (B) = Probability of not finding oil = 0.4
P(C/A) = Probability test predicts correctly when oil is actually there = (.9

P(D/A) = Probability test predicts incorrectly when oil is actally there = 0.1
P(D/B) = Probability test predicts correctly when actually oil is not there =07
P(C/B) = Probability test predicts incorrectly when actually no oil is there = 0.3

We are interested in finding:

PCy = Probability that test says oil is there.

PD) = Probability that test say$ no oil is there. _
P(A/C) =  Probability of finding oil, given positive test results. i
P{A/D) =  Probability of finding oil, given negative test results. |
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P(B/C}) = Probability of finding oil, given positive test results.
P(B/D) = Probabitity of finding oil, givea negative test resulis.

We have Bye's Theorem:

P(C/A)} X P(A) 0.9x0.6

PAIC) = = — ———— = I8
P(C/A) P(A) + P(C/B) P(B) 9% 6+ .3x .4 :
P(C/B) x P(B '
P(B,’C) = ( ) x ( ] = _MX—A = 82
P(C/B) P(B} + P(C/A) P(A) 3% 44+ .9% 6
P(D/A) x P(A X .6 '
P(A/D) = \D/A) x P(A) = X0 L 1
P(I/A) P(A) + P(D/B) P(B) AX.6+.7x .4
P(D/B B) o
P(BD) = (D/B) x P(B) S h N 824

P(D/A}P(A) + P(D/B) P(B} AX 6+.7% .4

We also know that,

PICy=PC/AY PA) + PC/BIP(BY=9X 6 + 3 X4 = 66

P(D) =P(D/A}P(A) + P(D/B)P(B)=.1X 6+.,7X 4=34

[Check P(C)+p(D)=1,P (A/C)+ P (B} =1, P(A/D} + P (B/D) =1]

These probabilities are incorporated in the decision iree diagram NIhe final siep consists of finding -
the Expected Monclary Value {EMVY for the decisions, We Sarttom the north east corner of the
diagram and "fold back” the tree as follows:

The extreme Northeast decision is "to drill" with the (cs of finding oil or not finding oil with
chances of occurrence of .818 and .182. The guegective contributions are Ks. 495000 and ; Rs.
35,000, - EMV of decision to drill = 4,95,000?’@ + 35,000 x .182

oil, it is better 10 go for dritling, sorresponding expected pay off in that case is Rs.4,11,280.

. = @: 1,280,
This being greater than the pay ofq‘ ue oWl drilling (1,45,000) we can say that once the test says

Similarly, when the test says no oil, we find that "not drifling” is a better option than "drilling", as the
expecled pay off in the former is more (Rs. 1,45,000) vis-a-vis the latter ( = 176 X 455 + 824 X 35
= 1159601,

The carlier diagram is thos reduced as shown:

Test saysoil - 4,11,280
66
Take seismic test
é7< : 1,45,000

Test says no oil—
34
Don'ttake test~3,16,000

If test.is not taken, the cxpected payoff of drilling is:
500 X 6 +40 X 4 =3,16,000

This being greatér than not drilting (1,50,000) it is better to go for drilling if the test has not been
taken. ‘This is shown in the diagram. We now catculate the EMV of taking a seismic test:
56 X 4,11,280 + .34 X 145,000 = 3,20,745

Therefore, as this payoff is more than what one can expect if the test is not taken_it is better 1o take the
test.
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|
Hence, the clcc1smn is to "Take the Test". If the test result says no oil then one should no drill, and
if the test result is positive onc should drill. This decision will maximise the EMV.
Activity D !
ABC company is a small time manufacturer of L.P. records: The business is almost a ,monopoly of
another Calcutta Based company (XYZ), and ABC's ability to survive so far may be attributed to their
able and experienced Managing Director Mr. A As all the topmost artists are under {he contract of
XYZ, ABC's.strategy has been to get hold of new faces for recording Mr. A's intuition ih this respect
has proved uscful. He has been actively participating in recruiting ncw faces, and he ibelicves that
aprion 70% of his recruits stand the chance of being successful nationally. Once a new face is chose,
a tape is cut and an initial production of 5,000 records is undertaken for tesi dek(i[l]lg.i It has been
found that when the recruit is actually success nationally, test marketing would have predicied the
outcome 90% of the time, and when the recruit is acivalfly a failure nationally, the ou'rcomc would.
have been predicted 70% of the lime. Based on test marketing results, the decision to go for national
marketing is taken up. National maketing involves a production of 50,000 records. The!artist is paid
a sum of 5,000 once a tape in cut. The variable cost per record for production run Of 3,000 and
50,000 works out to Rs.13 per record and Rs.10 per record respectively and the selling pm,e is Rs.40
per record.

Mr. A is thinking of entering the ghazal market, and has currently rccruited a ghazai singer, He
feels that the prediction capability of test- marketing will be on the lower side for ghazals. His
estimate 15 that the test marketing would predict a success, when it is actually a success for only 70%
of the time (as against 90% earlier) and in case of failure, it would predict correctly onty 60% of the -
time {as against 70% earlier). Given the low prediction cgpability, he i is wondering whether it is
worthwhile to go for test ma.rkelmg at all. :

success in case of test' or National
records respectively, whereas a failure in °
Lrposes. i

12.5 PREFERENCE THEORY

So far, while deciding on an action, we have used the criterion of maximising the EMV|or expected
payoff. This does not take into account the decision maker's anitude towards risk. If a! lfcompany is
financially weak, it may decide not to use the EMV maximising action, if their is cven a small chance
of going bankrupt following that action. Preference Theoy helps us in such situations by: providing a
- systematic way of measuring -the consequences on a preferences scalc, that reflects the decision
maker's attitude towards risk. The objective of this section is to illustrate how prcwrem.é theory can

be used for decision-making, - i

The procedure consists of ehcmng information from the decxslon maker {d.m.) on lus certainly
equivalents™ (CE) corresponding to each altemnative: CE of an alternative being the amoum he is ready
lo exchange for the uncertain consequences of the particular altemative. For example, con51der any
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alternative of investing in a project, the possible outcomes of which are (2) net loss of Rs.1,00,000
with probability 0.1, and (b) nei gain of Rs.20,000 with probability 0.9. Now, if the d.m. is risk
averse, he might not like cven the small odds of losing 1 lakh, and he might be content in having an
alternative paying him a cerlain amount of Rs.5,000 as against the above-(EMV of above = Rs. 8,000).
You can imagine that this investment gamble is the exclusive right of a class of people, and our d.m.
is one among them. Thus, if this exclusive right is allowed to be sold to other people, the d.m. is
ready to sell it for Rs.5,000. The difference between the EMV and the CE is defined as the risk
premivm, Here CE is Rs. 5,000; hence the risk premivm is Rs.3,000.

As the number of alternaiives increase, it hecomes difficult to collect preference information in this
way. The prefcrence curve, which is a plot of the monctlary value (X-axis) and the preference (Y-axis).
is then obtained as foilows. First, the best and the worst consequences corresponding to any decision
are wdentified. The preference values of 1 and 0 are then given corresponding Lo the best and worst
consequences respeclively, giving us two points in the Preference curve. The step for obtaining the

. sequences poinls are given below,

Let Rn = Consequence corresponding to worst decision.
PR, = Preference corresponding w R = 0.
R, = Ceonseguence corresponding 1o ihe best decision,
KR = Preference corresponding o R = L

Step ¥ We find the d,ms CE of 30 -50 chance of getting Rs. R_or Rs. R, Suppose, he gives the
value Rs. (CE)

Step 2We find the preference corresponding to CE ie. P (&

14

Preference of an alternative is defined as the emati®l expeciation of preferences corre-
sponding to the consequences of the alternative. A § nce F (x) assigned 0 2 consequence X
implies that the d.m. is indiffercnt 1o having an anfegp# x for certain or having uncertain con-

sequences of (a) [1-p(x)] of Rs, R, and (b} P (achicving Rs. R,.
PCE)=5x0+05x 1 = 5

Step 3Now, we ask the d.m. as to wha n amount would make him indifferent 10 uncertain
consequences of Rs. (CE,} with p%ty .5 and Rs. R) with probability 0.5 Say, he says Rs.(CE,)

Step 4 We find P (CE,) =0.5 P (CE{4A.5pR)=.5x 5 +.5 x 1 =75

tep 5 We continue till sufficient values of p (x) corresponding to different x are generated, and the
curve of P {x) vs x can be drawn.

Once the preference curve is drawn, the preferences corresponding to each consequence of the
problem can be obtained. In the same decision Tree, the consequence can now he replaced by the
preferences and the criterion of maximising expected prefercnce be used for arriving at the decision,
We now illustrate the above through an example,

Example 2

Let us take Example 1 of the earlier section. Suppose the decision maker is not a player of fong-run
average (expected value). We want o get his preference curve for the problem, and arrive at the
decision that maximises his expected preference.

Solution _
We obtain Lthe Preference curve of the d.m. as follows:

Step 1 from the Decision Tree of the earlier section, we see the worst consequence = Rs.35,000 the
best consequence = Rs.5,00,000

QuéStion to d.m. : Supposc you have got a 50-50 chance of getting Rs.35,000 or Rs. 5,00,000; for
what certain amoum will you exchange it?

Answer : Suppose he says Rs. 1,00,000 i.e. CE, = Rs. 1,00,000
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Step 2

Question to d.m. : Suppose you have a 50-50 chance of gcmng Rs.1 lakh or Rs.5 lakh, for \nlhat certain
amount will you exchange it? !

Answer : CE, = Rs. 2 lakh
Stép 3 .

Question to d.m. What is your CE for a 50 - 50 chance of getting Rs. 2 lakh or Rs.5 lakh,.
Answer: CE, = Rs 2.5 lakh
Stl;.p 4 Continue questioning t¢ obtain CE values 1ill sufficient points are there to draw a|graph.
Step 5Calculate P.P,P, , the preference corrcéponding 1o CE, CE, CE, v
P =0X5+1X.5=25
P,=5X5+1X35=.75
P,=75X .5+ 1X 5= 875 et

Step 6Draw the graph of P vs.CE and look up the P values corresponding io the relevant
‘consequences. of the Decision Tree, Let us say, we get the preference valves as .03, 61. 63, 99
corresponding to the consequences of Rs.40,000, Rs. 1,453,000 Rs. 1,530,000 and Rs 4.,95,000
respectibvely. :

Step 7 We calculate the expected preferences, - _ ' '
Expected Preference for Dritling given that the test says oi . .
=.818 x 99 + 182 x 0= 805 ' 0 o
This is greater than the preference of not drilling R that test says. oil.

Similarly, if test says no oil, expected prefe f drilling (.174) is less than not dﬂllmg (61)
Hence if test says no oil, it is better not ilf ahd expected preference then is 61,
. Expected Preference of taking te x 809 + 34 x 61 =741,

The Expected preference of @ng the test is given by:
' ¥x1+ .03 x 4 = 612

Hence decision to take fest will maximise his expected preference, ie., In this case the. decision is
same as EMV maximising action. Though this need not always be true. '

. 1f test says oil, it is better o drill and exg ected Prefcrence in that case is .809.

Activity E

Draw the preference Curve for a decision maker who believes in  maximising EMV.! Consider

another decision maker who is risk averse. Will the Preference Curve of the Latter always be below
that of the former? Justify your answer. '

.......................

......................

----------------------

ooooooo
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'12.6 OTHER APPROACHES

In the foregoing scctions, we have assumed that the probabilities associated with the out comes are
known. In praciice, we find situations where it is not possible to make any probability assessment.
The EMV and preference criteria fail in such cases. The objective of this concluding section 1S (o
discuss some criteria that can be used under such circumstances.

Criteria when probability are not known.

a) Criterion of Pessimism : As the name suggests, the decision-making is based on pessimism, viz,
the assumption that whatever alternative is chosen the worst pavoff corresponding (o each allernative
is actually going to occor. A rational criterion for decision-making in such a case i3 10 maximise the
minimum payoff,

by Criterion of OptimismrA variani.of (a) here, over and above the maxunum of the minimum
payoll {say, M,_), the maximuni of the maximura payolt (Say M) is determined. Choosing i, would
mean compleie opiimistm {the oppasiie of choosing My Te i snggested that the doo find the
miaximum of wnd minimum payoff for each aliernative andtheiNgweigh ther by his coefficient of
oplimism io arrive at the expected payoll  fur each alterna The aliernative with maximum
expected payoff can then be chosen. Coefficicnt of QFuMgm lies between 0 and 1. I gives us the
degree by which the maximum payoif is favoured by & . vig-a-vig thic minimuem payoff.

¢} Criterion of Regret: Thé Criieria sicins {roy
as the final decision -on an allernative and

act that a regrel is built-in-the decision making,
¢ achl outcome aficr the decision has been taken, may
not match, A regret of zero occurs i malches, The regret can be measured as follows:
Consider our d.m. having two allernativeNfivestment proposals, the outcome corresponding o each
vroposal will be a failure or sucg cpending on whether there is an economic depiession or not.
The censequences are as follows’

\
Ouicome Depression No Depression
Al
1 : — 10 : 40
2 —b6 20

Thus, if alternaiive 1 is chosen, and a depression actualty occurs, then there is a cause for regret, as
choosing 2 would have meant a loss of only 6 (vis-a-vis 10, thus regret = 10-6=4, Similarly, if there
is no depression actually , and alt, 2 has been chosen, then a regret of 40-20 = occurs. Choosing
aliernative 1 and later finding no depression would mean zero regret. Thus, the regret matrix is found:

D . N.D.
1 . —4 0
2 -0 20
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NOw, a pessimistic stand is taken and the cirterion of minimising regret is used for decision. For each
alternative maximum regret is found, and finally the allernative with minimum value o[‘! maximum
regret is chosen. Thus, our d.m. would have chosen alternative 1.

d) Subjectivists” Criterion: The outcomes are assumed 1o be equally probable in this case, and EMV s
qused for decision. This 18 known as the sujectivisis' stand. ‘

The above four criteria are the best-known ones. Selection of the final criterion is purely subjective,
as the obvious by now. However, cach provides us with certain rationale and the d.m. can choose
any, depending on his own inclination. '

Activity ¥

Consider the following problem where the decision maker has three alicrnative cour_ses‘of action.
Corresponding to each action there arc possible outcomes, the probabililies of occurence’of which
are unknown. The monétary payoff in each case is given in the matrix below: ;

l
Ourcomes 0, 0, 0, 0,
A 1o 15 25 20
A, ©30 2(\ 45 15
A, : ' 25 X) 55 10

For example, if the decision maker chooses A, and Mome 0, ‘occurs, he will get Rs.10.

What will be the decision if the decision maker W the cirterion of pessimism? will this decision
change if he adopts the criterion of miniipéipg R regret? '

12.7 SUMMARY

Deciston Theory provides us with the (rame work and methods for analysing decision problems under
uncertainty. A decision problem under uncertainty is characterised by different alternative courses of
action and uncertain outcomes corresponding to each action. The problem can involve a single stage
or a multi-stage decision process. Marginal Analysis is helpful in solving single stage problems,
whereas the Decision Tree Approach is useful for solving multi-stage problems. In this unit we have
examined how these methods can be applied 1o solve decision problems, In this unit|we have
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examined the criterion of maximismg the Expected Monetary Value (EMYV). Thus EMV basically -
assumes the decision maker is rigk neutral. Preference Theory helps in incorporating the preference of

- the decision maker in the Decision Tree frame work. We have seen how instead of maximising the |
EMYV, we can maximise the expected preference, and thereby consider the decision maker's. attitude
towards risk. In the final section of this unit we have exctuded certain other criteria that are helpful in
lakmg decisions, when the probabilities of occurmece. of the outcomes are not known.
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BLOCK -4 SAMPLING AND SAMPLING
DISTRIBUTIONS _

This block comprises four units. The first unit deals with vanous aspects like rationale and fypes of -
sampling for managerial applications.

The second unit gives an insight into the concept of distribution aud discuss the sampling d:stnbutnon of
same commonly used statistics with some applications of the same.

The third unit systematically describes the basic conccpts of hypotheses design, and vse of the tests
concernmg statistical hypotheses.

The last unit gives you a clear understanding of the Chi-Square distribution and its role and significance
in testing of hypotheses and decision-making.
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UNIT 13 SAMPLING METHODS

Obijcctives
On successful completion of this unit; you should be able 1o:
*  appreciate why sampling is so common in managerial situations
» identify the potential sampling crrors :
+  list the various sampling methods with their strengihs and weaknesses
» distinguish betwcen probability and non-pobability sampling
* know when (0 use the proportional or the disporportional stratified sampling
+  understand the role of mylti-stage and multi-phase sampling in large sampling studies
+  appreciale why and how non-probability sampling is used i in spite of its theorilical wcakncsses
+ recogmise the factors which affect the sample size decision

i Structure
13,1 Introduction
132 Why Sampling?
13.3  Types of Sampling
13.4  Probability Sampling Methods
13.5 Non-Probability Sampling Methods
13.6 The Sample Size

13.7  Summary ' ' W

13.8 Self-assessment Bxercises :

13.9  Further Readings = '
o V

13.1 INTRODUCTION ?“

Let us take a look at the followin g five sit

ions 10 find out the common features among them, if any:
. 1) An Inspector from the Wej casures department of the govcrnmem goes 10 a uni
manufacturing vanaspat. gks up a smalt number of packed containers from the day's
production, pours cut the conWats from each of these selected containers and wet ights them
_ individually to determine if the manufacturing unit packing enOugh vanaspati in its containers.io

. conform to whalt is claimed as the net weight in the label.

i} The pesonnel depatment of a large bank wants to measure the level of employee motivation and
morale so that it can initiate appropriate measures to help improve the same. [t administers a
fuestionnaire to about 250 employees from different branches and offices ail over India selected
from a total of about 30,000 employees and analysis the information contained in these 250 filled-
in-questionnaires to assess the moral and motivation levels of all employees.

iit}y  The product development department of a consumer products company has developed a "new
: improved” version of its talcum powder. Before launching the new product, the marketing
- department gives a container of thé old version first and after a week - a container of the new version
10 a group of 400 consumers and gets the feedback of these consumers on various atiributes of the ‘
products. These consumer respenses will form Lhe basis for assessing the consumer perception
of the new talcnm powder as compared Lo the old talcum powder.

iv)  The quality control department of a company manufacturing fluorescent wbes chécks the Tife of
its products by picking up 15-of its tubes at random and letting them burn till each one of them
Jfuses, The life of all its products is assessed based on the performance of these 15 wbes.

v} ‘An industrial engincer 1akes 100 rounds of the: shop floor over a'period of six days and based on
these 100 obqervallons assesses the machine utilisation on the shop floor.

What is Sampling
On the face of it, there is htLle that is common among thc five situations described above. Each one refers
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10 a different functional area and the nature of the problem also is quiie different from one situation to
another. However, on closer observation, it appears that in afl these situations -one is Intcrcstecl in
measuring sotne attribute of a large or infinite group of elements by studying only a part ok that group.
This process of inferring something about a large greup of elements by studying only a part of it, is ref crred
to as sampling.

Most of us use sampling in our daily life. e.g. when we go to by provisions from a grocery. We might

- sample a few grains of rice or wheat to infer the quality of a whole bag of it. In this unit we shall study
why sampling works and the various methods of sampling available so that we can make the process of
sampling more’ efficient,

Some Basic Concepts : |

We shall refer to the collection of all elements about which some inference is to be made as mT population.
For example, in situation (i} above, the population is the setof 30,000 employees working in the bank and

- 1n situatton (ili), the population comprises of all the consumers of talcum powder in the country. '

~ Weare basically interested in measuring some characteristics of the population. Thiscould bethe average
life of fluorescent tube, the percentage of consumers of talcum powder who prefer the "new improved”
talcum powder to the old one or the percenlage of time a machine is being used as in situation (v} above. _

Any characteristic of population will be referred to as a parameter of the population. i

In sampling, some population parameter is mferred by studying only apart of the population, we shali refer
to the part of population that has been chosen as a sample. Sampling, therefore, refers to the process of
choosing a sample fom the population so that some inference about the pupulation can |be made by
studying the sample. For example, the sample in situation(ii) consists of the 250 cmployecs m different
branches and offices of the bark.

- Any characteristic of a sample is called a statistic. For examp mean life of the sample of 15 tubes

1n situaton (iv) above is a sample statistic

Conventionally, population parameters are denoted b 'k or capital letters and sample siatistics by
lower case Roman letters. There can be excep this formof notation, ¢.g. popu-la_tiorj proportions
is usually denoted by p and the sample proportidff by p. '

Figure I shows the concept of a popul g 2 sample in the form of the Venn diagram, where the
population is shown as the universal set dhd a sample is shown as a true subset of the population.. The
characteristics of a populauon a @ Al 1ple and some symbols for these are presented i in Tfable 1.

Fiwfe I : Population and Sample i

Population: sct of all itcms.

[ being-considered

Sarﬁp]e: set of items _
I chosen for stidy
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-explained later..

Table 1 : Symbols For Population' and Samples -

POPULATION SAMPLE
- Characteristic Parameter Statistic
Symbols : Population size = N sample size = n
Population mean =t Sample mean = x
Populationsd. =oc - Sample s.d. =

Population prdportion =p Sample proportion =p°

- Sampling is not the only process available for making inferences about a population. For small populations

» it may be feasible and practical, and sometimes desirable to cxamine every member of the population
¢.g. for inspection of some aircraft components. This process is referred to as census or complete

" cnumeration of the population.

13.2 WHY SAMPLING?

In the cxdmple sitnations given in section 13.1,above, the reasons for resorting to sampling should be very
clear, We give below the various reasons which make sampling a desirable, and in many cases, the only
course open for making an inference about a populatlon

Time taken for the studv

Inferring {rom a sample can be much faster than from a cgmplete efimeration of the population because
fewer elements are being swedied. In situation (iii) abov‘:ion 13.1, a complete enumeration of all
consumers, even if feasible, would perhaps lake so much at it 15 unacceptable for product launch
decisions.

Cost involved for the study _ '
Sampling also helps in substantial cost re s compared to census and as we shall see fater-in this

unit, a better sample design could redyeg the cBst of the siudy further. In many cases, like in situation (ii)
above in section 13.1 iL may be too though feasibie, 1o contact all the employees in the bank and
get information from them, : :

Physical Impossibility of Complete Enumeration

In many situations the element being studied gets destroyed while being tested. The fluorescent tubes in
situation (iv) of section 13.1 , which are chosen for testing their lives, get destroyed while being tested.
In such cases, a complelc enumeration is impossible as there would be no population lefi after such an -
enumeration. '

' Practical Infeasibility of Complete Enumeration

Quite often itis pracitcally infeasible to do a complete enumeration due to many practical difficulties. For
example, in situation (iii) of section 13.1, it would be infeasible to collect information from all the
consumers of talcum powder in India. Some consumers would have moved from one place o another:
during the period of study, some others would have stapped consaming talcum powder just beforé the
period of sludy whereas some others would have been uses of talcum powder during the period of study
but would have stopped using it some time later. In such siluations, although it is lheorcucally possible
to do a complete enumeration, il is practicatly infeasibie to do so.

Enough Reliability of Inference based on Sampling

' In many cases, sampling provides adequate information so that not much additional reliability can be
. gained with complete enumeration inspite of spending large amounts of additional money and time. It

is also possible to quantify the magnitude of possible error on using some lypes of Sdmplmg as will be
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Quallty of Data Collected :

For large populalions, complete enumeration alse suffers from the possibility of spunous orunreliabledata
collected by the enumerators. On the other hand, there is geater confidence on the purity of the data
collected in sampling as there can be betler interviewing, better lrammg, r and supervision of enumerators,
better analysis of missing data and so on. ‘

Activity A
When would you prefer comp}etc enumeration 1o sampling ?

Activity B _ ' ‘
Namie two decisions in cach of the following functional areas, where sarmpling can be of vse.

Fenctional Area Decision ‘
Manufacturing 13 Inspection of components
Personnel 1}

. VD
Markcting o _ | 1) . ' ‘
2) O |

Finance ' 1) !
__ 2 ¢ | |

13.3 TYPES OF SAMPLI

There are two basic types of sampling€pending on who or what is altowed w govern the selection of the
sample. We shall call them by the names of probability sampling and non-probability sampling.

‘Probability Sampling

In Frobability sampling the decision whether a particular clement s included in the sample or not, is-
governed by chance alone. Al probability sampling designs ensure that element in the population has
some nonzero probability of geuting mcluded in the sample. This would mean defining 4 procedure for
picking up the sampie, based on chance, and avoiding changes in the sample except by way of aipredefined
process again. The picking up of the sample is therefore totally insulated agianst the judgement,

procedurcs tend 10 become rigorous and at times quite time-consuming to ensure that each élemem has
a nonzero probability of getting included in the sample.. On the other hand, when probablhty sampling
designs are used, it is possible to quantify the magnitude of the likely crror in inference made and thisis -
of great help in many situations in huilding up confidence in the inference.

Non-Probability Samping : ;
Any sampling process which does notensure some nonzero probability for each element in the| popu]atlon

~ tobeincluded in the sample would belong to the category of nom- prob'lbl]lty sampling. Inthiscase samples

[
may be picked up based oo the judgment or convenience of the enumerator. Usually, the complete sample

is not decided at the beginning of the ‘;Ludy but it evoives as the study progresses.

However, the very same factors which govem the selection of a sample e.g. JudngCIll or -::4nvcnmncc

can also introduce biases in ihe study. Morcover, there is no way that the magnitude of errors can be
quantilicd when non-probability sampling designs are usad.

Many limes samples are selected by interviewers or enumerators “at random” meaning that the aclual
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~ sample sclection is left to the discretion of the enumerators. Such a sampliﬁ g design would also belong
10 the non-probability sampling category and not the category of probability or random sampling.

13.4 PROBABILITY SAMPLING METHODS

In the catcgory of probability sampling, we shall discuss the following four désigns:

i) Simple Random Sampling '

i} Systematic Sampling

iiiy  Swuatified Sampling

viy  Cluster Sampling _

Omne can also use sampling designs which are combinations of the above histed ones,

Simple Random Sampling _

Conceptually, simple random sampling is one of the simplest designs and can work well for relatively

small populations. However there are iuany 'practicai problems when one wies to use simple random
sampling for large populations.

Whatis simple random sampling?: Supposc we have apopulation having N elements and that we want
to pick up a sampie of size n (<N). Obviously, there are many possible samples of size n.

Stmple random sampling is a process which ensnres that each of the samples of size n has an equal
probability of being picked up as the chosen sample.

As we shall see later in this section this also implies that under 8§ pk random sampling, cach element
of the population has an equal probabilify of getting ing in the sample.
All other forms of probability sampling use this basic ¢ of simple random sampling but applied 10

a part of the population at a time and not to the opulation.
Let us consider a small example to illustrate ghat sigple random sampling is. Our population is a family

of five members, two adults and three chi iz, A.B,C,D and E respectively. There are 10 different
samples possible of size three as listed in Taple 2 below. As we have shown in the same Table, if each
of the {0 samples has an equal proly of 1/10 of being picked up, this implies that the probability that
any particular element, say-A or B, uded in the sample is tne same.

N . ' : :
In general, there are {'n } different saniples of size n that can be picked up from a population of size
N.

Simpile random sampling ensures that any of these samples has the same probability of being picked up

~ Table 2 : Simple Random Sampling
Popaulation of size 5: {A,B,C,.D and E)

LetP [ABC] be the probability thatthe sample of size 3 containing elements A,B and C, is chosen. Simple
Random Sampling ensures that '

PABCI=1/10 - P [ADE] = 1/10
‘PIABD]=1/10 ~ PBCD)=1/10
P [ABE] = 1/10 . ~ PIBCE]=1/10
P[ACD] = 1/10 . P [BDE] = 1/10

P [ACE] = I/10 P [CDE] = 1/10
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"~ Probability that element A |
is in the sample P(A) = PIABC| + P [ABD] + P|ABE] + P'ACD) +P[ACE] + P{ADE} = 6/10

" and P(B) = P[ABC] + P [ABD] + P|ABE} + P[BCD] + P[BCE] + P[BDE]= 6/10
- Similarly POy =6/10 _ s '
_ ' P(D) = 6/10 ‘
and P(E) =6/10

If we want to find the probability that element A (or any other clement for that matter) is included in the
sampie picked up, we have to find the number of different samples in which this element A accurs. There
are (n - 1) positions available in the sample (since one is occupied by A) which can be picked up from any
of the (N-1) clements of the population (since A is not available to be picked up) and so there are
() different samples in which element A occurs.

H (]

erefore, the probability that element A is included in
(N —~1) _ _
. n—1 = (N—1)! n! {(N—n)! ‘
the sample = — = - X : !
N m—1! N—! N! '
( ) H
n ‘
1
N

The fact that every element of the popilation has én gdtial probability of getting inclnded in the sample
is made use of in actually picking up simple rando % . :

Sampling with and without replacement : ave implicitly assumed above that we .Eye sampling
without replacement, i.e., if an element is pick%’qnce, itis not available to be picked up again. This
is how most practical samples are, bu condept, it is possible to think in terms of sampling with
raplacement in which case an ele_mem%n g picked up and included in the sample, i$ replaced in

the population so that it can be pipkged up Bgain,

. What is important for us to note stage is that even in the case of simple random sampling with
replacement, each element has an I prabability of getting included in the sample,

How is simple random sampling done?; It is imperative to have a list of all members of the population
before a simple can be picked up. Such an exhaustive list of all population members is called a sampling
frame.

Suppose we write the name of one such member on a chit of paper and have N chits in a bowi, one chit
for each member of the population. We can then mix the chits well and pick up one chit at randon to- .
represent one member of the sample, If we want a sample of size n, we have (o repeat this process n times
and we shall-have simple random sample of sixe n consisting the names of members appearing on the chits
picked. : : ' ' :

. Ttis easy to see that if we replace the chits in the bow] after noting down the name of the element, we will
have a simple random sample with replacement and one without replacement if we do not.

As the population size increases, it becomes more and more difficult to work with chits and one can
simutlate this process on a compuier or by using a table of random numbers. We can associate a serial
number with each member of our population and then instruct a computer to pick up a member from 1
| . through N using its pseudo-random number generator, This ensures that every number from 1 through
N has an equai probability of getting picked up and so the sample selected is a simple random sample.

We can alsouse atable of random numbersto pick up single random sample. In a table of rand!Lm numbers
there is an equal probability for any digit from 0 to 9 to appear in any particular position. In table 3 we

have a page of five digit random numbers containing 100 such numbers. The most im tthing in
using arandom number table isto specify to the minutes detail the sequence of steps that has been decided
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before the table is actually rcferred to. We shall dcmonstrate this wnh an examplc

Suppose we have a population of size 900 with each nhmbcr being givena serial number rangmg from 0Q0
. through 899 and we want to pick up a single random sample of size20, We proceed by defining a procedure,

1. Starting point and direction of movement. We may decide to start with the top left hand number
and consider the first threc digits (from left) as three-digited random number pickedupe.g. the first
number would then be 121. We also specify that we shall move down a column (o pickup further *
numbers e.g. the second number would be 073. If there is ne further number down the column, we
shall goto the top of the next column of five-digited numbers and pick up the first three digits (from
left) e.g. after 831 our next number shall be 651.

2. Checking the number picked up s in the range 000 to 899, we accept the number butif it is outside
this range, we shall discard it and pick up the next number - e.g. after the third number 703, we
discard 934 and the fourth member of the sampic would be 740. Similarly, if we are doing
sampling without replacement and a number is picked up again, it1s discarded and we move to the -
next three-digited number.

Using this process, if we want a sample of size 10, our sample would contain members with the
following number: 121, 073, 703, 740, 736, 513, 464,571, 379 and 412.

Simple random sampling in practice: Simpie random sampling, as deecnbed here, is not the most
efficient sampling design either statistically or economically in all practical situations. However, it forms
the basis for all other forms of probability sampling which are used on parts of the populal:on or sub-
population and not on the population as a wheic.

Table 3 : Table of five-digited randongnumbers

12135 65186. - - 86886 12976 79885
07364 - 49031 _ 45451 O 10724 95051
70387 53186 . 97116 32093 95612
93451 53493 564428 67121 ' 70257
74077 66687 394 33414 15685
73627 54287 : 596 05544 76826
51353 56404 74106 66185 23145
46426 12855 - 48497 05532 36299
57126 99010 29015 - 65778 9391}
37997 89034 79788 94676 . 32307
41283 42498 73173 21938 22024
. 716374 68251 71593 93397 26245
51668 47244 ' 13732 48369 . 60907
17698 - 32685 24490 : 56983 81152
12448 C 00902 07263 16764 71261
52515 93269 61210 : 55526 71912
43501 10248 34219 83416 © 91239
45279 19382 ' 82151 57365 84915
11437 98102 58168 61534 69495

85183 38161 22848 06673 35293

As mentioned carlier, in listing all members of the population viz.. a frame is required before a simple
random sample can be chosen. In many sifuations the trame is not available nor is it practical to prepare
the frameina litne and cost-effective manner. Obv 10usly under QllCh conditigns.simple random samplmg
is not a available sampling design.

Most large populations are not homogeneous and can be broken down into more homogeneous units. In.
suchconditions one can design sampling schemes which are statsticatly more etficient, meaning thatthey
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allow the same precision from smaller sample sizes.

Similarly by picking up members from geographically closer areas the cost efficiency of the sampling_
destgn can be improved. Clusier sampling is based on this concept.

The process of picking up a simple random sample 1hrbugh using a table of random numbers or any other
such aids as discussed earlier, is rather cambersome and not very purposeful tothe uninitiated|intervicwer.
Simpler forms of sampling over comes this handicap of simple random sampling,
Activity C

There are 20 elements in a population, each identificd by a letter of the English alphabet fro:m A through
T. Using the random number table given in Table, describe how you would pick up asample of size 5 when

sampling is done without replacement.

Systematic Sampling

Systematic samphng proceeds by picking up one element afl@d interval depending on the sampling

ratio. For example, If we want (o have a sample size 10 {tom a 1ation of size 100, our sampling ratio

would be n/N=10/100=1/10. We would, therefore, hafe 10%ecide where to start from among the first 10

names in our frame. If thisnumber happensto be 7 f lc,ﬂlcn the sampte would contain members

-having serial numbers 7,17,27 .................. 97giathe frame. It is to be noted that the random process
establishes only the first member of the sample %are pre-ordained automatic because of the known
ratio.

Systematic sampling the previous examPi wollld choose one out of ten possible samples 2ach starting
with either number 1, or number .nutber 10. This is.usually decided by dllomng chancc to play
its role — e.g. by using a table o numbers.

Sysiematic sampling is relatively nfuch easicr to implement compared to sunple random sampling,
however, there 13 onc possibility that should be guarded against while using systematic sampling-the
possibility of a strong bias in the results if there is any periodicity in the frame that paratlels the sampling
ratio. One can give some ridiculously simple example to highlight the point. Tf yon were making studies
on the demand for various banking transactions in a bank branch by studying the demand gn some days
randomly sclected by systematic sampling-be sure that your sampling ratio is not 1/7'or 1/14 etc.
Otherwisc you would always be studying the demangd on the same day of the weck and your inferences
-could be biased depending on whether the day selected is a Monday or a Friday and so on. Slﬂ[lllal']y, when
the frame contains addresses of flats in buildings all alike and having say 12 flats in one building,
systematic sampling with a sampling ratio of 1/6, 1/60, or any other such fraction would bias your sample
with flats of only one typc-¢.g. a ground floor corner flat i.e: all types of flats would not be members of
your sample; and this might lead 10 biases in the inference made.

If the frame isarranged in an order, ascending or descending, of some attribute then the location of the first
sample elcment may aflect the result of the study. For example, if our frame contains a list of students
arranged in a descending order of their percentage in the previous examination and we jrc picking a
systematic sample witha sampling ratio of 1/50. If the firstnumber picked is 1 or2, ‘then the sample chosen
will be academically much better off compared to another systematic sample with the first number chosen
as 49 or 50. In such situations. One should devise ways of nullifying the effect of bias of dl.lrc to starting
number by insisting on multiple starts after a small cycle or other such means. i

On the other hand, if the frame is so arranged that similar elements are grouped together, then systematic
sampling produces almost a proportional stratified sample and would be, therefore, morc‘ statistically
cfficicnt than simple random sampling.
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. Stratified Sampling

Stratified sampling is more complex than simple random sampling, but where aﬁplicd properly, stratifi-
cation can significantly increase the statistical efticiency of sampling.

The concept : Suppose we are interested in  cstimating the demand of non-aerated beverages in a
residential colony. We know that the consumption of these beverages has some relationship with the
family income and the  residing in this colony can be classified into threc categories viz. high income,
middle income and low income families. If we are doing sampling study we would like to make sure thai
our sample does have some members from each of the threc categories-perhaps in the same proportion |
as the total number of families belonging 1o that category-in which case we would have used propotional
sampling. On the other hand, if we know that the variation in the consumption of these beverages from
one family to another is relatively large for the low income category whereas there is not much variation
in the high income category. We would perhaps pick up a smaller than propostional sample from the high
income category and a larger than proportional sample from the low income category. This is what is done
in disproportional stratified sampling,.

The basis for using stratified sampling is the existence of strata such that each stratum is more

homogeneous within and markedly different from another stratum. The highe the homogeneity within
each stratum, the higher the gain in statistical efficiency due to stratification.

What are strata?:

The strata are so defined that they constitute a partition of the population i:e. they are mutually exciusive
and collectively exhaustive. Every elernent of the population belongs to one stratum and not more than |
one stratum, by definition. This is shown in figure 1 in the form of a Venn diagram, where three stata have
been shown.

astratum can therefore be conceived of as a sub-population which g homogeneous than the complete
population the members of a straturn are similar o eac gr and are different from the members of
another stratuin in the characteristics that we are meas

Figure II. A Populvxit three strata
51 N . . 53

Propovtional stratified sampling: After defining the strata, a simple random sample is picked up from
each of the strata. If we want to have a total sample of size 100, this number is allocated to the different
strata either in proportion to the size of the stratum in the population or otherwise.

If the different strata have similar variances of the characteristic being measured, then the statistical
efficiency will be the highest if the sample sizes for different strata arc in the same proportion as the size
of the respective stratum in the population.- Such a design is called proportional stratified sampling and
is shown in Table 4 below.

If we want (0 pick up a proportional stratified sample of size n from population of size N, which has becn
stratified to p different strata with sizes Nj, Ny ool No respectively, then the. salmplc sizes for
different strata, viz n, 0, ool will be given by :
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Table 4: Proportional Stratified Sampling

Stratam . No.cfElements " Sample ' Samplmg
~ No. ~ instratum - size ' _ Ratio .
@ oo N () 0 (ni/Np)
1 . C 200 B ) B - 1120
2 - 300 B & 1120
500 25 120
Total 1000 500 10

The strata and the samples from each slratum are shown in the form of 2 Venn d1agram in Figure IIIbelo'\':.r._ '
Where S, S e, refer to the stratum number 1, stratum number 2 etc respectlvely -

Flgure III Stratnf’ ed Samplmg

Sp

 Disprorpotional stratified sampling:

“If the different strata in the population have uneq[lal variances of the charactcrlsnc being measured, then |

the sample size aliocation decision should consider the variance as well. It would be logﬁal to have a- ;

.. smaller “sample from astratam where the variance, is smaller than from another stratum where|the variance

ishigher. In fact, ifg, %, 02,..... G arethe variance of thep strata rcspectwely, then the statlsucal' '
efficiency is the hlghest when .
I, = _1.12. _ o n S
No, . Ng, - NG, S ' i

where the other symbols have the same meaning as in the 'previous example. ‘

Suppose the vanances of the characteristic we are measuring were different for each of the strata of
- the earlier example and were actually as shown in Table 5. If the total samplc size was still restricted to
50, the statistically optimal allocation would be as given in Table 5 and one can compare this Table with
" Table 4 above to find that the sampling ratio would fall for Stratim - 3 as the vanance is smaller hereand
: would g0 up for Stratum - 2 where the variance is larger. : )

L
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Table 5: Disproportional Straiified Sampling

Stratum No.of ElementsStratum Stratum _ Sample ' Sampling

No. in Straturn Variance s.d. size ratio

(i) (N) .9 {(c,} {n) (n/N))

1 200 2.25 15 13 . 0.065
300 : 4.00 2.0 26 0.087

3 500 0.25 05 11 0.022

Total 1000 50

Straﬁfie_d Sampling in practice:

Stratification of the population is quite common in managerial applications because it also allows to draw
scparate conclusions for each stratum. for example if we are estimating the demand for a non-aerated
beverage in a residential cofony and have stratified the population based on the family income, then we
would have data pertaining to sach stratum which might be usefut in making many marketing decisions.

Stratification requires us to identify the strata such that the intra-stratum differences are as small as
possible and inter-strata differences as large as possible. However, whethera stratum is homogeneous or
not-in the characteristic that we are measuring e.g. consumption of non-zerated bever age in the family
in the previous example-can be known only at the end of the study sghereas strafification is to be done at
the beginning of the study and that is why some other vana%famﬂy income is to be used for
~ stratification. thisis based on the impiicit assumption that family i and consumplion of non-aerated

beverages are very closely associated with each other. assumplion is true, stratification would
increase the statistical efficiency of sampling. In man €5 it is not casy to find such associated
variables which can be used as the basis for stratificgtion and then stratification may not help in increasing
the statistical efficiency, although the cost of the st up due to the addtional costs of stralification.

Cluster Sanipiing

Let us take up the situation where we g interdsted in estimating the demand fo a non-aerated be\?eragc
inaresidential coleny again. Thecol jvidedinto 11 blocks, cailed Block a through block K asshown
in Figure. IV below.

Figue IV: Blocks in a residential colony

* We might use clusier sampling in this situation by treating-each block as a cluster. We will then select
2 blocks out of the 11 blocks at random and then collect infomation from all families residing in those 2
biocks.

Clustér vs stratum: We can now compare sampling with stratificd sampling. Stratification is done 1o
make the strala homogeneous within-and dilferent from other strata. Clusters, on the other hand, should

be heterogencous within and the different clusters should be similar to each other. A cluster, 1dcd]ly, 13
a mini-pepulation and has all the features of the population,
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The criterion used for stratification is a variable which is closely associated with the characteristic we are
measuring e.g. income level when we are measuring the family consumption of non-aerated beverages

‘ in the example quoted eartier, On the other hand, convenience of data collection is usually the basis for
cluster definitions. Geographic contiguity is quite often used for clusture definitions, like in Figure IV
above and in such cases, cluster sampling is also known as Area Sampling. ‘

There are very fewer strata and one require to pick upa random sample from each of the strata for drawing
inferences. In cluster sampling, there are many clusters out of which only a few are picked up by random
sampling and then the clusters are completely enumerated.

Cluster sampling in practice: Cluster sampling is used primarily because it allows for great economics ‘
in data collection cosis since the travel related costs etc. are smaller . Although it is statistically less
efficient than simple random sampling in most cases this deficiency may be more than offset by the high
economic efficiency that it offers, For example, Lo get a certain precision level one might need a sample ‘
size of 100 under simple random sampling and a sample size of 175 under cluster sampling. However
ifthe costof data collection is Rs..20 under simple random sampling and only Rs.5 under clugter sampling,
It would be cost-effective (o use cluster sampling. '
Cluster sampling is rarely used in single - stage sampling plans, In 2 national survey, a disjrict might be
. treated as acluster and cluster sampling used in the first stage to pick up 15 districts in the country. Some
other form of probability sampling like stratified samplmg cluster sampling etc. is then used togotoa
smaller sampling unit.

If a frame has (0 be developed, the cluster sampling allows us 10 save on the oosl of developing a frame
becange frames need 1o be developed only for the selected clusters and not for the whole Topulauon

Multi-State and Multi-Phase Sampling !

In most large surveys one uses multi-stage sampling whereghe sagpling unit is something larger than an
individual eiement of the population in all stages bui the find Egr example, in a national Eurvey on the
demand of fertilizers one might use stratified samplipg*he first stage with a district as a sampling unit
and the average rainfall in the district as the criterio.iﬁcalion. Having obtained 20 districts from
this stage, cluster sampling may be used in the cond #ie 1o pick up 10 villages in cach of the selected

disiricts, Finally, in the third stage, straufled may be used in each village io pick up frames in
each of the strata defined with land holding as g criterion. o

Multi-phase sarnplmg, on the other ha igned to make use of the information collccted inone phase
io develop a sampling design in asubscuent phase. A siudy with two phases is often called double:
sampling. The first phase of th ight reveal a relationship beiween the family consumpsion of non-
aerated beverages and the (amily e and this information would then be used in the sccond phase 10
stratify the population with family income as the ¢riterion. ‘

" Activity D
Using a calendar for the current year, identify a systematic sample of size 10 when the sampling ratio is
1/20. {Tomorow is the first possible member of the sample.) SaT '

......................................................................................................................................

R L L T T T Y NP R

Actlvlty E
A lot of debate is gom g onregarding the grant of statehood 10 Delhi. If youplantodoa saqlple survey of
3000 residents in Dethi on this question, what kind of sampling design: would you use? In Dethi, many
~colonies are posh and many others are poor and you believe that the responsc on statehood is highly
dependent oo the income level of the respondent.

13.5. NON-PROBABILITY SAMPLING METHODS

Probability sampling has some theoretical a'clvan[a'ges over noﬁ~pr0babi ]ily' sampling. The bias introduced
due to sampling could be completely climinated and it is possiblc to sct-a confidence interval for the
population parameter.that is being studied. In spite of these advantages of probability sampling, non-
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probabllu,y samp]mg is used quite lquuch) m many <:amplmg surveys Thls lS S0 because all are based _

on practmal con51dera110ns

-Probab1l|ty camplmg requires a list of d]l lhe samplmg unlts and l.hlS frame is. not avallable in many |

situations nor is it practically feasible to develop a frame of say all thi households in a city or zone or ward
acity. Sometimes the objective of the study may not be to draw-a statistical mference about the. populatJOn

but to get familiar with extreme cases or other such objectives. Ina dealer survey, our objective may be '

get familiar with the poblems faced by our dealers so that we can take some corrective actions, wherever
" possible. Probability sampling is rigorous and and this igour e.g. in selecting samples, adds 1o the cost of

the study. And finally, even when we are doing probability sampling, there are chances of deviations from - :

- the liad out process especially where some samples are selected by the interviewers at site-say after

reaching a village. Also, some of the sample members may not agree to be interviewd or not available
to be interviewed and our sample may trn outtobea non-probability sample in the strictest sense of the

term.

Convemence Samphng

In this type of non-probability sampling, the choice of the sample is left eompletely 0 the convcmence-
of the interviewer. The cost involved in picking up the sample is minimum and the cost of data collection
isalso generally low, e.g. the intervirwer can go to some retail shops and interview some shoppers while.

studymg the demand for non-aerated beverages.

However, such samplesccan suffer from exccsswe bias from known or unknown sources and also lhere .

i no way that the possible errors can be quannfled
Purposwe Sampling

In convenience sampling, any member of the population can Bg inchded in the sample without any
. restriction. When.some sestrictions are put on the possiplesinclusién of a mer_nber in the sample, the
‘sampling is called purposwe

ed tohave informaionon the population which
ing 1§ véry nseful when we want to ‘study rare events, or
hen the ob_leenve of the study is to collecta wide cross-

forsample selection. The experts are persons who
can help in giving us better samples. Such saz
when members have extreme positions, or 8
section of views from one extreme to the othd

Judgment Samphng In Judgmem samphng, the %éeme T opmmn of some experts forms the basis -

* Quota Sampling : Even when we al
representative of the population in somefined ways. This'is senght to be achieved ini quota sampling
. sg that the blas introduced by sampling could be reduced - :

_ If in our population, 20% of the members belong tothe hlgh income group.SO% tothe mlddle income group
afid 50% to the low income group and we are nsing quota sampling, we would specify that the sample -
" should also contain members in the same proportion as in the populauon €. g 20 \of the sample members

would belong to the high income group'and so on.

y non-pobablllty samplmg, we mlght want our sample tobe !

The critcria used toset quotas could be many. Forexample, family size could be another criterion and we-
y can setquotas for families with family size upto 3, between 4 and 5,and abbve 5. However, if the number -

. over all relallve frequency of the crnerlon in the populauon T

13 6 THE SAMPLE SIZE

.'How large a sample sheuld betakenina study" So far in this unit we have not addxessed ourselves io uns
qiiestion. At this stage, we will only mention some factors that affect the sample size decision and in later
‘units somé of these ideas will be gone into m more depth,

One of the most 1mp0rtanl: factorsthat affect the sample size is lhe extent of varlablhty in the population.
Taking an extreme case, if there is no variability. i.e., if all the members of the population are exactly -
identical, sample of size 1 is as good as a sample of 100 or any other number 'I'hercfore the larger the
vanablhty, the larger is the sample size requlred S . . : D
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_ adequate results in some applications.
' Among the probability samphng methods, simple ra

-

~ some studies multi-phase sample is also used, especially where the information collec;ed in

: weaknesses and also to find their appllcabthty under different eondlnons

In this unit we have looked at various sampling methods available when one wants ta

- way of knowing something about the population either because of the time or cost invovl
of the physical impossibility or practical 1nfeasnb1|1ly of observing the complete populanon Also,

-enumeration as it ensures a higher purity of the data collected, especially when the popula

A second consideration is the confidence in the mferenec made the larger the sample size the

higheris the

confidence, In many situations, lhe confidence level is sed as the ba51s o decrde samplc size as we shall

see in the next umit,

In many real life situations, the factor of ovcmd.lng 1mporlance is the cost of the study an
then becomes one of designing a sampling s scheme to achieve the highest statistical efficie

the problem
cy subject to

the budget for the study, Itis here that cluster sampling and convenience sampling score over other more

statisticaily efficient methods.of sampling, since the unit cost of data colllection is lower.

13.7 SUM_MARY

make some

inferences aboutapopulation withoutenumerating itcompletely. We started by looking at some situations

where sampling was being done and then found that in many situations sampling may be the

sampling can give us adequate results in many applications and can be preferted oy

nly feasible
, or because

er complete -
tion is large.

We noted that there are two basic methods of sampling probability sampling which ensures that every

thember of the population has a calculable non zero probability getting included in ‘the

‘nonprobability sampling where there is no such assurance Probability sampling is theormdal

to non-probability sampling as it helps\us in reducmg the bias and also allows us to quanufy
error involved, but non-probability sampling.is less rigorous,

is homogenous but may have many practical limita
sampling ensures that each of the possible samples of:
picked up as the sample selected and it also i
probability of being included in the samplg, Syst€matic sampling starts with a random star
up members after a fixed interval dow| 1l "members called the sampling framé, If th
can be broken down info smaller, more Mguogeneous sub-populations or strata, then straif
should be used whlch allows honomle efficiency as the cost of data collection pe

cular size has an equal probabil

reduced if members are physica therwise closer to each other as they are in cluster
studies are based on multi-stage sampling where different sampling methods are used at ez
used in the sampling design of a later phase.

We have also discussed some of the non-probablhty sampling methods used in practice. If
of the population could be included in the sample, we would get a convenience sample. On the

sample and

ly supérior
the possible

to use, practically feasible and gives

ampling works the best when the population

en the population is large. Simple random
Fty of getting
hat each element of the population has an equal

and picking
¢ population
ed sampling
r element is
Most large
ich stage. ‘In
one phase is

any member
e other hand,

if the entry is subject to the judgment of some expert or experts who have a better knowledge of the

popultion, we would have used judgment sampling and if the sample i is made represent
population by setting quotas for elements satisfying different criteria, this is called quol
Purposive sampling is a genuine name for all these sampling methods to gauge thelr $

fa sampling.
rengths and:

13.8 SELF - A__SSESSMENT EXERCISES

I List the various reasons that make samplmg 0 atlracuve in drawmg consclusaons about the.
population, _ : .
_ What is the major dlfference between probablhty and non- probablhty samplmg‘? _
A study aims to quantify the organisatonal climate in any. organisation by administering a

questionnaire to a sample of its employees. There are 1000 employees in a compa
executives, 200 supervisors and 700. workers.
clasmﬁcanon and asample of 100 employees is required, what should the sample size
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y with 100

If the employees are stratified based on this -

fromeach

ative of the -



straturm, if proportionat stratified sampling used?

In question 3 above, if itisknown that the standard deviation of response for executives is 1.9,
for supervisors is 3.2 and for workers is 2.1, what should the respective sample sizes be?

Pleases state for each of the following statements, which of the given response is the most correct:

To determine the salary, the sex and the working hours structure in a large multistoreyed office
building, a survey was conducted in which all the cmployees working on the third, the eighth and
the thirteenth floors were contacted. The sampling scheme used was:

a) Simple random sampling

b) Strauficd sampling
) Cluster sampling
d) Convenience sampling

We do not use extremely large sample sizes because
a) the unit cost of data collection and data analysis increases as the samplé size incicases e.g.
it costs more 10 collect the thousands sample member as compared to the first,

b} the sample becomes unrepicseniative as the sample size is increased.
©) il becomes more difficult 10 store information about large sample size,

d) As the sample size increases, ihe gain in having an additional sample element falls and so
after a point, is less than the cost involved in having an additional sample element,”

If it is known that a population has groups which bave a willgamount of variation within them,
but only a smali variation among the groups themselves, the following sampling schemes

would you consider appropriate. _
a) cluster sampling O

b) stratificd sampling
" C) simple random sampling Q
d) syslematic sampling

One of the major drawbacks
a) the method is cumbe

jdgement sampling is that
d difficult to use

b} there is no way of quantitying the magnitude of the error involved
) it depends on only one individual for sample selection

d) it gives us small sample sizes.
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UNIT 14 SAMPLING DISTRIBUTIONS

Ob Jectlves _ - '

thn you have successfully completed this umt, you should be able t0;

* = understand the meaning of sampling distribution of a sample statistic
« obtain the sampling distribution of the mean :
* getan understanding of the sampling distribution of vanance

-+ construct the sampling distribution of the proportion :
« know the Central Limit Theroem and appreciate why it is used so extensively i in practice
+ develop confidence intevals for the population mean and the population proportion -
* determine the sample size required while esumaung thc population mean or the populauon R
proportlon ' :

Structure

14.1 Intreduction ST

142 Sampling Distribution of the Mean

14.3  Central Limit Theorem '

144  Sampling Distribution of the Variance -
145  The Student's Distribution’

14,6 Sampling Distribution of the Proportion

14.7 Interval Estimation '
14.8 The Sample size ' ' 0 :
14.9 Summary : -

14.16 Self-assessment Exerclses _

14.11 Further Readings . o '

14,1 INTRODUCTION . _ Q~(

Having discussed the various melh@lable for picking up a sample from a population we would
naturally be interested in drawing inferef¥es about the population based on our observations made on the

sample members. This could mean estimating the value , testing a statistical hypothesis about the
population, comparing two or more populations, performing correlation and regression analysis on more

than one variable measured on the sample membets, and many other inferences. We shall discuss some

of these problems in this and the subsequent units. '

Whatis a Sampling Dlstrlhuhon"

S-uppose we are interested in drawing some inference regarding the weight of containers produced by an
-automatic filling machine. Qur Dpopulation, therefore, consists of all the filled-containers produced in the
past as well as those which are going to be produced in the future by the automatic filling machine. We
pick up a sample of size n and take measurements regarding the charactcnsﬂc we are interested in viz.,
the weight of the filled container on cach of cur sample mémbers. We thus end up with n sample values
- X X, e X, As described in the previous unit, any quantity which can be determmcd as a function of
'the sample values X, X,. . X is called a sample statistic. .

Refemng to our earlier discussion on the conceptof a random varlablf: it is not difficult to see that any
sample statistic is a random variable and, thercfore, has a probability distribution or a probablhty density.
function. Itis also known as the sampling distribution of the statistic. . In’ practice we refer (o the sampling
distributions of only the commonly used sampling statistics like the sample mean, sample variance,
e sample proportion, sample median et Wthh have a role.in making inferences about the pepulation.

Why Study Sampling Dlstnbutnons" _
Sample statistics form the basis of all inferences drawn asout. populanons if we know l.he probablhty -
distribution of the sample statistic, then we can caculate the probability that the samples statistic assumes ..
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a particular valuc (if itis a discrcte random variable) or has a valuc in a given interval. This ability to
calculate the probability that the sample statistic les in particular interval is the most 1mporllanl factor in
all statistical inferences. We will demonstrate this by an example. ;
competing brand. A "new improved" version of our brand has been developed and given fo a random
sample of 100 talcum powder users for use. If 60 of these prefer our "new.improved” version to the next
comepting brand, what should we conclude? For an answer, we wonld like to know the probability that
the sample proportion in a samplc of size 100 is as large as 60% or higher when the true population

Suppose we know that 45% of the population of all users of talcum powder prefer our bran!ﬁ to the next

preportion is-only 45% i.e., assuming that the new version is no better than the old. If this probability is

quite large, say 0.5., we might conclude that the high sample proportion viz., 60% is perhaps becuase of
sampling errors and the new version is not really superior to the old. On the other hand, if ths probability
works out to a very small figure, say 0.001, then rather than concluding that we have obqervcd arare eveit
we might conciudethat the true population proportion is higher than 45% i.c. the new version is actually
superior to the old one as perceived by members of the population. To calculate this probablluy, we need
‘to know the probablhty distribution of sample proportion or the sampling distribution of theI propostion.

14.2 SAMPLING DISTRIBUTION OF THE MEAN

* We shall first discuss the sampling distribution of the mean. We start by discussing the concer  the
sample mean and then study its expected value and variance in the general casesWVe shaliendth - stion
by describing the sampling distribution of the mean in the spcc case when the populationd . sution
is normal, ' :

|

The Sample Mean _ _ _
Suppose we have a simple random sample of size n pi j from a population. We take médsurements
W@

on each sample member in the characteristic of gur in and denote the chservation as x ; X,...
x_ respectively, The sample mean for this samp%s&n&‘d by x, is-defined as

_ XX+, ! :
X= . ;
' ' n .

If we pick up another sample of s&}m the same population, we might end up with a tota'[lly different
setof sample values and so a different sample mean. Therefore, there are many {perhaps infinite) possible
values of the sample mean and the particular value that we obtain, if we pick up only on(i sample, is
determined only by chance causes. The distribution of the sample mean is also referred to as tiie sampling
distribution of the mean.” : _ ,

However, to observe the distribution of X cmpm(,dlly, we have to take many samplcs of Size n and
determine the valueof x for each sample. Then, looking at the various observed values oll X, it might
be possible to get an idea of the nature of the distribution.

Sampling from nfinite Populations

We shall study the distribution of X in two cases - one when the population is finite and we are sampling
withouvt réplacement; and the other when the population is infinitely large or when the 5amphng is doue
with replacement. We start with the lauer. :

‘We assumc we have a population which is infinitely large and having a population meani of Land a

population variance of 62, This implies that if x is arandom variable denoting the measurement of the
characteristic that we are interested in, on one element of the population picked up randomly, then

the expected value of x, E (x) =g . i
|

and the variance of x, Var (x) =¢*

The sample mean, x, can be looked at as the sum of n random variables, viz X, %,,...... x_.Jeach being
. Here X,,is a random variable representing the first observed value in thc ylaamplc,

I
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" is a random variable representing the second observed value and so on. Now, when the population is
infinitely large, whatever be the value of X,, the distribution of x, is not affected by it. This is rueof any
other pair of random variables as well. In other words x| Xp... x are mdependent random variables and
all are picked up from the same populatlon :

B ("1) =u and Var (x )= o _
'E (x,) = pand Var (x)) = ¢? andsoon.

Finally, _
: X+t . X,

= E (x1)+ E (xz)f +E (5)

. b ST i S0 U ol N
and Var (%)= Var [ L :

n

. " _
-Var( )I—Var( ) +@)
n n _
| 1 A 1
= Var (x,) +—5 -z Var ( .+ 2 Var (x,)
& +lc2-+..;._ 2
.nz 2 nz :

We have arrived at two very importanfigétilts for.the case when the population is infinitely large, which

we shall be using very often. The first says that the expected value of sample'mean is the same as the
. population mean while the second says that the variance of the sample mean is the variance of the
" population divided by the sample size. :

:3

= |q~ =M|'_'

If we take a large number of samples of size N then the average value of the sample means tends to be
 close to the true population mean. On the otherhand, if the sample size is increased then the variance of
. x gets reduced and by selecung an appropnately large value of n, the variance of x can be made as sgriall
" as desired.

- . The standard deviation of % is also called the Standard error of the mean. Véry_ often we estimate the -
population mean by the sample mean. The siandard error of the mean indicates the extent to which the
obscrved value of sample mean can be away from the true value, due to. samplin\g errors. For example,
if the standard error of the mean is small, we are reasonably confident that whatcve.r sample mean value -

we have observed cannot be very far away from the true value.

_The standal_'d error of the mean is represented by G..
Sampling With Repiacement

' The above results have beer obtained under the assumption that the random variables S S 3
- independent. This assumption is valid when the population is infinitely large. Tt is also valid when the
" sampling is done with replacement, so that the popylation is back to the same from before the next sample
 member is picked up Hence, if the samplmg is done with replaccmcnt we would again have
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E(®) =g

and Var (X) =—.

1.e. oX =_

o
vn
Sampling without replacement from Finite Pnpnlations :

Whena samplc is picked up without rcplacement from a finite population, the probablhly dt stribiztion of

the sccond random variable depends on what has been the outcome of the first pick and so on. Asthe n _
random variables representing then sample members do not remain independent, the expression. for the
variance of X changes. We are only mennomng the results w1thout deriving these. -

EG®  -n

, .
and Var () =g2= <. M
fn -1
ie.o =2 . \Nen
X Vo YN-!

By comparing these expressions with the ones derived above we find that the standard err(i)r of x is'the

same but further multiplied by a factor ¥ (N-n) / (N-1). T!u actor is; therefore, known as the finite
population multiplier, :

In‘practice, almosi the samples used picked up with lacement, Also, most populations are finite
-although may be very farge and so the standard errm@wean should theoretically be foiind by using
the cxpression given above. However, if the populatio {N) is large and consequently the sampling
ratic (n/N) small , then the finite population mul cjose to 1 and is not used, thus treating large finite
populations as if they were infinitely largg r ampe, if 1\“100 000 and n = 100, the finite population

muttiplier. : ’

n umm}n_um
—1. 100,000 1
_ 99,900
99,999
= 9995

- Whichis very close to 1 and the standard error of the mean would, for all practical purposes, be the same
whether the population is treated as finite or infinite. Asaruleof that, the finite populanc)n mulhpller may
not be used if the samphng 1atio {n/N) is smallcr than 0.05.

Samplmg from Normal Populations

We have seen earlier that the normal distribution occurs very frequently among many natural phcnomena
For example, heights or weights of individuals, the weights of filled-cans from an automatic Ipac‘nne the
hardness obtamecl by heat treatment, efc. are disiributed normally. :

We also know Lhat the sum of two independent random variables will follow a normal dlsmbunon ifeach
of the two random variables belon gstoa normal pc:pulanon The sample mean, as we haveseen earlier
is the sum of nrandom variables Xp> Xg weeeseennton X €aCh divided by n. Now, if each of thicse random”
variables is from the same normal populauon it is not difficult to see that x would also be distributed -
uormally
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Let x~N (u, 0%) symbolically represent the fact that the random variable x js’
distributed normally with mean u and variance a. What we have said in the earlier
paragraphs, amounts to the following:

If x~N (, o?)

2
thon it follows that ¥ ~ N (;.L, i)
n

The normal distribution is a continuous distribution and so the population cannot be small and finite if #t
is distributed mormally; that is why we have not used the finite population multiplier in the above
expression. We shall now show by an example, how to make use of the above result.

Suppose the diameter of a component produced on a semi-automatic machine is known to be distributed
normally with amean of 10mm and a standard deviation 6f 0,1 mm If we pick up a random sampie of size
. 5, what is the probability thai the sample mean will be between 9.95mm and  10.05. mm?

Let x be a random variable representing the diameler of one component picked up at random,

We know that x~ N (10, .01)

Therefore, it follows that & ~ N (10, -'%1)

i.e. X will be distributed normally with a mean of 10 and a variance which is only 1/5 of
the variance of the population, since the sampie size is 5.

Pr {9.95 < % < 10.05} =2 x Pr {10 < % =< 10.05}

10~ p i——;i ¥ Y |
=2xP e = .
f {mf\/n. o/Vn @t} : - |
o 11% I
=2 xPr {0<z<N,12}

=2 ),
= (L7372

Figore 1: Distribution of X. The shaded area represents the probability that the random variable X
between 9.95 and 10,05,

.05 =10 10.05 —

We first make use of the symmetry of the normal distribution and then calcalate the z value by
subtracting the mcan and-then dividing it by the sltandard deviation of the random variable distributed
normally, viz x. The probability of interest is also shown as the shaded area in Figure 1 above,

239

_4_—..—-——-#



14.3 CENTRAL LIMIT THEOREM

. In this section we shall discuss one of the most 1mpon:ant rcsults of apphed stansucs which is also
- known by the name of the central limit theorem, ;

Ifx,,x,,....,x are nrandom variables which are independent and having the same dlstnbutmn with mean
and standard deviation ,thenifn — oo the limiting distribution of the standardised'mean : '

X—f
-z =———is the standard normal distribution.
o/¥n '

the central limit theorem assures us that the distribution of X can be approximated by a normal

'. o In practice, if the sample size is sufficiently large, we need not know the population dlstnbu ion because
‘ * distribution. A sample size larger than 30 is generally considered to be large enough ifor this purposes:

Many pract'ical samples are of size higher t_l_lan' 30, In al_l these cases, we know l;hat the sampling
: distribution of the mean can be approximated by a nermal distribution with an expecied value equal to
’ S the population mean and a variance which is equal fo the population variance divided by the|sample size

be non-normal. If the population distribution is-known to%g nolmal, then x will also be 'dist_x'ibuted
normally, as we have seen in section 14.2 above irres :

Actmty A :
A sample of size 25is picked up at random frowlation which is normatly distributed with a mean

- We need to use the central limit theorem when the population %{;{ion is either lll'l.klilOWl‘l or known to
e

sample - size.

of IOOandavanance of 36. Calculate .
a) . P (X <99 ]

b) P{9<x<I0) Q 2
Activity B '
If in (i) above, the sample ie mcreased to 36, recalculate the followmg

a) P{x<99}
b Pr{98 < _x 5_100-}- _

Actwltj C

" Referto Table 2inthe prev10us unit where we haveapopulanon ofsize 5. A,B C.D, andE arefi ve members
of a family with the follewmg we1ghts of each family 4 nnember . '

X, =70%kg
Xb 80 kg
X, =50kg
X 30kg

- X =10kg

- Usmg lhe ten samples listed Table 2. find the probabﬂlty d1slnbuuon of the sample mean “x and verify

. that

- 70 +80+50+30+10 L
E(X)=p= — - =48 kg,

5
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a? N —n

Var (;)=
n N—i

14.4 SAMPLING DISTRIBUTION OF THE VARIANCE

We shall now discuss the sampling distribution of the variance. We shall first introduce sampte variahce
and then present the chi-square distribution which helps us in working out probabilitics for the sample
variance, when the population is distributed ncrmally.

The Sample Variance

" By now it ig implicitly clear that we use the sample mean 10 estimate the population mean,- when that
parameter is unknown. -Similarly, we use a sample statistic calied the sample variance to estimate the
population variance. The sample variance is usually denoted by s% and it again captures some kind of an
average of the square of deviations of the sample vatues from the sample mean. Letus put it in an equation:
form.

n .
% (5,0

s?=1=1

n—1 . .

By comparing this expression with the corresponding expression for the population variance, we nolice
. two differences. The deviations are measured from the sample meig and not from the population mean
- and secondly, the sum of squared deviations is divided by () an@l not by n. Consequently, we can

calculate the sample variance based only on the samplasgyalueS®without knowing the value of any

popualation parameter. The division by (n-1) is due to al reason to make the expected valuc ol

s? equal @*which it is supposed to estimate. '

The Chi-square Distribution :

If the random variable x has the standard gagrmal¥distribution, what would be the distribution of x*?

Inwitively speaking, it would be quite from a normal distribution because now X2 being a

squared term, can assume only non-negativealues. The probability density of x> will be the highest ncar

(0, because most of the x value are ,‘& Qin a standard normal distrib'ul.ior!_. This distribution is called
the Chi-square distribution with 1 8 @‘ of freedom and is chown in Figure 11 below.

Fig II: Chi-square (X? distribution with different degrees of freedom

| degree of freedom

- 3 degrecs of [reedom

10 deprees of freedom
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The éhi-square"distribuiion has only one parameter viz., the degrees of freedom and so there zilf'c many chi-
square distributions each with its own degrees of freedom. In statistical tables, chi-squarg values for
different areas under the right tail and the left tail of various chi-square distributions are tabulated.

Ifx,, x2 - .x, are independent random variables, each having a standard normal d1str1but10n then (x,
+X,+. X ) will have a chi-square distribution with n degrees of freedom.

Ify and y2 are independent random variables having chi-square distributions with y1 and y' dcgrees of
freedom, then (y, -+ y,) will have a chi-square distribution with ¥y, + v, degrees of freedom.

We have stated some reuslis above, without deriving them, to help us grasp the chi-square distribution
intuitively. We shall state two more results in the same spirit.

Ify, and y, are independent random variables such that y, has a chi-square distribution with Y dégrees of
freedom and x(y, + y,) has a chi-square distribution with y > y, degrees of freedom, then y,| will have a
chi-square distribution with {y — y,) degrees of freedom.

Now, if X;» Xy, -+ . .» X are n random vartables from a normal population with mean ). and|variance ¢?

e x, ~N(ue?),i=1,2,...,n

X.—

it implies that ~ N1

i

. . I:.. l
=N . ) ; .
and so (—~) will have a chi-square distributio 1 degree of freedom.
0
n X.l —H : - ' .
Hence %, ___—) will have a chisquaf distribution with n degrees of freedom.

g

We can break up this expression@suring the deviation from x in place of 1 we will then have
i sonp . . i
1= .. o - 0'2

1
3
gy

INYE

[ (xi-%) + (x—p) I : .

L % )

(Xi_i)2+a‘!§<§( )2+__(__l~£l Z (x 3 :

_m-bs? (x-wY &
_qz +(0‘-!~/H) since Z(xi._—x):{)

i=1

Now, we know that the left hand side of the above cquauon is a random variable which haS| chi- -square
distribution with n degTees of freedom. We also know that -

)
2

£~N (p., (—:1“)

_ ) ' ,
] wit have a ¢hi-square distribution with | degree of freedom. i
alVn] ;

|
Hence, if the two terms on the right hand side of the above equation are independent (whflch will be
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assumed as true here and you will have to refer to advanced texts on statistics for the proof of the same),
(n-1)s?

then it foltows. that has a chi-square dlslnbuuon wnh (nbl) degrees of freedom. One degree
. : g

of Irecdom is lost because the deviations are measur@d from x_ and not from pt.

Expected'\/alue and Variance of §° D¢
n_
and not with the distribution of s*

In practice, therefore, we work with the distribution of
. ) ) 0-2

dircctly. The mean of a chi-square distribution is equal to its degrees of freedom and the variance isequal
to twice the degrees of freedom. This can be used Lo find the expected value and variance of %

Since —(D——)-S— has a chi-square distribution w1th {(n—1) degrees of freedom,

! 2 o .
Also Var [@%)ﬁ—] = 2(n-1) _ 0
Using the definition of Variance,l we get O

o 2 1
£ [(n;lz)sz _E{ [n-;]sz }] _ 2(n—1)Q~E
or, E [;(n_;%)s_zﬂ (n- 1}]2 = 2(n%

or, (%E-E (52—02)2_= 2(i_1-—1)

, b 2gd
i.e. Var(s?) ==

Since the expected valye of $?is equal to o2

We therefore conclude that if we take a large number of samples, each with a sample size on n, from a
normal population with mean () and variance () each sample will perhaps have a different value for
its sample variance s But the average of a large number of valucs of s will be closc to ¢* Also the
variance of s2 falls as the sample sizc increases.

Let us recall that in all our discussion about the sampling distribution of the variance, we have been
assuming that the population is distributed normally. If the population does niothave anormal distribution,
then nothing can be said about the distribution of s :
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14.5 THE STUDENT'S DISTRIBUTION

We studied the sampling distribution of the mean in section 14.2 above where we showed

is the standard norms

population distribution is normal then the distribution of — u

tion. in actual practice, the value of the population standard deviation & isoftenun known

thar if the
] distribu-

which makes

it necessary to replace this with ar estimate, usually by s- the sample standard deviation. Im such cases,

—p
s¥n

mal populations and this is provided by the t dlS[l'lbllLlDﬂ Whlch isalso known as the student
after the pen name adopted by its author.

we would like to know the exact samplmg dlStI'lbu[lOll of - for random sample

The'Concept of the t Statistic _
If x isa random variable having the standard normal distribution and y is a random variable
+ square distribution with v degrees of freedom and if x and y are independent, then the ran

X

VYR

t

has.a distribution’ called the t distribution (of the Student’s distribution) with v degrees of

- There- are many ¢ distributions each with its degrees of frgedo
diseibution. At distribution is similar to the standard normaNjj

s
- only it is flatter and wider, thus having longer tails. Q ' o '
withwdifferent degrees of freedom

Standard normal distrihotion
or tdistribution with =
degrees of {reedom

which is the only para

Figure IT: The t distributjon

t distribution with &
deprees of freedom

tdistribution with L -
dt}grccs of freedom

ution as shown in Figure

s from nor- _

s distribution

having a chi-
dom variable

freedom..

meter of -_this.
= {11 below—

.As the dcgrees of freedom increase, the t distribution comes closer to the standard normat dlsmbuuon

and when the degrees of freedom become infinitely large, the t dlstnbutlon and the Z distriby

indistinguishable.,

The t Distribution in Practlce

If we have a random sample of size n from a normal populatlon with mean | and variance

; know

- that the sample mean X will be distributed normally wuh mean ;.t and variance oz,fn An

w1ll have a standard normal distribation.
n—1)s?

0-‘1
of frecdom. It has been shown in advanced texis that Ihese two random variables are also
and so. :
< _244
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- will have a chi- -square distribution with {

tion become

a?, then we

x—p
cHn

d so
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| Aop \f (n-1)s’ will ﬁavc a t distribution with {n — 1) degrees of freed
(_)'f'\/-[:[ D_Z(n_l) g 5] OITI.
x—4l

f wanld have at distribution with (n—1) degrees of
SN

After simplification, we conclude that
freedom.

It is therefore, possible to know the sampling distribution of X even when (G} is not known,

This resultis really useful when the sample size is not very large. As we have seen earlier, if the sample
size is large, the distribution with large degrecs of freedom can be approximated by the z distribution. The
t distribution is used when the degrees of freedom are not larger than 30; if the degrees of freedom are
larger than 30, the t distribution is approximated by the standard normal or the z distribution, -

The t distribution is again extensively tabulated because it is used quite f: reqémly. Asitis a symmetrical
distribution, only onc tail is gencrally 1abulated and the other tail values can be worked out by using this
property of symmetry.

14.6 SAMPLING DISTRIBUTION OF THE PROPORTION

Suppose we know that a proportion p of the population possesses a particular attribute that is of interest

1o use.g. a proportion pofl the population prefer our produoct to the nexl competing brand. This alsoimplics

that proportion {1-p) of the population do not prefer our productas comparedto the next competing brand.

if we pick up one member of the population at random, the probability of success i.e., the probability that

this person will prefer our poduct to the next competing brand is p. _

If the population is large cnough, then even if we make repe%ils, which are considered to be
)

independent, each with a probability of success equal 1o p. In s ase, if we make n repecated irials
to pick up a sample of size n, the probability of x success in the sa s given by a binomial probability

distribution, viz. n
P{X)= (‘) p*(1-py

If there are x successes in the sample, the @oiortion of success p is given by

X

p ] ? % . -
The expected value and the variance of Wle., the number of successes in a sample of size n is known to
be: :

E (x} =np
and Var (x) =np {1-p)

~ We can, therefore, find the expected value and the variance of the sample proportion p, as below;

X

B() = E(%) = LEW = § vp

=P

and Var (p) = Var (f;) =25 Var () = 5.0p (1-p)

_pdl-p)

n

Finally, if the sample size n is large cnough, we can approximate the binomial probability distribution by ’
a normal distribution with the same mean and variance. Thus, if n is sufficiently large, :
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qu_N(p, P (:p))

This approximation works quite well if nis 5ufflclem]y largc so that both npand n(1- p) are at least as large
as 5.

Actl'vlty D
A population is normally distributed with amean of 100, A sample of size 15 is picked up atrandom from
the populanon If we know from ( tables, that

Pr(i,>1.761)= 005
where t, rcpresents a t variable with 14 degrees of freedom, calculate

Pr (X> 115)
If we know that the sample siandard deviation is 33

Activity E :

In 2 Board examination this ycar, 85% of the students who appeared for the cxamination passed. 100
students appeared in the same cxamination from School Q. Whatis the probability thai 90 or more of these
students passed? '

14.7 INTERVAL ESTIMA

Suppose we want 1o estimate income of a population of households residing in a part of a city.

We might procecd by picking upY dom sample of 100 households fom the p’op’ulalion and Ldlculate

II‘IfOI“I‘I'IdllO]‘l the samp_le mean can be usedas a pomt éstimate of thc popu!anon mean.

However, if we also want to convey the precision involved in this estimation, we need (o give the standard
error of the mean: As we have seen in section 14.2 above, the standard érror of the mzan depends on the:
population variance and the sample size, The lower the standard error of the mean, the greater is the
confidence on the correctness of our cstimation. This process is further refined in interval estimation,
wherein we present our estimate as an interval and quantify our confidence so that the true population
pdrametcr is contained by the estimated interval,

The Confidence Level

As mentioned sarlier, the sample mean is our estimate of the popu]atmn mean. If we are asked to give an

. interval as our estimaic, then we would add a range on the upper and the lower side of the sample mcan

and give that interval asour estimate. The larger the interval, the greater is our confidence that the interval
does contain the true population mean. It is to be noted that ithe true population mean is acenstantand is
nota variable. On theother hand, the interval that we specify is arandom interval whose position depends
on lhe sample mean. For example if the sample mean is 50 and the standard error of the mean is 5, we may
specify our interval estimaie as (45,55) i.e., fom 45 to 55 which spans one standard error of the mean on

* either side of the sample mean. On the other hand, if the interval estimaie is specificd as (40,60) ie., the

spanning two standard creors of the mcan on cither side of the sample mean, we arc more confident that
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the latter intcrval contains the true population meanas comparccl to lhc formcr However, if Lhc confidence
level is raised too high, the correspondmg mterval may become 100 wude 10 be of any practical use.

The confidenice level, therefore, may be defined as the probabillty that the interval estimate will contain
the true value of the population parameter that is being estimated. If we say thata 95% confidence interval
for the population mean is obtained by spanning 1,96 times the standard error of thc mean on either side
of the sample mean, we mean that we take a large number of samples and then 95% of thesc interval
estimates would contain the true population mearn.

'Co_nfidence Interval for the Population Mean

We shall now discuss how to obtain a confidence interval for the population mean. We shall assume that
the population distribution i1s normal and that the population variance is known. Later, we shall relax the
second condition.

Suppose it is known that the weight of cement in packed bags is distributed normally with a standard
deviation of 0.2 Kg. A sample of 25 bags i3 picked up at random and the mean weight of cement in these
25 bags isonly 49.7 Kg. We want to find 4 90% confidence interval for the mean we:ght of cement in

filled bags.

Let x be arandom variable representing the weight of cement in a hag picked up at random We know thdl
X is distributed normally with a standard deviation of 0.2 Kg

The standard error of the mean can be easily calculalcd as 0 ‘

Figure IV: i)istr_nl"i

" Standard deviation = oy

g, Shaded arca is 0.90

pe——- | 6450, _ 1.6450;—| x—

As shown in Figure IV above, we know thal the sample mean x is distributed normally with mean and
standard deviation equal to 0,04 Kg. By referring to the normal table we can eablly find that the probability
that x is between 1 and (L + 1 645 o, ) is 045 and so the probability that % isbetween (U—1.645
o )and (iL+ 1.645¢ }is 0.90. In other words, if we use an interval spanning from ( x - 1.6456 ) 10 {x
-+ 1.645.0 ) then 90% of the time this interval will contain p

Hence, for a 90% confidence 1nterval

the fower limit = -1.6456 =49.7- 1:645x 0.04
- 49 6342
and the upper limil =x+1645 O L 497+ 1.645 % 0.04
: x
= 497658

Therefore, we can state with 90% confidence level that the mean weight of cement in a filled bag lics
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- between 49,6342 Kg and 4"9;7658 Ke.

Wecan use rhc above approach when the population standard deviation is known or when
is large n> 30, in which case the sample standard deviation can be used as an estimiate o
standard devnanon However, if the sample size is not largc asin the example above, th

U thet dlsmbunon in place of the standard normal distribution to calculate the probabllme S,

‘Let us assume that we are interested in devclopmg a 9%0% conﬁdcnce interval in thc
described carlier with the difference that the populaticn ‘standard deviation is now riot
“the sample | standard devnaucn has been calculated and is known to be 0.2 Kg.

. -”Smcc the samplc size n =25, we kncw that x-p follows a t distribution with 24 dcgrc

s/vn.
_ Frcm t tables, we can see that the probability thata ¢ statistic with 24 degrees of freedom

© —17112and 1711 is 0.90 - i.e., theprobabutythatxhesbetwcen 17113N_and+17
._Thls is shown in FlgureSbeow : ;

: '-Hgln'?:munder'ntdistrlbuﬂm :

_—~degrees of freedom

Shaded sreais9.90

t distribution with-24 |

the sample size”
the population
one has to use '

¢ situation as

ks:I)nwn Howe\rer

28 o_f freedom_.

lying between
118/ nis 090

e

1.711
0 '

— .

In cﬂler words, i we use an mtcrval spanning from (X - 1.711 sf ¥a to (“ %+ 1711 sNﬁ) th

time, dus interval will contain H. Hence for a 90% confidence mterval.

0.2 _
V25

— g 17112 =

49.7 - 1.711—=

_t'he lower limit

= 49.6316
. e . "."---'-l?'ll $ __4974-1-73“ 0.2
a_nd the upper limit =x-+1.71 7; =49.7+1.71 7?_5

= 49.7684

-In thls case, we can state wnh 90% confldencc level that the mean wexght of ccmem m a
between 49.631 Kg and 49, 768 Kg.

i
A

—

en 90% of the

filled bag lies -

14.8 THE SAMPLE SIZE

In section 14.7 above we have secn how the samphng dlSlI‘lbul:lOl‘l of a'statistic helps us
' conﬁdence interval for the comespondm g populatlon parametcr In this sectlon we shall

s

1 developing a.
resent another.




~ application of the samplmg dlsmbunons We have carlier referred 1o the fact that in some situations the
sample size reguired can be determined on the basis of the prccmon of the estimates. We shall now
demonstrate this process.

Sample Size for Estimating Population Vean

We assume that the population distribution is normal and the population standard deviation is known. In
such a case the sample size required for a given confidence level and a required accuracy can be easily
delermmed_ We again take the help of an example,

Suppose we know that the weight of cement in filled bags s distributed normally with a standard deviation
o of 0.2 Kg. We want to know how large a sample should be takern so that the mean weight of cement
in a filted bag can be estimated within plus or minus .05 Kg of the true value with a confidence level of
90%.

' o
We have seen in section 14.7 above that the interval (X - 1“545-%) :

to (3-+1.645— )
vn contains the true value of (he population mean 90% of the time. We also

want that the ineervat (x + £.05) should give us a 94% confidence level.
Therefore, 1.645 2= = 0,05

1 2
and so o = {%);—-O—LQQ

=433
We must have a saraple size of at east 44 so that the mean w@ cementin & filled bag can be esumated
within plus or minus 0.05 Kg of the true value with 5 confidence level.

the sample standard deviation is known onl sample has been analysed whereas the sample size
decision is required before the sampl '

Sample Size for Estimating Poaation Proportion

Suppose we want to estimate the proportion of consumers in the population¥ho prefer our product to the

next competing brand. How large a sample should be taken so that the population proportion can be
estimated within plus or minus 0.05 with a 90% confidence level®

It is to be noted that this approach does not w @ ulation standard deviation is notknown becatise

We shall use the sample proportion p to estimate the population proportion p. As mentioned in section
14.6 above, if n is sufficiently large, the disuibution of p can be approxnmated by a normal -distribution
with mean p and variance p (}~p),’n

From normal tables, we can now say fhat the probability thatp will lie

{(p-1.645Vp(1-p)n) and (p+1.645Vp(1-p)in) is 6.90. In other words, the

u}llterval (p-1.645Vp(1=p)/n) to (p+ 1.645Vp(1- p)in) l’lll contain p, 90% of
the time.

"We also want that the inrcwal @- 0.05) to ( + 0.05) should contain p, 90% of the time. |
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1-p) . . -
Therefore, 1.645 p( P) _ 0.0

or a 1.645
1_ 8
or | P_(n_l’);o.mosrm
__p(l-p)
0.0009239

. But we do not know the value of p, so n cannot be calculated directly. However, whatever be the value _
~ of p, the highest value for the expression (1-p) is 0.25, which is the case whcn p=0.5. Hence, in the worst -

case the highest possible value for p (1-p) is 0.25. In that case

025
0= 0.0009239 = 270-6

Therefore if we take a sample of size 271, then we are surc that our estimate of the population proportion

would be within plus and minus 0.05 of the true value with a confidence level of 90% whatever be the value
of p.

Activity F - 0

pof 500 hours. Construct 2 90% confidence

B L I I T I I T I R A R R I B R

.................................................................................................................................
..............................................................................................................................
................................................................................................................................

..............................................................................................................................

Activity G

If the sample size in the previous situation had been 15 in place 100, what would be the confidence interval.

...............................................................................................................................

of such a lamp. The life of these 100 lamps



Activity H

‘We want o0 estimate the proportion of employees whu prefer the codlﬁcatlon of rules and regulations.
‘What should be the sample S1ze if we want our estimate to be within plus or minus 0.05 with'a 95%
confidence level. . :

149 SUMMARY

We have introduced the concept of sampling distributions in this uil, We have discussed the sampling
distributions of some commonly used statistics and also shown plications of the same,

-A sampling distribution of a sample statistic has been ied as the probability dlstnbuuon or the
probability density function of the sample statistic. In the Swapling distribution of the mean, we find that
if the population distribution is normal, the sample is also distributed normally with the same mean
but with a smaller standard deviation. Infact, the sta deviation of the sample mean, also known as
the standard error of the mean, is found to il 16 the population standard deviation divided by the
sample size. ' : : '

~We have also prcsented a very impo ult called the central limit theorem which assures us that if
the sample size is large enough (greal¥r than 30), the sampling distribution of the mean could be

. approximated by a corresponding normal dlstrlbuuon wlth the mean and standard deviation as given in
the precedmg paragraph

‘We have then explored the samplmg distribution of the vanance and found that a related quanmy viz.
(n—1)s*
I
the chi-square distribution is tabulated extensively and so any probability calculations regarding s could
be easily made by referring to the tables for the chi-square distribution.

would have a chi-square dlsmbuuon wnh (n-1) degrges of freedom, We have learnt that

"We have introduced one more distribution viz. the t distribution which is found to be applicable when the
sampling distribution of the mean is of interest, but the population standard deviation is unknown. It is
noticed that if the sample size is large enough (n>30), the t dlstnbuuon is actually very close to the standard
normal distribution. )

We have also studied the sampling distribution of the proportion and then looked at two applications of

-the sampling distributions, Qne is in developing an interval estimate for a population parameter with a
given confidence level, which is conceptualised as the probability that a random interval will contdin the
true value of the parameter. The second application is to determine the sample size required while
esnmaung the population meanor the populauon proporuon
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a0 IOSELF-ASSESSMENT EXERCISES - R

_1.

2

: The_ daily wages of a random sample of farm labomers are:

“ 17 1S 2 27 165 195- 21 18 225

ap T

'P-.P"P'?‘a' P‘F’P’Pg

What is the practlcal uuhty of the central Tlimit theorem in apphed stansucs"

a.. " 'What is the best estimate of the mean daily wages of all farm labourem?
b.  What is the standard error of the mean?

~ . also any assumptnon you made before you could calculate the conﬁdence intey
machine. She wants to be 95% confident that her estimate is not away from the true m

of detergent by more than 10 gms. What should the minimum sample size be if litis
the standard deviation of the weight' of dctergent filled by that machine is 100 gms?

A stcamcrlscemﬁcdtocarryaloadofm OOOKg 'I‘hewclghtoffonepersomsdlsmbme
_with a mean of 60 Kgs and a standard. devmuon of 15 Kg

o persons? -
b.  Whatisthe maximum number of persoris that trdyel by the steamer at any

prohability of exceeding the ceruﬁed ioad shot exceed 5%.

another formula is more appropria ch tases.

b. . .
¢, . the finite population mult pprdaches 1. o S
d, none of the above. _ . o

When sampling from a lar; tion, if we want ihe standard error of the mean to be less than

one-half the standard deviatidngf the population, how large would the sampc have 1
a3 b5 c)4 d)noneofthe above :

the finite population mulupher be? :
. 0958 o . : - N

0.10 . -' o R

1.10 . -

cannot be calculaxed from the given data.

the sample size is increased, lhe slandard error of the mean wonld e
increase in magnitude S o
‘decrease in magnitde - L U
retain unaltered ' S
may either increase of decrease.

the conﬁdenoe level fora conﬂdence mtcrval 1ncreasc the width of the mtcrval
increases - o ST o

. decreases - S
remains unaltered I : S _
may either increase or decrease. AR S
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S A 'Whatlsthegﬁ%conﬁdencemtervalformepopulauonmean‘? Explamwhatitmdlcatesand

'val

~ An mspector wants to esumatc the weight of detcrgent in packets filled by an automaﬂc filling

ean weight
known that

dnormally "

- : a e What is the probabﬂhty ot‘ exceedmg the certified load 1f the steamer is carrymg 340 _

nr_nclfthc

: | "I'he finite populamm multipfier is not used whe @ ng wiLh large finite populatlom because
a when the population is large, the d error of the mean approaches zero o

» be?

A samplmg ratio of 0 01 was uscd ina samplc surveywhen thepopulatlon size was 50 What should
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UNIT 15 TESTING OF HYPOTHESES

Objectives

Upon successful completion of the unit, you should be able to:

understand the meaning of statistical hypothesis

ahsorb the concept of the null hypothesis

appreciate the importance of the significance Jevel and the P value of atest

learn the steps involved in conducting a test of hypothesis

perform tests concerning population mean, pbpulation proportion, difference between the
population means and two population proportions.

* ® X E ¥

Structure

15.1 Introduction

15.2 Some Basic Concepts

15.3 Hypothesis Testing Procedure

154 Testing of Population Mean

15,5 Testing of Population Proportion

15.6 Testing for Differences Between Means

15.7 Testing for Differences Between Proportions

15.8 Summary
15.9 Self-assessment Exercises - 0
15.10 Further Readings -

~ 15.1 INTRODUCTION Ya
1

In this unit and the next, we shallstudy ac f problems where the decision made by a decision maker
depends primarily on the strength of the ev rown up by arandom sample drawn from a population.
We can elaborate this by an examplegmgere thSpurchase manager of a machine tool making company has
to decide whether to buy castings @’ew supplier or not. The new supplier claims that his castings
have higher hardness than those of th petitors. If the claim is true, then it would be in the interest of
the company to switch from the existing suppliers to the new supplier because of the higher hardness, all
other conditions being similar. However, if the claim is not true, the purchase manager should continue

~to buy from the existing suppliers. He needs a tool which allows him to test such a claim.

'Testing of hypothesis provides such a tool 1o the decision maker. If the purchase manrager were (o use this
tool, he would ask the new supplier to deliver a small number of castings. The sampie of castings will be
evaluated and based on the strength of the evidence produced by the sample, the purchase manager

~ will accept or reject the claim of the new supplier and accordingly make his decision. The claim made by

. the new supplier is a hypothesis that needs to be tested and a statistical procedure which d]]OWS us {0
perform such a test is called testing of hypothesis. :

What is a Hypothesis

A hypothesis, or more specifically a staumcal hypothesis, is some statement about a populatmn parameter
or about a population distribution. If the population is large, there is no way of analysing the population
or of testing the hypothesis directly. Instcad, the hypothesis is tested on the basis of the outcome of a
random sample.

Our hypolhesm for the example situation in 15.1 could be that the mean hardness of castings supplied by
the new supplier is less than or equal to 20, where 20is the mean hardness of ca%ungs supplied by existing

suppliers.



‘A Two-action Decision Problems

The decision problem faced by the purchase manager in 15.1 above has only two alternative courses of
action - either to buy.from the new supplier or not io buy from the new supptier. The aliemative chosen
depends on whether the claim made by the new supplier is accepted or rejected. Now, the claim made by
~ the new supplier can be formulated as a statistical hypothesis - ag hasbeen donein 15, 1| above, Therefore, -

the decision'made or the alternative chosen depends primarily on whether a hypothesis is
rejected. . S ' 5

accepted or

15.2 SOME BASIC CONCEPTS

We shall now discuss some concepts which will come in handy when we atiempt to set tp
for testing of hypothesis. : : S : ;

‘The N ull'I-IypOthe_sis% |

As stated earlier, a hypothesis is a statement about a population parameter or about

a procedure

population

distribution. In any testing of hypothesis problem, we are faced with a pair of hypotheses such that one
and only one of them is always truc. One of this pair is called the null hypothesis and the ather one the
alternative -hypothesis. The null hypothesis is represented as H,_ and the alternative hypothesis is
i Tepresented as H,. For example, if the population mean is represented by p, we can setup our hypothesis

as follows: :
: N
Hy p £20. :
Hiin>20

What we have represented symbolically above interpreted to mean that the nulihypo
the population mean is not greater than 20, wher ihe alternative hypothesis is that the popu

true. At the end of our testing procedure,

a

thesis is that
lation mean

should bcfrcjcc{ed, this also

is greater than 20. It is clear that both H H, chnniot be true and also that one of them will always be
me to the conclusion that B

amounts to saying that H, shouldpeaccepled and vice versa. .
1t is not difficult to identify the pair ypotheses relevant in any decision situation. Can any one of the

two be called the null hypothesis? The answer is a big no -- because the roles of H, and
symmertrical. ' ' R : :

H, arenot .

One can conceptualise the whole ‘procedure of testing of hypothesis as trying toanswer ofe basic question:
Is the sample evidence strong enough to enable us to reject H,7 This meansthat H, willlbe rejected
only when there is strong sample evidence againstit. However, if the sample evidence is not strong enough,

we shall conclude that we cannot reject H_ and- so we accept H, by default. Thus, H, isac

cepted even

without any évidence in support of it whereas it can be fejected only when there is an overwhelming

evidence against it.

Perhaps the problem faced by the purchasé manager in 15.1 above will help vs in understanding the role
of the null hypothesis better. The new supplier has claimed that his castings have higher hardness than the
competitor's. The mean hardness of casting supplied by the existing suppliers is 20 and so the purchase

manager can test the claim of the new supplier by setting up the following hypotheses:

Hyp £20
H:u>20"

In such acase, the purchase managel_'. will reject the null hypothesis only when the salfnple

evidence is

- overwhelmingly against it - e.g. if the sample riean from the sample of castings supplied by the new
supplier is 30 or 40, this evidence might be taken to be overwhelmingly strong so that H, can be rejected

and so purchase effecied from the new supplier. On the other hand if the sample mean is 20.1

256

or 20:2, this




evidence may be found to be too mild to reject Hu sb that H, is accepted even when the sample cv1dence
is agamst it. : .

In other words, the decision maker is somewhaﬁ biased towards the null hypothesis and he does not mind
accepting the null hypothesis. However, he would reject the null hypothesis only when the sample

evidence against the nuil hypothesis is too large to be ignored. we shall explore the reasons for thxs blas '
below, . _

The null hypothesis s called by thls name bccause inmany situations, acceptance of this hypothesns would _-
lead to.null action. For example, if our purchase manager accepts the null hypothesis, he would continue
tobuy castings from the existing suppliers and so status quo ante would be maintained. On the other hand,

rejecting the null hypothesis would lead to a change in status quo ante and pirchase is to be made from
the new supplier,

Type I and Type II Errors

“Since we are basing our conclusnon on thf‘ evidence produced bya sarnple and since variations from one

_sample to another can never be eliminated until the sample is as large as the poputlation itself, it is possible
that the conclusion drawn is incorrect whichi leads to an error. As shown in Table 1 below, there canbe -
two types of errors and for convenience, each of these errors have been glven a name,

Table 1: Types of Errors in Testing of Hypothesis

isio_Q-A on Sample

' : .Reject Ho _
0@*9 . (AcceptH)
: H,is True Q’&nect . _ | Wrong
' : (I-I is Fal ' _ ~ (Type I Error)
‘States of o |

Population

H, is False Wrong _ Correct
(H, is True) {Type 1l Error)

If we wrongly reject H,, when in reality H, is.True - the error is called a type I error. Similarly, when
‘we wrongly accept H, when H,, is False- the error is called a type I error. Let us go back to the decision
problem faced by the purchase manager, referred to in the Null Hypothesis above. If the purchase
manager rejects H, and places orders with the new supplier when the mean hardness of the castings
supplied by the new supplier is’ in reality no better than the mean hardness of castings supplied by the
existing suppliers, he would be thaking a type I error. In this situation, a type I error would mean not to
buy castings from the new supplier when hlS castmgs are really better.

Both these errors are bad and should be reduced io the minimum. However, they can be compIetely
eliminated only when the full population is examined in which case there would be no practical ntility of
. the testing procedure. On the otherhand, for a given sample size, these two errors neutralise each other
as we, shall see later in this unit. This implies that if the testing procedure is designed as to reduce the
probability of occurrence of type I error, simultaneously the probability of type II error would go up and

' _ vice versa. What can at bcst be achleved is a reasonable balance bctween these tWoe erTors.
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In all testing of hypothesis procedures, itis implicitly assumed that type I error is much more severe that |
type Il error and so needs to be controlled. If we go back to the purchase manager's problem,we shall notice |
that type 1 error would result inareal financial loss to the company since the company would have switched
from the existing suppliers to the new supplier who is in reality no beuter. The new castings are no better
and perhaps worse than the earlier ones thus affecting the quality of the final product (machine tools)
produced. On top of it, thenew supplier might be given a higher rate for his castings as these have been
claimed to have higher hardness. And finally, there is a cost assocaited with any change, :

Compared to this, typeIl error in this situation would result in an opportunityloss since ll:1e company would
forego the opportunity of using better castings. The-greater the difference in costs between type Iand type
II errors, the stronger would be the evidence needed to be able toreject H - i.e. the probablhty of type -
1 error would be kept down to lower limits. Ttistobe noted that rype Terror occurs only when H,i is wrongly

- rejected.

The. Slgmficance Level

In ail tests of hypothesns type Lerorisassumedto be more serious than type I error and S0 lheprobablhty '
of type I error needs to be explicitly controlled. This is done through specifying a significance level at
which a test is conducted. The significance level, . therefore,sets a limit to the probability of type Lerror
and test procedures are designed so as to get the lowest probablhly of type il error subjeet to the

31gmﬁcance level.

The probability of type I error is usuatly represemed by the sym ol ot (read as alpha) a:nd the probabitity
of type Il error represented by B (read as beta) : E : S

Suppose we have set up our hypotheses as follows: O . : ..

Hg =50

H;:pn#350

We would perhaps use the sample m aw inferences about the population mean 1. Also, since
" we are biased towards H, we would be cofpelled to reject H, only when the sample evidence is strongly -
. againstit. For example, we mig toreject Hjonly when x>52 orx<48 and in all other casesi.e.’
- when xis between 48 and 52 and se10 50, we mighttonclude that the sample evidence isnot stfong

enogh for Us to be able to reject I-[[I

Figure I: The Significance Lev_e_l is the area of the (é'had'ed " regiofﬁ .

Accept Hn of  is in thiy region

Rejacl H,if i isid tlns region

| 258



Now supposethe H, is in reality true - i.¢. the true valup of p is 50. In that case, if the population distribution
isnormat or if the sample size is sufficiently large (n>30), thedistribution of X will be normal as shown
in Figure I above. Remember that our criterion for rejecting H states that if x<48 or x>52, we shall
reject H,. Referring to Figure I, we find that the shaded area under both tails of the distribution of X
represents the probability of rejecting H, when Ho is true which is the same as the probability of type

L error. ’ ' : :

All tests of hj«polheses hinge upon this concept of the significance level and it is possible that a nuil
hypothesis can be rejected at ¢ = .05 whereas the same evidence is not strong enough Lo reject the null
hypothesis at o =.01. In other words, the inference drawn can be sensitive to the significance level used.

‘Testing of hypothesis suffers from the limitation that the financial or the economic costs of consequences
are not considered explicitly. In practice, the significance level is supposed to be arrived at after
considering the costconsequences, Itis very difficult to specify the ideal value of o inaspecific situation;
we can only give a guideline that the higher the difference in costs between type [ error and type II error,
the greater is the importance of type I error as compared to type II error. Consequenily the risk or
probability of type I error should be lower - i.e. the value of o should be lower. In practice, most tests
are conductedat o =01, o = .050r a =.1 by convention as well as by convenience. :

The Power Curve of a Test

Let us go back to the purchase manager's  problem referred to earlier where we set up our hypotheses

as foliows: 0
H:ps20 : '
Hip>20 ' O

These hypotheses imply that the purchase managsf Weild normally accept the null hypothesis that the
. mean hardness of castings delivered by the ngg supfllier is not above 20 in which case no purchase order
need be placed with the new supplier. O the sample evidence is strongly against it,would the
null hypothesis be rejected - in which case th¥gurchase manager would place orders with the new supplier.

Now suppose that the purchase man%ws that the hardness of castings from any supplier is normally
distributed and also that the standard d&%¥iation of hardness of castings from the new supplier would not

" be much different from that of the existing suppliers which is known to be 2.5 Further, suppose the
purchase manager picks up a sample of 100 castings and he decides thatif the sample mean from these100
castings is greater than or equal te 20.5, he would consider the sample evidence to be strongly against H
and so he would reject H . The test is now completely designed and has been summarised as follows:

"Hu<20
Hiip>20

" Reject H,if x 2 20.5 for n= 100, where g =2.5 .
~ For this test, we can easily calculate the probability that Hywould be rejected for a given value of u.For
example, if we know that the true value of i is 20. 25, the probability that H, is rejected is given by the

_-shaded area in Figure II below.

[=p _ 20.5-20.25}
loivn ™ 2.5/v/100

=Pr [221]

Pr [x = 20.5] = Pr

=1.1587

259




Figure 1z Probability of rejectinig Hy when u = 20.25

#=20.25 20.5. - X —

‘as shown in Figure Il below. Sucha curve is known as the Pawer8urve of a fest. Poin A onfthis power
curve, for example, can be interpreted to mean that if L= 20. n the probability of rejecting H, is
0.1587. Incidentally, this is the probability that we c@d in the previous paragraph. .

Figure ITI, Po%ve of a Test.
- g : Reject Hoif £220.5

We cansimilarly calculate the probability of rejecting H, fordj_ffezt valuesof pandplot thes¢ ona graph

5

=
2]

Probability of Rejection H,, e —

5

iy

]
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We have also marked two regions -- one where H, is'true (1t < 20) and the other where H istruc (n>20)
We have also marked & for one valve of i > 20 and similarly marked B for another value of w20,
The dotted line shows the power curve of another test [Reject H,ifx 2 20.6] conducted on a sample of
the same size. By comparing the power curve of these two tests we see very clearly that for a given sample
size, o reudces as B increases and vice versa.

We also see in Figure 111 that in the range where H, isirue viz )L < 20, the value of o is different for
different values of |1 - but the highest value of a occurs at the breakpoint between H, andH iec.atp=
20.In other words, the probability of type I error is highest when | =20, which is the breakpoint value
between H, and H, . Therefore, if we want to cnsure that the probability of type | error does not exceed
aparticular viauve (say 0.05), it is enough to check that ihe probability of type I error does not exceed this
value at the breakpoint value of i1 . This property will be used very frequently in designing the tests. It
1s to be noted that when we specified the test as: Reject H, ifx = 20.5, we partitioned all possible values
of X into twa regions one can be called the acceptance region (viz. X < 20.5) and the other the rejection
region or the critical region (viz.X = 20.5) If the value of the sample statistic X lies in the critical region,
then only can we 1eject H_ .

The P Value of a Tesi

We have seen carlier that a test of hypothesis is designed for a significance level and at the end of the test
we conclude that we reject the null hypothesis at 1% significance level and so on. As'discussed earlier,
the significance level is somewhat arbitrarily fixed and the mere fact that a fiypothesisisrejected or cannot
be rejected docs not reveal the full saength of the sample evidencéyAn alternative, and in some ways, a
better way of cxpressing the conclusion of a test is to state the i@r the probability value of the test,

observed if the null hypothsis is irue. We shall use the > manager's decision problem discussed

~The P value of a test expresses the probability of obs@ sample statistic as extreme as the one
above, under the subheading The Power Curve of$ explain the P value. Please go through that

section before you proceed further,

Suppose the observed value of the sampl Wiy from a sample of size 100, is 20.7725. What is the
significance level at which we shall justreject{ ? Or in other words, what is the probability of observing
anx of 20.7725 when H, is true? Wg 4@‘ ow that the probability of type I error is the highest when the
population parameter is at the breakpOtut Aauc between H; and H, and so the highest probability of type
Lerror occurs if we reject the null hypothesis when x > 20.7725 and p = 20 and this probability can be
calculated as shown in Figure TV below. '

Figure IV: The P value of a Test
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[x . 20.7725- 20

Pr [x=20.7725] =

az%' - 2.5V100
=Pr{z=3.09}
= 0.001

Thus, we can say that the P value of this test is 0.001 and this is more meaningful to say than that we rc;ect
the nul! hypothesis at o= 0.05 or at o = 0.01.

15.3 HYPOTHESIS TESTING PROCEDURE - o

By now it should be clear that there are basically two phases in testing of hypothesis in the first phase we
design the test and set up the conditions under which we shall reject the null hypothesis. In the second phase
we use the test based on the sample evidence and draw our conclusion as to whether the null hypothesis
can be rejected (or else, what is the P value of the test). The detailed steps involved are as ‘follows:

Step 1:
Step 2:
Step 3:
Step 4:
Step 5

State the Null and the Alternate Hypotheses.

Choose the test statistic - i.e. the sample statistic that will define the critical region.

Specify a level of significance of ¢,

Define the critical region in terms of the test statistic.

Compare the observed value of the test statistic with the cut-off value or the critical value and
decide to accept or reject the null hypothesis.

The best way to explain these steps is through an example @ is what we propose to do forthwith.

Activity A

Isit possible thatafalse hypothesis will be accepted?

Activity B

Suppose we are testing the mean of a population and the test procedure is: Reject H ifX 2 25.5,If the
- standard error of the mean is known to be 0.5 then calculate the probability of ¢ accepun gH, whien in reality

itis nottrue and p. = 25. Should we use ¢ or [} to represent this probability?
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Activity C
Narme one situation from your work where you think testing of hypotheses might be of use to you.

15.4 TESTING OF POPULATION MEAN

We shall now discuss how tests concerning population means can be developed and uscd. Under different
conditions, the test procedures have to be developed differently. We start by discussing the case when the
population variance is known and the distribution of sample mean x-is known to have or can be
approximated by a normal distribution,

When Population Variance is Known

We again refer to the purchasc manager's decision problem first introduced in section 15.1 and claborated
again in 15.2. The purchase manager has to decide whether 1o buy castings from a new supplicr who has
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H, =u>20

.,lalmed that his ca castmgs have hlgher hardness than those Supplled by exlsnng supphers The purchase

- manager knows that the mean hardness of castings supplied by existing suppliers is 20 and also that the
. standard deviation of hardness is 2.5. To test the ¢laim of the new supplier, he picks up a sample of 100

castings from the new supplier.and finds that the sample mean is 20.5. The purchase manager{believes that
the standard deviation of hardness of castings from the new supplier would not be very different from that

_of the existing suppliers, If Lhe purchasc manager decides to use a &gmﬂcance lcval of 5%, what should

we conclude?
We have seen earlier that unless and until the sample evidence is sl:rongljr o the conurary, 'thé'purchasc '
manager would not like to switch from the exnsungsuppllers The null and the alternative hypotheses are,

therefore, setup as follows : '

Ho=p,£.20

~ The sample mean would be used to draw conclusions about the population mean and so the test statistic

isx. We shall be in aposition to reject H_ only if the sample evidence is strongly against iti.e. if the observed
value 0f X is much larger than 20. The critical region will therefore be of the form : Xc, where ¢, isareal
number much larger than 20. The actual value of ¢ would depend--oh the significance level used.

The 51gn1ﬁcance level is known to be,o = 0.05. In other words, the probablhty of type I error should not

exceed 0.05. We also know that the probability of type | Lerror is h:ghcsl when [ is at the breakpomt value
hetwe,en H, and H --ie. when p=20.

Figure V: The Critical@

.M;—;Aooep;anbe Region~—— O ~Rejections——
‘ ' ' - ' " Region

Area=0.05

p=20 4+ 16450y i—

This has been shown as the shaded region in Figure V above, where the distribution of X hasrﬁeen' shown -
asanomal curve. This is valid under two conditions--(1) if the population distribution is normal then the
distribution of X is also normal ; or (2) if the sample size is'large, then again . the central lmlmt theorem
assures us that the distiibution of X can be approximated by a normal distribution. Therefore, if either of
these conditions is valid (and in this case the second condition is certainly valid as n = 100), then

|

where the population mean is . and g ) is given by

oy =

sk
Al

It
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As shown in Flgure V, We want a-value ofx such that the area to the rlght of this valpe i 18 0 05 when
= 20. By referring to normal tables, we can’ fmd '

the cut-off value of X =+ 1.645 ox, thn o =20
© Z20+1645X 025
-=20.41125

Hence, the test procedure boils down to :
Reject H if X > 20.41125

~ Now that we have identified the critical region, we can compare the observed value of X and see if it
belongs to critical region. The observed value of X is 20.5 which lies in the critical region and S0 we can
conclude that the sample evidence is strong enough for us toreject H '

One-tailed and Two-ta:led Tests

In the previous section we looked at a test where the critical region was found to lic under one taxl --the
right tail - of the distribution of the test statistic. Such tests are called  one tailed tests in contrast with the
two-tailed tests where the critical region lies under both the tails of the dlsmbuuon of the test

statistic. We shall now look at such a situation.

Let us assume that our purchase manager wants to test whether theunean hardness of castings supplied
by one of the existing sppliers has changed from 20. If it has chang m 20, then he would like to take
some corrective action. On the other hand, he would not like to ifgjatg? the corrective actions unless and -
until he is reasonably sure that the mean hardness has real anged. So, he tests asample of 493 castings
from this-supplier and finds that the mean hardness is 19.5 *@ hould he conclude at asignificance level

- (o) of 0.057 Assume that ¢ continues o be 2.5. _
To begin with, we state our hyﬁotheses as_ E ; o
Ho:p =20 S | _ Q '

Hip #20 @
In other words until and unless there is¥n overwhelming evidence against it, he would like to bel!eve
that the mean hardness has not changed.

- The test statistic is agam x but now he would re]eCl H,ifXistoo far above 20 as-well as if itis too far below
20,

The significance level, o is0.05 and as shown in Figure VI below, this imph'es that the total'probabilily '

of rejecting H_is 0.05. The critical region now exists under both the tails of the distribution of the test

statistic and we would treat both of them to be equal, Therefore, each of the shaded area is 0.025 and one
-half of the acceptance region has an area 0.475, which corresponds to a z value of 1,96 in normal tables.

Figure VI: Two tailed test of Hypothesis at 0.05 Significance Level -

Arce = 0L02S

t-1.96 a.




The lower limit of the acceptance region = p-lY%o0., when = 20

o
= 20-1.96W
20-1.96 % 2
= PN
= 20-07

= 193

Similarly, the upper limit of the acceptance regi(;n =p+1.96 o

20407

=" 207

In Figure VII below we have shown the acceptance and the:rejection regions. As the observed value of -
X viz. 19.5 falls in the acceptance rcg10n we corfclude that the sample evidence.isnot strong enough for

us to rejectH
Figure VII : Acceptance Region f@vﬁ tailed Test
Figure VILI: Accept RQ the two-tailed Test

A Regighmm—mie—y]

193 R

 When Populél_tion Variance is Unknown

~“We have so far been assuming that the population variance was known and so we could easily calculate
the standard error of the mean. However, in many cases that populalmn vanance is not known and we still
want to draw conclusions about the population mean: :

' Sample Size is large : When the population standard deviation is not known, we have 0 estimate it

from the sample and as we have discussed in the previous unit we use the sample standard deviations to
estimate the population standard deviation ¢. Further, if the sample size is large (n>30) then the standard.
error of the mean can be calculated as- : :
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and so the testing of hypothesis can proceed exactly as in the previous section. [t is to be noted that if the
population size {N) is smal! so that the sampling ratio (n/N) is larger than (.03, then-the fll'lltf: pOpulatlon
multiplier also neer;is W0 bc used [or calculating o i.e.such a case

Sample Size is Small : When the sample size is small (n < 30) and the population standard déy@alion
1s unknown, the standard egror - of mean (G ) cannot be found direcily. However, as we have seen in the

previous unit, if the population distribution is normal, the sample standard deviation {s) can be used to
calculate the value of a related random variable :

X-p
s/ T

which has known distribution --viz, the Student's distribution wiih n-1 degrees of freedom. Therefore, if
the sample standard deviation {s) is known -- and this can always be calculated from the sample
observations -- then the critical region can again be defined in terms of the test statistic sample mean (X).
. We propose to show how this can be done through an cxample.

Letus go back. to the decision problem faced by the purchase maagger as narrated in section 135.4 above
-- with the only difference that the populatici standard deviatign a ¥ unknown. The purchase manager
picks up a sample of Size 15 and finds that the sample means X (o and the sample standard deviation
as 2.6.Tf he uses a significance level of 0.05 as before, c@ncludc that the mean hardness of castings

from this supplier has changed from 20?7

" Our null and the alternative hypotheses. would rc%chan ged, viz.

HDI}J,=20 ) ) Q

H :p+20

The test statistic is again the sample méan X,
- The Sample size isni= 15

and the observed vatue of Xis 19.5 and that of i is2 6 Thisis agam at two-tailed test and the anll hypothe31s
. can be rejected only if the observed value of Xis too faraway From 20 --i.e. when /x #20/zc, where
¢ is a number the value of which depends on the significance level.

The distribution of % is not known directly, but the disiribution of a'related variable
X-W isknown, when H_is rue —i.e. when ju =20, We know that = will
S/ Vi - LA

have a't distribution with (n-1) degrees of freedom and since n=1 3, by referring to the L tables, we can
see that for a t variable with 14 degrees of freedom,

Pr([-2.131<t,<2.131] =095

14
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- critical region for this test. We want that the probability of rejecting H_ whenH_is true -~

From the t tables, we find that o 0
Prit, 22.131) = 0025 | O

‘But  X-M isknown tohavea t'disn‘ibution?dhg,rees of freedom.

- We can, therefore, calculate the limits of the acceptance region as follows: . -

The symbol t,, above representsa t variable 14 degrees of freedom and Figure VIII belo

=20, to be 0.05 and thisrejection region is under both the tails of the distribution of X and soth
each tail is 0.025 as shown in Flgure VIII, : :

L ' Flgure VII ; Two tailed test of mean for small sample size

. s . . —
2131 -~ : 2,131 =~

w shows the
i.e. when |
1e area under

P k22131 =009
' [ * \_fn]
Fmally, if Hg is true, then p = 20 and SO

[x>20+2131--l 0025

the upper limit of thg'acceptar.l‘c"e rcgion =30 + 2.131 —54 '

=20+2131 x =&
=2143 - M5
and the Iower limit of the acceptance reglon =20-2 ]31 ~\—
n
2.6
= "0 -2 131 X ==
' V15

=1857

Butthe observed value of xi$ 19.5, which fallgin lhe acoeptancereglon andsowe conclude that
cvnclence is not slrcmg enough for us to reject HO atasi gmflcance level of 0. {)5
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[L1s to be noted thatl we have used a two-lailed test here because that is how our hypotheses were set up.
The procedure for a one-lailed test using ¢ distribution is concepinally the same as a one-tailed test using
the normal distribution that we have seen earlier in section 5.4 above. Make sure thal you are reading the
t table correctly because in some t tables the ¢ values for: th area under both tails is tabulaicd whereas in
others lhe t values for the area under one 1311 only is labulated.

15.5 .TESTING OF POPULATION PROPORTION

We shall now discuss how tests concerning population proportions can be conducted. At this stage, we
would request youoreview the previous unit where we discussed the detrmination of confidence interval
for the population proportion. In particolar, recollect that the sampling distribution of the proportion is
actualy a binomial distribution, which can be approximated by a normal distribution with the same mean
and the same variance if n is sufficiently large so that both np and n (I-p) arc at lcast as large as 3.

A personnel manager wants to know if the competence and the performance of its supervisory staff has
changed. He knows from past surveys that 30% of the supervisory staff used o be rated in the "super”
category. A sample of 50 supervisory stafl have recently been rated and only 12 of them appear in
the"super” category, What should the persounel mananger conclude at a 5% significance level?

In the absence of an overwhelming evidence against it, the personnel mavager is lkely to believe that the
proportion of supervisory staff in the "super” category has not changed. If p is the proportion of
supervisory staff in the "super” calegory in the population, cur null and ihe alternative hypotheses are:

H:p=03 0
H :p#03 . _ O

The test statistic is the sample proportion p. If the s size is large enough (so that both np and n{l-
p) are at least as large as 5), then :

When Hy is true—i.e. when p=0.3 .
p~N (0.3, 0.0042)

Inother words, when Hyis rue, the sample propomon P approximately follows anormal distribution with
mean 0.3 and variance 0.0042.

Firgure IX A  two-tailed test of proportion
fo—— 1960, ——wde 1966, ——»

Arez =025 Area = (25

03— 1960, 0 0.3 + 1960,

: 269, _ ' :
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If we represent the standard deviation of the sample proportion p as G - then, if Hy s true,

e
11
jo3%0.7 _ ‘

Vo os0

= 0.065

- From our null and alternative hypotheses, we can easily see that we have a two-(ailed test where the null
hypotheses will be rejected if the sample proportionp is either too much below or too much above 0.3.

- We have shown the rejection region in Figure IX above and from normal tables we find that j:hcn the area
to the right is 0.025, the 7 value is 1.96. We can, thercfore, defire the appropriate acceplance region as
follows: : '

the upper limit of

- acceptance region = p+1.96 o_whenp=0.3
<03 +1.96 x 0.065
=0.43
and the lower limit of ;
accepiance region =p-1.96 G ‘
=0.3-1.96x 0.065
=017

In the sample, only 12 out of 50 supervisors belong o the @ catcgory.  So the observed value of

- pis ‘
1 ‘ O |

p=——=0.024
50

e conclude that the sample evidence is not sirong énough

As this valu:a falls in the acceptance refiopta _
T8¢ the proportion of " super” supervisors has not Jhanged from

for us to reject H, and so we accept H,
0.3.

Itis not difficult to see that even withl proportions, one can use either a one-tailed test or a two-tailed test
(as used above) depending upon how the null and the alternative hypotheses have been setup. The concept
and the approach is exactly the same as we have discussed in previous sections and so we are not repeating
it here, . '

Activity D ' S
Diagram the acceptance and the rejection regions in each of the following situation where th% significance
level of the testis 10% and the altcrnative hypothesis is '

b) H,:p>90 - 2

c) H]:,u:L<9U' _ "3 \._

Y



Activity E
In cach of the following cases, specify which probability distribution you would use to conduct the test:

a) Hoip=90H,: u#90 x=921 o=

=8 n=36
x~N |90, b4 hen p =
36] When =90
b) Hyp =90  Hy:pe 90 Cx=92.1 S=8 n=36
¢) Hyop=9 Hpu+9% - 52921 $=8§ n=20
d) Hyep=03 H,:p#03 p=0.738 n=>50)

15.6 TESTING FOR DIFFERENCE BETWEEN MEANS

Many 2 time the decision maker is interested in knowin g whether twor l‘CldlCd " populations are differcnt
from each other in respect of any parameter of the population, For examplc a markeling manager may
be interested in knowing whether the mean sales [rom a retail shop is affected by a display at the point of
purchase. A personnel manager may like toknow whether the job performance of acategory of employees
i affected by a particular training programme. In these cases, the decision maker 1s not interested in
concluding anything about the parameter value in cither of the populations, butonly whether the difference

" is significant or not. We shall study testing for difference between two means in this section. In the
following section, we shall take a look at testing for the difference between proportions.

Independent Samples

We first discuss the case where we want (o arrive at somsion about the differcnce between {wo

poputation means and we draw one sample from each of the'peplilations, independent of the other. So we

have two independent samples and we want o test th price between the two populaticn means based
_on the evidence produced by the two sample;

Sampling Distribution of the Diffe¥gnce between Sample Means :

Let us assume that the mean and varia e first populationare i, and % respectively, and srmllarly,
let- p, and o2, be the mean and varia , the second pepulation.

Let X, be the sample mean of a sample of size n, from the first population and x, the sample of a sample
~ sizen, n from the sccond population,

From our earlier discussion on the sampling distribution of the mean, we know that
E(x}=u,
2
g 1

and Var XJ)=—
n

1
if the first population is not so small as 1o need the finite population multiplier.
Similarly ,E (X,) =1,
_ o4,
and Var(x,) = —
Il

2 .
Now, if the samples are independent, the random variables x, and x, are also independent and 50

E (-)Eu_ 'iz) =“'1' uz
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d Var (% LI
-&n ar (X4 — X e e
a (%3 — X) n, s

Fimally, if %, and x, arc normally distributed, then the difference between these two random variables
would also be normally distribuled. In other words,

2
(]'1

i %~ N (g, —)
n,

{}'2_
and X, ~N (p,,.—)
n;

2 3
_ _ o 3

then, (%; - %3) ~N (}l] — K2, "-L_+ -"-2'-]
- - -m np

Tests When Sample Sizes are Large : When n and n, arc large, we know from the Central Limit
Theorem  that both'_i-1 andX, would be normally distributed, If o, and &, are known, then the distribution
of (x, -X,} is also known completely and one can directly proceed with lests concerning (1,-1,}. Onthe
other hand, evenif 6 and ¢, are not known they can be casily estimated by the respective sample standard
deviations and one can procccd as if the p{)puldt]()[] ‘;Idndd!’d deviations are knowr. We shall now
demonstrate this proccd ure by an ..,deplﬁ'

- A marketing manager wanis 10 know if display at point of purchase helps in increasing the sales of his
product. Unless there is sirong cvidence to the contrary, he isMgkety to believe that such dispiays do not
affect sales. He picks up 70 retail shops where there is HO% and finds that the week]& sale in these
shops has a mean of Rs. 6000 and a standard deviation gf Rs. 1084 Similarly, he picks up a second sample
of 36 retail shops with display at point of purchase a @ that the weekly sale in these shops has mean
of Rs.6500 and a standard deviation of Rs.1200. Wigg spbuld he conclude at a significance levelof 5%?

Letususe the subscript 1 to denote the first po%n(i.c.without display) and subscript 2 for the second

population(i.e. with display). The nu@;}lc ternative hypotheses follow:
H:pzp, dep-p,z 0

H :_ul<u2_ ie. W-p, < @

Inihie absence of strong ewdence to the contrary, be i likely to accept that display does not thrcase sales
The test statisiic 10 be used (%, -x,) and since both n, and n, are large,

ulcr%)

(k1 — %) ~ N(m w2

The probability of type I error is the hi ghesl when ([ - 1) . isat the break point value betwwn H and H,
ie. whenp = u? and so

(&1 ~%;)~N (0, 0% —1,)

where O,z 18 the standard deviation of (X, - %;).We can easﬂy calculatc

s, fors ands, foro, asboth n, and n, are Idrgc

by substiting

xl =2

2

S n on,  n,.
_ 1004 x 1004 _ 1200 x 1200
0 T 36
. | 972 | ‘




= 1400 + 4000

54400

6, ., =V5400 = 23324 b

So, we know that when (u, - 1) is at the breakpoint value between H and H , (X, -X,) isnormally
distributed with a mean 0 and  a standard deviation of 233,24 )

e (%, - %)~ N (0,54400)
We canreject H only when (X, - X,) is sufficiently negative so that the probability of getting a value as
small as the cut - off value is not larger than the significance fevel 0.05. From normal tables, we [ind the
corresponding z value o be - 1.645 and so, as shown in Figure X below, the cut-off value of
(x,-%X)=0-16458_ .

=-1645x 23324 =-383.68

Figure X : Festing for difference between Means : large independent samples

- 1645 =G, 5, —md

Area = 0.05

7

Regection
Region

Q

{ Acceplance Region - . >

The 1es1 proccd'urc can, therefore, be summarised as
Reject H_if (x, -%,} < - 383.68

Our observed value of X, is 6000 and that of X is 6500 and so the observed value of {x, - %, =-500
and so we can tejecl H at 5% significance level and conclude that display at point of purchase does
incrcase sales. : -

This test turned out to be-a one-tailed test, but even when the null and the aliernativeiypotheses are such
that we have a too tailed Lest, the approach is similar (o the two-tatled tests that we have discussed earlier.

Tests When Sample Sizes are Small : When the sample sizes n, and n, are small, we cannot

| substitute s, for o | and s, fot &, and proceed as if 6, and o, are known. We shall develop a procedure for
this case here,when we can make the further assumption that 6, = 6, (say), If 6,and 6" are known to be
different, such a situation is beyond the scope of this course. ) '

Having assumed that 6, = G, = G, our estimalc for ¢ is a pooled standard deviation-s, defined as
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' We could have estimated .G by $, or s,alone but lhen we would rot have used allthe mformatlon available
tous, Using $§ as ourestimate of the standard deviation of the two populations, the estimate of the standard
deviation of Lﬁe difference between the two sample means works out 1o ; |

51 1.1

|

1

|

|

. g !

n n . ' ﬁ !
: . . i

i

And finally, when & is replaced by S, the distribution of

_ (‘—Xz)*-(ul uz)
$p4/1 1

n . n»

isat distribution with (n +n2 -2) degrees of frccdom We can, therefore,develop a test pmcedure usmg
the t distribution with (n t,-2) degrees of freedom as shown in the example below ;
Let us take up-the decision problem faced by the markenng manager in this sectlon where he wants to
know if display at point of purchase helps in increasing sates. He picks up 12 retail shops \mth no display
and finds that the weekly sale in these shops hasa mean of Rs.6000 and standard deviation of Rs. 1004
- Similarly, he picks up a second sample of 10 retail shops withMjsplay at point of purchase and finds that .
the weekly sale in these shops has a mean of Rs. 6500 and N ?rd deviation of Rs,1200. What should

he coriclude at a significance level of 597 ! v '

 We first state l:he mull and the alleman‘ve hypdtt@ foliows:

CHy:p>p, i.e.;,ll-J.12>0?~ :
.Hl:p,>;,|.z ~oLe ) - 0 : N _ _ ;

Where the symbols have the sagpeyncanivg as in this section-above : |
&, a

|
- The test statistic will again be and if the population are normally d1smbuted then (% ‘Xz) will also
“have a normial distribution with its mean’ .as(u1 |.Lz) and a standard dcwahon whlch can be estimated by
the pooled standard dewauon '

\/ (ﬂl—l) 8 +(“2“1).S?

'n1+n2 2

We know thatn = 12,5, = 1004

andn,=10,5, =1200 L L

(12~ 1) x (1004)2 + (10- 1) X (1200)2
12+10-2

i

1,10,88,176 + 1,29,60,000

' 2,40,;53,176 :
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= V1202408 8 =1096.54

S0 (X ~ x_z) _ (m 2 wull haveat dlstnbuuon with

;. N

(n+n, -2)degrees of freedom. Since the Significance Tevel is 5%, the probability of type 1 error should
not cxcccd .05 and as shown in Figure XI below, we [ind from t tables the probability that a variable
with (12+10-2) i.c. 20 degreesof freedom Lakes a value at small as -1.725 is .05. The probability of type
I efror is the highest when (. - () is at the breakpoint value between H_and H —i.c. when (),—1,) ) =0
and so the cut-off value of (x-x,) would be given by

- A/ 1] - :
(k= 2) = 17255 -+ - when (1 — ) =0

; 11
=0 — 1,725 x 1096.54 x --—+—16
= —809.9

Figure X1 ; One-tailed test of difference between w@mall independent samples
T

lae— [ 7238p_— +—
p\l n, n;

Arca= 15

/.

- B9 0 : = kr—

The test procedure can, therefore, be summarised as
Reject H_ if (x X )S -809.9

Our observed valuc of X is 6000 and that of X, 15 6500 and 50 the observed value of (X -x,) = -500 and as
this belongs to the acceptance rcgion, we umcludc that the evidence is not strong enough for us to reject
H_. That is,we accept the null hypothesis that display at point of purchase does not increase sales.

Dependen‘t Sﬁmples

We have so far discussed the casc when the two samples picked up from the populations were independent
- but we can also design our test in such a way that the samples are dependent. For example, if we want
to know whether a training programme helps in improving the job performance of a category of

- employees we can avaluate the job performance of a sample of employees before they have undergone
the training programme. We can evaluate the performance of the employees again - after they have
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undergone the training programme. We would, therefore, have two performance cvaluations for cach
employees in our sample—-one before andthe other after the training programme an_d su the I]Iwo Sample_s
arc dependent on cach other, For each emiployee the difference in the performance evaluations is caused
by the training programme and many other random Tactors which have a very significant effect on the
Job performance. Therclore, the difference in the performance evaluations can be rcated as a random
variable having a distribution of its own.

In gencral, using dependent samples is better than using independent samples because the effect of all
other major factors is elminated and the difference can be attributed only o the "lrcéhnent"LLhat we are
studying. Sucha design may notalways be possiblebut whenever we can design atest based o dependent

samples, we arc relatively more confident thal we have isolated the effect ol the treatment " and that the -

two samples arc identical but for this difference in "treatment”. |

We shall again consider the decision problem faced by the marketing manager in 15.6 above regarding

whether display at pointof purchase helps increasing sales. He picks uparandom sample ot 11 retail shops .

and notes down the weekly sales in cach of these shops. Next, he introduces display at point of purchase

atcach of thesc shops and again obscrves the weckly sales in them, as given in Table 2betow. If he is using:

a significance level of 5%, what should he conclude?
Using the same symbols as carlier, we introduce one more random variable, d, defined as ‘
(I:J(l-x2

i.c. d is the difference in salcs in a retail shop between before ang afier the display. If the expected value
of d is represented by p, then

. | | Q ‘ |
Let us write our null and the alternative hypotheses as :

HU : }Ll—pQ;O i€. }Ld—}fo E
Hl ¥ p..;—p.2<0 i.e. p«d([} Q ‘

Asyou can see this is a test_concemirghe population mean g, when we have a sample of d |values.We

use the sample mean d as the test statistic and because the sample size is small (n=11), we shall psc a ¢ test.

Tabie 2 : Weekly Sales in a Sample of 11 Retail Shops -

Shop No. 1 2 3 4 5 6 7 8 9 10 11
Before Display 4500 5275 7235 6844 5991 6672 4943 7615 6148 5623 5154
After Display 4834 5010 7562 6957 6401 6423 5334 8004 6729 €377] 5769

Difference (d) . -334 265 -327 -113 410 249 2391 389 -S81 654 -615

From the sample, we find that for n=11 the sample mean d = -300 and the sample standard deviation, S
= 314.53, ' '

d

If we assume that the d values are normallydistributed, then the cut-off value can be easily obtained from
the t tables with (11-1} degrees of freedom, as shown in FigureX]I below. ‘

The cut-off value of




d=py— 2.812ﬁ, when =0

314 53

=0 - 1.812 x —=-
VI

= —171.84
Figure XII : One tailed test of differcnce between means :small dependent samples.

1812 —_ﬂ—J
vn o -

— 17184 pd= d——

<+—Rejection—#re - Acceptance Region _ »

Region
As our observed value of d is -300, 1t is very much in the reje@gion and so we can conclude that
display at point of purchase does increase sales. We can algagge tha¥ff the sample size is large, we can use
the z test in place of the t1est. Also, that both one- and t§ d tests can be performed depending upon
the hypolheses that are set up. .

15.7 3 LSTING FOR DIFFER L BETWEEN PROPORTIONS

the taste "of his preduct. He finds tha ’@ 1of a sample of 85 consumers respond that they like the taste
of his product. Similarly, 35 out of a seond sample of 65 consumers respond that they like the taste of
the product--when they arc administered a product of the next competing brand. Based on these
observations, what should the marketing manager conclude at a 5% significance level?

A markcting manager wants to knre is any difference in the pmporllon of consumers who like

Let us firsi state the null and the aliernative hypotheses :

Ho: p_l :p‘l
.H] PR,

‘Where p, refers to the proportion of consumers who like the product of the marketing manager and p, the
proportion of consumers who like the product of the next competing brand. The test statistic will be p o
- p, te.the difference in the two sample proporuons Since the sample sizes n, and n, are large enough

1~
B ~N [P P ( - Pa))

and p,~N (p, Pall pZJ)

N3

And since the two samples are indpendent,
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' and 5o the upper limit .
of the acceptancé region = 0 + 1.96 \/p(l + —)

. - 1- - ' S .
(Pr—p2) ~N (PI—st P p|)+pg(1 pz)) . o ‘

I'Il 1'|2

The significance level being 0.05, we would like the probability of rejecting H when H_ is true to not

exceed 0.05 and so, as shown in Figare XTII below

.- the uppéf limit of - T 1= . ) o
the acceptance region = (py — p2) + 1.96 \/Mn_;m + Pﬁ—r‘l:ﬂﬁ when py = I%z
=0+ 1..96 \/El-(—p—’-l lnd-_ 24 pl-(l—nf-gl). _ S ’
) ’ ‘l ’ . .

|
We shall substitute: p, andp, by their estimates p, and p, However,when p1 =p,=p (say) rt would be.

- even better to have a pooled estimate p, say p from both the samples put together,

. ‘_]znlp]-l-nzpz
n +n,

=1.$082=0.16 . o BT

Figure XIII ; Test for difference of poputation proportions

19605y _pr——tfe——19605) _—]

_ Area =.025

“ Pz

Similarly, the lower limit
of the ‘acceptance region =0 - 1.96 X 0, :
| C=196x0082 ‘
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=016

The observed value of (p, ~ ps) is"
40 35 |

= 0.47 - (.54

==-0.07
As the observed value of {p, = P, falls in the acceptance region,we conclude that the sample evndence
is not sirong enough for us to reject H_, Similartests can also be conducted when the null and the dltematwe
hypothcses are 5o set up that ong- talled tests are rcqulred

' Activity F

Diagram the acceptance and the rcjectidn regions m each of the following ',siggations when the
significance level of the test is 10% and the alternative hypotheses are

a) Hy:py—pa #0
(independent samples) -

b) Hy : py=p,>0
(independent samples)

C.) .Hl . pq—|.l..2¢0

(independent sample? :

d) H; : p-pp70
(dependent samples)

e) _Hl H '.I,]—p./z>0
(dependent samples)

f) Hy @ py—pp<0
- (dependent samples)

Activity G

. In each of the followmg cases, specrfy which probability distribution you would use to conduct the test
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a)  Hpip-u,=0 x, =321 dl..—. 75+ n=13 .
Hop-p,#0  %,=321 6,267 n,=11 |
(independent samples) - ' v

b)) Hyp-p,=0  x=321 5=75 n =12
. Hiip -z 0 x,=362 5,=6.7 n=
(dependent samples).d = 4.1 §,=37

c) .Ho:ul-pjz_() %, =321 $,=7.5 =
Hi:ip-m#0  x=362 5,=67 n,=1]
{dependent samples) d = - 4.1 §,=37

&  Hip-p=0  p =035 =20
: H:p-p,=0 p,=040  m,=30"

158 SUMMARY

In this unit we have seen how tests concerning statistical hypotheses can be designed and usé(i. A statistical
hypotheses is a statement about a population parameter or about population distribution. As these tesis
are. conducted on the basis of evidence thrown up by a sample , errors cannot be totally elliminated. All
- tests are designed to answer the question -- "Is the sample evidence strong crough to reject ihe nuil
hypothesis?". The null and the alternative hypotheses are set upguch that one of them, and only is always
true. In the absence of a strong evidence 1o the contrary, m@on maker would be willing to accept

the null hypothesis.

Of the-two errors that are possible in any testing ofsis, type I error-- viz. the error in wrongly.

" rejecting the null hypothesis -- is considered Q. be mMsericus than the other one and sc is subject to
explicit control. All tests are performed at 4 si ce level which defines the highest p&obability of
type I error.

Al tests of hypotheses are conducted in :¥g phases -- ir: the first phase a test is designed whaire we decide
as 1o when can the null hypothe: @ gjected -- and in the second phase the désigned test is uscd o draw
the conclusion. '

We then looked at some specific test. We found that while testing population means, the iest lan be based
on the normal distribution if the population variance was known or if the sample size was large. On the
other hand,if the samplc%izc was small, we had to  design a test based on the ¢ distribution. Popelation
proportions could alsobe tested on the basis of normal distribution. "

We then developed tests for testing the difference between two population means -- both for independsat-
and for dependent samples. When the samples were independent and the samiple sizes wére_sma]l,we
developed a t test based on the pooled estimate of the standard deviation of the two popu]eJtions, under
the assumption that they werc equal. Similarly, we also developed a procedure for testing the difference

between two population proportions. B ‘

[15.9 SELF - ASSESSMENT EXERCISES

1. Apersonnel manager has received complaints that the stenographersin the company have become
slower and do not have the requisite speed in stenography. The Company cxpects the stdnographers
to have minimum speed of 90 words per minuic. The personnel manager decides to conduct a
steniography test on the random sample of 15 stenographers. However,he is clear in his mind that
uniess the sample evidence is strongly against it, he would accept that the riean speeld is at least
90w.p.m, Afterthe test, it is found that the mean speed Pl‘ the 153stenographers icstedis S|§6.2 w.p.n,
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What should the personnel manager conclude at'a mgmﬁcancc level of 5%, if it is known that
the standard deviation of the speed of all stenographers is 10.w.p.m.

. The marketing manager of a firm has decided 1o launch a new ready-to eat snack. There are two
minor variations of the product which have been developed. Both of these are basicalty similar
butabit differentin their colour, flavourand cnspness Also, both of these are highly pcrlshable :
and have a shelf life of about 48 hours.

~ The marketing manager decides to conduct a field wial of both the product variants to find out if
one is liked better by the people as compared to the other. He selects 20 shops which are similar
in respect of their sizes, locations, clientele, etc. He introduces the first variant of the product (say
P)) in 12 of these shops and similarly,he introduces the second variant (say p,) in the other 8
'Complete records are kept of the movement of these products for 15 days. The total sales of P, and
P, in these shops in a period of 15 days is found to be as follows :

{Salc in Kg)
ForP,: 25 23 19 18 23 200 2 19 2 2% 25
ForP,: 22 19 23 2 1 20 22 19
Both P and P, are priced equaily. The marketing manager now wants to conclude whether there’
is any 31 gmhcant difference bctwccn P, and P,. Using a significance level of 1% whal can he

conclude?

. The situation is the same as in 2 above. However, supp@sg that ad of selecting 20 shops, the
marketing manager selects only 10 shops and he intrg ¥bolh the products in all the 10 shops.

Atthe end of 15days, he finds that the total sales in ebjg@fthese 10 shops has been as follows:

(Sale in%~

Shop : 1 2 3 4 6 7 8 9 10

Poduct P, : 14 17 12@ 13 15 13 13 10 9

Product P,: 12 12 1z 11 16 12 6 17 10 11

What should his conclusion be ?_

. Thecurrenily used manufacturing process is known to produce 5% defectives which is considered
to be high by the management. An altemative process had been suggested and the management.
wants to get a sample of some components produced by the alternative process, which is
operationai at another location. What are the null and the alternative hypothcses relevant for this
muauon? Please discuss why.

For each of the followmg statemenis, choose the most appropriate response from among the listed
ones: - :

. “The significance levcl is probability based on the assumption that
a) H isTrie
b) H isFalse

G) the population mean is known
d} the population variance 1s known
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6. Anobserved sample for a test of hypolhtltsis yields a P value of 0.075. For this situation, at ¢ =0.05
a) wereject H ‘
b) WeacceptH, :
¢} acceptance of H_ depends on whether we have a one - or two tailed test.
d) we can neither accept nor reject H . :

7. Testing of hypothesis has some similarilies with legal proceedings where, guiltneeds to be proven.
" beyond areasonable doubi”. If innocence were considered to be \the null hypothesis, "reasonable
doubt” would be quantified by
a) l-g
b) P value
c) B
d} o

8. The major purpose of a test of hypothesis is to
a) make a decision about the sample, using the statistic
b) make a decision about the observed statistic
¢} make a decision about the population, using statistic
d) none of the above,

L
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‘ t DISTRIBUTION
i . ' Areas in Both tails combined for Student's Distribtion

! : 05 of area -85 of area

Example: To find the value of t which corresponds 1o an area of .10 in both tails of the distfibution.
combined when there are 19 degrees of freedom, look under the .10 column, and proceed down to the 19

degrees of freedom now; the appropriate ¢ value there is | 1,729,
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Example: To find th value of t which cdrresponds toaharea of . 10in both tails of the distribution combined
when there are 19 degees of freedom, look under the .10 column, and procecd down 1o the 19 degrees of
freedom now; the appropriate t value there is 1.729.

Area in both taills combined

Degrees of _
freedom 10 05 02 .01
1 6.314 12.706 31.821 63.657
2 2920 4303 6.965 9.925
3 2353 3,182 4.541 5.841
4 2.132 2.776 3.747 4.604
5 2015 2.571 3.365 4,032
6 1.943 2447 3.143 3.707
7 1.895 2.365 2.988 3499
8 1.860 2,306 2.896 3.355
9 1.833 2262 - 2821 3.250
10 1.812 2.228 2764 3.169
1 1.796 2.20 2718 3.106
12 1.782 79 2.681 3.055
13 1771 2650 3012
14 1761 "4s - 2.624 2977
15 1.753 ?“2.131 2.602 2947
16 Q@. 2,120 2.583 2921
17 N0 2.110 2.567 2.898
18 @ 1.734 2.101 2.552 2.878
19 1.729 2.093 2.539 2.861
20 1.725 2086 2,528 2.845
21 1.721 2.080 2,518 2,831
22 1717 2.074 2.508 2,819
23 1.714 2.069 2.500 2.807
24 1741 2,064 2.492 2.797
25 1.708 2.060 2485 2787
26 1.706 2.056 2479 2779
27 1703 2.052 2473 2771
28 1.701 2,048 2467 2763
29 1.699 2.045 2462 2.756
30 1.697 2.042 2457 2750
40 1684 . 2021 . 2423 2704
60 1671 2.000 2.390 2,660
120 ' 1658 1980 - 2.358 2617

Nomal Distribntion 1.645 1.960 2.326 2.576
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UNIT 16 CHI-SQUARE TESTS

Objectives

By the time you have successfully completed this unit, you should be able to

* appreciate the rolc of the chi-square distribution in testing of hypotheses
* design and conduct tests conceming the variance of a normal population
* perform tests regarding equality of variances form two normal populations
* have an intuiiive understanding of the concept of the chi-square statistic
* use the chi-square statistic in developing and conducting tests of goodness of fit and tests
- concerning indeperdence of categorised data.
Structure
16.1 Introduction
16.2 Testing of Population Variance
163 Testing of Equality of Two Population Variances
16.4 Testing the Goodness of Fit
16.5 Testing Independence of categoriced Data
16.6 Summary
16,7 Self-assessment Excrcises

16.8 Further Readings

16.1 INTRODUCTION. (‘\

{n the previous unit you have studied ihe meanin ter hypothesis and also how some of these
tests conceming ihe means and (he proportions or twe populstions conld be designed and
conducied. Butinreal life, one is not aiwgg nce ed with the mean and the proportion alone-nor is
one always interested in only one or two s. A miarketing manager may want to test it there is
any significant difference in the propogiion of Mgh incorne households where his brand of scap i3 preferred
in Worth, South, East, West and Cel ia. In such a situation, the marketing manager is interested in
testing the equality of proportions armn ive different populations. Similarly, a quality control manager
may be interested in testing the variability of a manufaciuirng process afier some major modificasons
were carried out on the machinery vis-a-vis the variability before such modifications.

The methods that we are going 1o introduce and discuss in this unit will help us in the kind of situations
mentioned above as well as in many other types of situations, Earlier (section 15.6 in the prévious unit),
while testing the equality of means of two populations based on small independent samples, we had
assumed that both the populatiens had the same variance and, if at all, their means alone were different.
(f required, the equality of variances could be tested by using methods to be discussed in this unit.

In many of our earlier tests, we had assumed that the population distribution was normal. It should be

"possible for us to test if the-population distribution is really normal, based on the evidence provided by

a sample. Similarly, in another situation it should be possible for us to test whether the population
distribution is Poisson, Exponential or any other known distribution. !

Finally, the procedures to be discussed in this unit also allow us to test if two variables are independent
when the data is only categorised we may, for instance, like to.test whether consumer performance for a
brand and income level are independent — i.e. the variables e.g. the sex of rcspnndents have been
measured only grouping respondents in categories.

‘The common thread ruoning through all the diverse situations mentioned above is the chi-square

distibution firstintroduced to you in section 14.4 of unit 14. Westart witha recapitulation of the chi-square.

-distribution below before we start dlscussmg any of the statistical tests.
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I
The Chi-Square Distribution - A Recapltulauon i
A chi-square distribution is known by its only parameter viz. the degrees of freedom. Flgum Ibelow shows
the probability density function of some chi-square distributions. The left and the righit tailslof chi-square
distributions with different degrees of freedotm are extensively tabulated. |

' If x is arandom variable having a standard normal distribution, then x* will have a chl-squarc distribution
. with one degrée of freedom. If Y, and Y, are independent random variables havmg chi-square

distributions with v, and v, degrees of freedom respectively, then (Y + Y, ) wnll have a chl-squarc
dlsmbuuon w1lh v, + v, degrecs of freedom, :

Figurel: Chi-squ'aré distributions with different degrées of freedom

1 degree of freedom

- Sdegreefoffrcednm o I

@(ees offrecdom

As shown in Figure I above, if x? is a random variable having a chi-square distribution with v degrees of

freedom, then x? can assume only non-negative values. Also, the expectation and the vaiance of x2 is
* known in terms of its degrees of freedom as below: '

and var-[xz] =2n

Finally, if x,, x,, ..., x_ are 1 random vanables from a normal populatlon with mean and vaiance G*

and if the samplc mean “x and the sample vairance s? are deﬁned as : !

%= i X
. = l n
ﬁ (% —x)?
i=t N—1 )
- (n-1)s* o o :
Then, ~——— will have a chi-square dlstnbuuon WII.h (n-1) degrees of feedom. Allh()l:l gh the distri-
0 . . . |
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.-———————_——1

bulmn of sample variable (sz) of a randomy sample from a normul population is not known exphcnly, the
distributon of a related random
(n-1)s*
variable viz ————is known and is used.
: o

16.2 TESTING OF POPULATION VARIANCE

Many times, we are interested in knowing if the variance of a population is different from or has changed
from a known value. As we shall sce below, such tests can be easily conducted if the population
distribution is known 1o be or ¢an be assumed to be normal. We shall develop and use the text procedure
under different null and alternative hypotheses.

One-Tailed Test

The specifications for the surface hardness of a composite metal sheet require ihat the surface hardness
be unifom to the extent that the standard deviation should not exceed 0.50. A small random sample of
sheets is selected from each shipment and the shipment is rejected if the sample variance is found to be
too large. However, a shipment can be rejected only when there is an overwhelming evidence against it.
The sample variance from asample of nine sheets worked out t00.32, Should this shipment can be rejected
at a significance level of 5%?

It is clear that in absence of a sirong evidence against it, the shipment should be accepted and so the null
and the alternative hypothescs shoutd be:

H,:0%< 0.25 0
H, :¢*>0.25 .
The highest acceptable value of ¢ 1s 0.50 and so the hleptab]e value of 62 is 0.25. If the true

variance of the population (shipment) is above 0,25, then tfliernative hypothesis is true. However, in
the absence of a strong evidence against it, the null %sis cannot be rejected and so the shipment wilt

be accepted
We assume that the surface hardness of th@@osiw metal sheets is distributed normally. The test
statistic that we shall use would ideallyg the sdple variance, but Since the distribution of s? is not known
(n-1)§ '
directly, We shall use as
GZ
with (n-1) degrees of freedom. -

est statistic which is known to have a chi-square distribution

We shall reject the null hypothesis only when the observed value of s* 18 much larger than o® Suppose
we reject the null hypothesis if s%>¢, where ¢ is a number much larger than o2, then the probability of
type I error should not exceed .05 — the given significance level of the test. As before, the probability
of type I error is the highest when o? is at the breakpoint value between H and H, —i.e. when 6°=0.25

Therefore, Pr {s*>c} = 0.05, when o? = 0,25

-1)s? 1
or,Pr{ @l e } 0.05
ot 7025

.

(n-1)s?
——is known to have a chi-square distribution wnh (n-1} degrees of freedom, we can refer

Since
02

to the tables for the chi-square distribution where the left tail and the right tail are tabulated separatly for -

different areas under the tail. As shown in Figure Il below, the probability that a x* variable with (9-1)=8

degrees of freedom will assume values above 15,507 is 0.05. So, if the (observed) value of 2, i.e. the value

of x? calculated from the observed value of s? when 62 =0.25, is greaicr than 15.507, then only can we.

reject the null hypothesis at a significance level of .05 '
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Figure IT: Rejection region for a one-talled Test of Variance

* Acceptance Region

#te— Rejection—»
Region

Chi-square distribution

with 8 degrees of-

freedom (df)

\\ Area = .03
0o -1)s?
(n—1)s* . 15.507

The obsereved: value of s? has been 0.32. So, the observed value of x2 has been

(n-1)s? (9-1)x032 . L B
o 025 | : 0 |

- Q
As this is smaller than the cut-off value of 15.507, we nde that we donot have sufficiznt evidence
to reject the null hypothesis and so we accept ipment.

C (n-1)s?

cst siatistic in place of ———— . If we were to use s
. G?'

-as the test statistic then, as befo@&m eject the null hypothesis only when -

{n-1)s? _
—— 215.507, when ¢* =025

It shoud be obvicus than we can use 5%

52
9-1)? _
ie.—— >15507
0.25
0.25
ie. s> 15507, x
8

orstz 0.485

As our observed value of s? is only 0.32 we come 10 the same conclusion that the sample evidence is not
strong enough for us to reject H,

: Two-Tailed Tests of Variance : o
We have carlier used both one-tailed and two - tailed tests while discussing tests concerning population .
means and proportions. Similarly, depending on the suuauon onie may have to use a two-tailed test while
testing for populatlon variance. :
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' The surface hardness of composite metal sheets is known to have a variance of 0.40.- For a shipment just
received, the sample variance from a random sample of nine sheets worked out to 0.22. Is it right to
conclude that this shipment has a variance different from 0.40, if the significance level used is 0.05?

We start by stating our null and alternative hypotheses as below.

Hy:62=0.40
H,:6*=0.40
. (n-1)s? _
~ We shall again use ~—————— as our lest statistics which will have a chi-square distribution with
G?.

(m - 1) degrees of freedom, assessing the surface hardness of individual sheets followed a normal
distribution. _ :

Now, we shall reject the null hypothesis if the cbserved value of the test statistic is too small or too large.
As the significance level of the test is (.03, the probability of rejecting Hy when H, is true 15 0.05. Splitting
this probability into twe equal halves, we again have two critical regions each with an equal area as shown
in Figure III below.

Figure 111 : Acceptance and rejcctioﬁ regions for a two-tailed Test of Variance

X

Rejection
~ Region

- - Acceptance Region

L
Rejection
Region

Arca= 025

@ 2 {n- 1)’ : 17.535

The test could, therefore, be summarised as follows:

Reject H, if is larger than 17.535 orif ——— is smaller than 2.180, when %= 0.40 and
a2 ' g?

{(n-1)s? (n- 1) ' :
n=9. in other words,

82 : 8s? '
reject Hy, if is larger than 17,535, orif - - is smaller than 2.180.
0.40 ) 0.40
" The observed value of 52 is 0.22 and so,
. C(n-Dst 8x022 ' ‘
the obderved value of = =440 '

gt 0.40
As this value falls in the acceptance region of Figure 111, the null hypothesis cannot be rejecied and so we
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conclude that at a significance level of 0.05, there is not eﬂough evidence 10 say thai the variance of the
shipment just received is different from 0.40,

Activity A : : .
A psychologist is aware that the variability of attention-spans of five-year-olds can be minimised by ¢>=49
minutes®, While studying the attention-spans of 19 four-year-olds, it was found that % = 30minutes?.

a) If you wan to test whether the variability of attention spans of the four-year-olds is different from that
of the five-year-olds, what would be your nufl and alternative hypotheses?

b} On the other hand, if you believe that the variability of attention-spans of the four-ycar-olds is not
smatler than that of five-year-olds, what would be your null and alternative bypotheses? '

¢} What test statistic would you choose for cach of the above situations and what is the distributions of
the test statistic that can be used to define the critical region?

Activity B
For each of the following situations, show the critical re ionssgﬂically on the chi-square distributions
shown alongside. :

a) Hy:o?=<0.5
H10'2>05

| @ e
b) m:gj=o.5 ' a
H,:0?40.5 /\\

<) Hp:0,°=0.5

H,:0,2<0.5 ' :
\

n—-hs?

16.3 TESTING OF EQUALITY OF TWO POPULATION VARIANCES

In many situaions we might be interested in comparing the variances of the populations io sec whether one
is larger than the other or they are equal. For example, while testing the difference of means of two
populations based on small independent samples in seclion 15.6 of the previous unit, we had assumed that
both the populations had the same variance. We may want 1o test if it is reasonable 10 assume that the twr
population variances are equal. ' '
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While testing the equality of two population means, the (est statistic used was the difference intwo sample
means. As we shall discover soon, while testing the equality of two population variances, the test statistic
would be the ratio of the two sample variances. '

The F Distribution

If x, and x, are tndependent random variables havin g chi-square’ distributions with v and v, degrees of
frecdom, then . '

XY,

y:
x, /v,

has an F distribution with v, and v, degrees of {reedom.

The F distribulion is also tabulated extensively and finds a lot of applications in applied statistics. An F
distribution has two paramelers - the first parameler refers to the degrees of frecdom of the numerator chi-
squarc random the second parameier refers to the denominator chi-square random variable.

The right tail of varicus F distributions with different numerator and denominator degrees of freedom is
extensively tabulated. As we shall sce later, the left tail of any F distribution can be casily calculated by
“some simple modifications.

Being a ratio of two chi-square variables(and their degrees of [reedom), an F distribution exists for only
positive values of the -random variablé. It is a symmetric and unimodal as shown in Figure IV below.

Figure IV : An F distribution with v, and v, degrees of {reedom (dFy

A Oné-Talled Test of Two Variances

A purchase manager wanted to test if the variance of prices of unbranded bolis was higher than the
variance of prices of branded bolts. He needed strong evidence before he could conclude that the variance
of prices of unbranded bolts was higher than the variance of prices of a branded bolts. He obtained prices
of unbranded boits from 13 stores was 27.5. Similarly, the sample variance of prices of a certain brand
of bolts from 9 stores was 11.2. What can the purchasc manager conclude ata significance level of .057

Let us use the subscript 1 for the population of prices of unbranded bolts and the subscripl 2 for the _
population of prices of the given brand of bolts. We also assume thal both these populations are normal. ~ |
The purchdse manager would conclude that the unbranded bolts have a higher price variance only when

there was a strong evidence for it and not otherwise. So, the null and the aliernative hypotheses would be:

' Hj:o? <0%,
.H] Lot < o7 _ . | ' |
What should be the test statistic for this tes1? While (esting the equality of (wo population means we had
 used the difference in sample means as the 1est statistic because the distribution of (x, - x ,) and known
+ However, the distribution of (s% + s%) is not knowo and so this cannot he used as (he test statistic.
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when H,is (rue.

Let us see if we can know the distribution of -
: ' o s_’2 .
Acmally, we are 1ntere<:tecl in the distribution of the test statistic to deﬁne Lhc crmcal region, The
probability of type I error should not exceed the sifnificance tevel, O This probablhty 1s thc highest at
" the breakpoint bctween H,and H,, i.e., when cs2 = %, in this case.

(n - l)s‘

Now if both the populahons are normal then ——————has & chi-square distribution; with (m,-1)
: (n - l)s2 : . ' ; '
. degrees of freedom, and ——hdS achl square dlstnbuuon with (n, - 1) degrecs of freedom Thcsc
02 .

- two samples can also be assumed 1o be mdependenz and 50

(nl'l)sl ) . .
I——z——;‘(n'l—l)_. N

o

(n --l)s C
/{0, ~1)

will have an F distribution with (n, - 1) and (n, - 1) gegredg of freedom But, if 0"'1 =622then will
“have an F diswibution with (n, - 1) and (n - 1) degrdg '

freedom. - A

I
In this case n, = 13, s? = 27 5 n,=9, s, = 1% so by referting to the F tables for thc dlslnbuuon
. S?. ’

thh 12and 8 degrecs of freedom, we  the cut-off value of - is 3 28 aslshown in Flgure V '

below. . . |
Figure V: A_c’_cebtan_cg ahd&on Regmns for 2 One talled Test of Equallty of Varlances

-Acceptance Rt’gibn'«-—-—'-—--_ — F-?Eciecuon o
' o L300, :

Fdlstnbutmn w:th 12 and 8 df’
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; _ s
- The observed value of - .;

)

=27.5011.2 = 2.455.
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As this falls in the acceptance region of Figure V, we cannot reject H,, Therefore, we conclude that we
do not have sufficient evidence to justify that unbranded bolts have a higher price variance than that of
a given brand,

A Two-Tailed Test of Two Variances _ .
A two-tailed test of cquality of two variance is similar 1 the one-tailed test discussed in the previous -
section. The only difference is that the critical region would now be split into two parts under both the
tails of the F distribution. :

Let us take up the decision problem faced by the marketing manager in section 15.6 of the previous unit
with some slightly different figures. Here the marketing manager wanted to know if display at point of ,
purchase helped in increasing sales. ‘He picked up 13 retail shops with no display and found that the
weekly sale in these shops had a mean of Rs.6,000 and a standard deviation of Rs.1004. Similarly, he
picked up a sccond sample of 11 retail shops with display at point of purchase and found that the weekly
sale in these shops had a mean of Rs.6500 and a standard deviation 0f Rs.1,200. If he knew that the weekly
salc in shops followed normal distributions, could he reasonably assume that the vaiances of weekly sale
in shops wuh and without display were equal, if he used a significance level of 0.10?

Insection 15.1 we developed a test procedure based on the assurnption that G, =0, Now we are interested
in testing if that assumption is sustainable or not. We take the position that unlcss and until the evidence
from the samples is strongly to the contrary we would belicve that the two populations - viz.of shops
without display and of shops with display - have equal variances. If we use the subscript 1 to refer to the
former population and subscript 2 for the latser, then it follows that

a2 el
Hu.,{sl—cr2

o el
Hl.,crl;tc?z

We shall again usc
degrecs '

as (he test statistic, which fmu@? distribution with (n_ - 1) and (n, - 1)

2
5%

of freedom, if the null hypothesis is true. This bein a-taited test, the critical region is split into two
parts and as shown in Figure VI below, the upjier cufff point can be easil y read off fom the F tables as
291. " - '

Figue V1 : Acceptance and Rej%(legmns for a Two-tailed Test of Equality of Vaiances

=
15 =

al § Accepiance Region '% e
2a ' 2w
& F distribution. with 12 and 10 df. & o

fi} K LH A L — _ 2.91

The lower cut-off point has been shown as K in Figure VI above and its value cannot be read off directly
because the left tails of F distributions are not generally tabulated. However we know that X is such that

7, '
£k = 05 _

Pr
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=.05

2, I

Now, m;—z-— will also have a F distribulion with (n, - 1) and (n - ]) degrces of frecdo'm and so the value
5 1

"of 1/K can be easily looked up from the right tail of this distribution. Ascanbe seen from Fi 1gure VH below,

1/K is equalio 2.75 and so K=1/2.75=0,363,

" Figure VII : The distribution of §2,/8%

F disteibutior.. with 10 and 12 df.

Area= 05

a . Sisi—s
_ §2 _ : S _
.Hence, the lower cut-off point for is In other words, if the significance level is 0.10; the
: ’ 2 . ’ ’ : .
521 o _ S. 2 . & -
value of - should lie between 0.]@91 for us to accept H,. As the observed vatue of
sz ° 1004 - >
= =0.7 liesin the acceptance region, we accept the null hypothesis that -
.82 12007 ' - L :
vanance from both populatlons are equal ' - S
Achvlty C :
Froma sample of 16 observations, we find S"’ 3 52 and from another samplc of 13 observatmns we fmd

$%,=4.69. Under the assumpﬂon that 6% = 5 We find the following probabilities.

Pr{s12
s

= >2,62 } =.05

—>248} 05
'FindCsuchlhat ' ' ' o :
<c} = 05 . o
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Activity D . . : : . e
Foreach of the followm g suuanons show thc critical regions symbolically on the F distributions shown
alongside: _ S ' .

a) Hyoizo}
Hyof<o

16.4 TESTING THE GOODNESS OF p%

Many times we ate inierested in knowing if it lgeasonable to assume that the population distribution is
Normal, Poisson, Uniform or any ot n distribution. Again, the conclusion is to be based on the
evidence produced by a sample. Such edure is develeped ie test how close i the fit between the
observed data and the distribution assumell. These tests are also based on the chi-square statistic and we
shall first provide a little background before such tests are taken up for detailed discussion, - .

The Chi- -Square Statistic

Let us define a multinomial cxpcnmenl which can be readily seen as an extension of the binomial
experiment introduced in a previous unit. The éxperiment consists of making o trials. The trials are
independent and the outcome of each trial falls into one of k categories. The probability that the outcome
of any irial falls in a particular category , say calegory i, is p, and this probabilily remains the same-from
one trial 10 another. Let us denote the number of trials in which the outcome falls in ca[egnry [ by n. As
~ the total number of trials is n and there are k categories in all, obwouqu

. . \‘\-.
n+n,,+...+n =n _ .

- Each one of the n,,'s is a random .variable and Lheir values depend oo the outcome of h successive trials.
Extending the concept from a binomial distribution, it is not difficult Lo see Lhat the cxpected number of

trials in which the outcome falls category 1, would be-
E(ni)=n. p11*12 '

Now guppose that we hyp()lh&blsc values for PP, .- - P, [[the hypothesis is irue then the observed values
ofn, would not be greatly diflerent from the expecled number in category i. The random variable x* defincd
as bclow will approximately possess a chi-square distribution :




SR o ek {ﬂi""'E(“i)lz' . k [ﬂi - npi]2 . .
‘- I _ -.x2=='§1 E(n) _ig' 'E("J R S T _ I

itis easy 1o see Lhat when there are only wo categones (.ek=2), we wllI approxlmalely have a ch;-square
dlsmbunon In such a case p, + 1:;2 =1 and S0 - .

2

(n —~np)2 -(ng—npz)‘_-"
= g —

.-.'np1 . hpz

| - . ) o (ll] ______npl)z p,+ ('-‘2”3”-“:172)2'- pi : o -

np,p,

(nl — npljl p+ [ (I.l. —n, ) —n (1'.'- pl).]z_ . pl_

np,(1-p) -

Gy cnempn

g, (1—p)

B e U B

.- But from our earlier dlscussmn of the normal a:gﬂa_llon to the bindm_ial disﬁ‘ibu;ic?n_,.we know that -.

- n—npl Lo S S o
whcn nis large, ' -has ormal distribution and s0 xz above will h‘av.e achi-
v “p] ( 11— pl) o ! o
. square dlstnbuuon with one degree of fr . In general, when the number of categor:es isK x1 has. -

a chl-squam distribution with (k-
’ linear co_nstramt onthen s, __v;zJ
n:+n +-'L....+nk='n ' - | _ |
The X2 statistic would approximatc]y have a chi- -square distribution whcn nis sufﬁcncntly large so that
for each i, np, is atlcast 5 —i.e. the expected frequency in each category i8 atleast equal 0 5

Usmg a dlffcrenl sct of symbols if we write O, or the obscrvecl frcqucncy in category i and E, for the _

expected frequency in the same calcgory ‘then the ch;-square stauslm and also be compuled as’
I . i I'
.k (©,—E) - . S
=y — L VW '. - o i

. i=l E. T . ’ ) ) . . .
- An Example: Testmg for Umform Distribution e
Supposc we want (o lest if a worker is equally prone 1o producing déefective componcms zhmughout an

eight hour shift or not. - We break ll;c shift into four two-hour slots and count the number of defective

components produced in each of these slots. At the end of one week we find that the worker has pmduced o

50 defccnvc components wn;h the followmg brcakup

|
SR |

e

ees ef freedom. One degrcc of frcedom is lOSI bccausc of one




Time Slot (hours) . Observed Frequency

800 - 1000 _ 8
1000 - 12.00 | 11
1230 - 1430 16
14307 - 1630 o 15

50

From this data using a significance levél of .05, is it reasonable to assume that the pobability 1o produce
a defective component is equal in each of the four two-hour slots?

We shall take the position that unless and until the sample evidence is overwhelmingly against it, we shall
accept that the probability to produce a defective component in any. two-hour slot is the same. I we

fepresent the probability that a defective component came from the i* slot by p., then the null and the
alternative hypothcses are: '

H,:p,=p,=p,=p, =025

H;: Allofp, p,, p, and p, are not equal.

based on the assumption that the rull hypothesis is true. This e more computations have been

We shall use the chi-square statistic y? as our test statistic and thm frequencies would be computed
5
made in Table 1 below. . Q
_ ' Table 1 : Computation of the quare Statistic

S1. Time Slot - "~ Obs, Xp- 0,-E, O,-E¥  (O,-EY

Na. (hours) Freq Teq. _ E—

@ | ©) (E) E,

1 8.00 - 10.00 a : 12.50 450 2025 1.62

2 10.006-1200 11 12.50 -- 1.50 2.25 0.18

3 12,30 - 14.30 16 12.50 3.50 12.25 0.98

4 14.30 - 16.30 _ 15 12.50 250 625 0.50
Total 50 50.00 . 3.28

In the above table, the expected frequencies E have been calculated as np, where n, the total frequency is

: k {O,-E)

50 and each p, is 0.25 under the null hypothesis. Now, if the null hypothesis is true, ¥ ———— will
. i=i E.

héve achi-square distribution with (k- 1}, L.e. {4 -1)=3 degrees of freedom and so if we want 4 significance

level of .03, then as shown in Figure VIII below, the cut-off value of the chi-square statistic should be

7.815,

297



Figure VIIE : Acceptance and Rejection Regions for a .05 sigrificance level Test ~

~Acceptance Region ——~1-— Rejection —
) Region

Chi-square distribution with 3 df.

e o . ; i

Arca = 05

0 . X —— : 7.815
Therefore Wwe can reject the nuil hypothesis only when Lhe observed value of the chi- square statistic is at
least 7.815. As the observed value of the chi-square statistic is only 3.28, we cannot re_;ect the null
hypothes:s ' :

Using the concepts developed so far, it is not dlfﬁcult to see how a test procedure can be developed and
- used to test if the data observed came from any known distribution. The degrees of freedom for the chi-

square statistic would be equal to the number of categories (k}aginus ¥ minus the number of independent
" . parameters of the distribution estimated from the data 1[56_0 C o

" population, we may have to estimate the mean and the aice of the normal distribution first. Weé would
categorise the observed data into an appropri of classes and for each class we would then’
caleulate the probability that the random variab! ged to this class, if the population distribution were
normal. Then, we would repeat the compuglion3jas shown in this section— viz. calculating the expecied
frequency in each class. Finally, the Qa&hl square statistic would. ‘have (k - 3); idegree of freedom

since two parameters (the mean End variagee) of the population were __esumaled fromi the sampe.

If we want to test whether it is reasonable to asst an observed sample came from a normal
n

: |
Acuwty E ’
From the following data, test it it is Teasonable to assume lha[ the Ipopu!auon has adi s:tnbuuon wvth p,=
0.2,p,=03andp,=0.5. Use o= .05. : i

Category o . - ' ' i

(PO

) 0, P E, (O, ~E) C©O—E} | (O—Ey
17 0.2 '
© 35 0.3 : : ;
48 05 . ' . _ !

Tol 100 1.0

16.5 TESTING INDEPENDENCE OF CATEGORISED DATA

A pmblem frequemly eneounlered in the analysis of categorised data concerns the mdependence of two
melheds of class:ﬁcauon of the observed data. For example in a survey, the respondi ng consumers could
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be classified according to their sex and their preference of our product over the next competing brand -
(again measured by classifyng them into three categories of preference). Such data is first prepared in the
form of a contingency (or dependency) table wh ich helps in the investigation of dependency between the
" classification criteria. - . - o S

We want to study if the preference of 2 consumer of our brand and shampoo depends on his or her income
level using a sinificance level of .05, we survey a total of 350 consumers and each is classified into (1)
one of three income levels defined by us and (2) one of four categories of preference for our brand .of
‘shampoo over the next competing brand - viz., 'strongly prefer’, 'moderately prefer', 'indifferent’ and 'do
not prefer’. These observations are presented in the from of a contingency table in Table 2 below.

The tables shows, for example, that out of 350 consumers observed 98 belonged to the high income
 category, 108 10 the medinm income cztzgory and 144 1 the Jow income group. Similarly, there were

95 consumers who strongly preferred our brand, 119 who moderately preferred our brand and so on.
Further, the contingency table tells us that 15 consumers were observed to belong to both the high income
level and the strongly prefer” category of préference, and so on for the rest of the cells,

Table 2: Observed (Expected) Frequ;ncies in a Contingency Table

Category of Preference

Income Strongly Moderately Indifferent Do not ' - Total
Level Prefer Prefer Prefer o
; \
~ High 15 35 21 27 - 98
.. (26.60) (33.32) 6.52) (21.56)

- Medium 48 18 22 _ 108
' (2931 L 3672 ' M321) (23.76) '
Low 32 - 66 18 28 ' 144

(39.09) (48.96) ' (24.17) (31.68) o

Total 95 119 QE"“' 59 o 350

Letp, = marginal probability for the¥W™ row, i = 1,2.,..,rwhereris the total number of rows. In this
: case p, . would mean the probability that randomly selected consumer would belong (o the it
income level. N S

pj' =marginal probab_ility for the jth column, j= 1,2, . . . C, where ¢ is the total number of columns

In this case p, would mean that the probability that a randemly selected consumer would belong
to the j* prcllerence category, ' ' ‘

and p, = Joint probability for the i* row and the j* column. In this case'pi, would refer to the probability
thata randomly selected consumer belongs to the i*income level and the j*preference category.

Now we can state our null and the alienative hypotheses as follows:
H: the criteria for column classification is independent of the criteria for row classification.

In this case, this would mean that the preference for our brand is not independent of the income
level of the consumers. : - :

H : the criteria for column classification is not'indcpendent of the crileria for row classification.

If the row and the column classifications are independent of each other, then it would follow _

~ thatp,=p,x P,
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.Thiscanbehsedtoslate ou:r null and the alternative hypotheses:
'Hu:pij- =pixpd.fori=1,2,...,Candj=I,2,.'..,c_
H:p, # pixp'_ifori=1,2,...,randj= 1,2,....,¢

Now we know how the test has to be developed. If p, and p, are known, we can find the probability and
consequently the expected frequency in each of the (r x ¢ cells of our contingency table and from the
observed and the expected frequencies, compute the chi-square statistic to coduct the test. However, since
the p; 's and p,.'s are known, we have 1o estimate these from the data itself. '
Ifn= row total Tor the i row
6, = column total for the j* column

and n = the total of all observed ffequencics.

then our estimate of p, =n./n

and our estimate of p,=n/n
and so the expected frequency in the it row and j* column

: Eijz n'pij: L (p) (p_j) =nx (n/n} x (n/n) =(n, x n,,)m

be {iomputed as

e O;—E} ' | O
=k ——— |
. =) i=) Eij v

This statistic will have a.chi-squam dis@mwim the degrees cf freedom given by the total number of
_categoriesorcells (i.e.rxc) minu inusthe number of independent parameters estimated from the data.
We hage estimaed r marginal r abilities out of Iwhich (¢-1) have been independent, since

and if the observed frequency in the i* and i* column is refm@: as O then the chi-square statistic can

P,+D, +..+p =1

" Similarly, we haveestimated ¢ marginal column probabilities out of which (c — 1) have been ihdcpendem,
since

P#P, t+p, = 1

and so, the degrees of feedom for the chi-square statistic
=1rc-1-({-1}-(c-1)

=(r-1)(c-1).

Coming back 10 the problem at the hand, the chi-square statistic computed as

Will have (3-1) (4-1} L.e., 6 degrees of freedom and so by referring io the Figure [X below, we can say that
- we would reject the null hypothesis a a significance tevel of 0,05, if the compuied value of y* above 15
greater than or equal to 12.592. :

300

R R R R R RS




Figure IX: Rejection region for a test using the__C'hi-square statistics -

Acceptance Region —— Rl\.!jec.li.on-.-b'
' ' ) Region
Chi-square distribution with 6 df.
Area = .05
12592 '

Now, the only task is to compute the value of lhe chi-square statistic. For this, we first ﬁnd me expccted
frequcncy in each cell vsing the relauonsmp .

nixnj o .
Eii= . : . 0
| n . .
For example, when i= 1 and j= 1, we find . o _ :
. 98x 95 L o O
E,= 22660 _ . St
350 - ?*

These values have also been recorded in Tg 2 in parentheses-and so the chi-square of statistic is

Ccomputedas - : @

(1526609 (35-3332¢ (1-1652¢ (27-21567
X - + + + -
2660 332 1652 2156

. (48-2931 (18-36.72¢ (20-1821)% (22-23.76)
+ e e -+ + —
931 - 3672 1821 2376

(32-29. 09)2 (66-48 96)2 (18-24277 (28-31.687

+ + ,
29.09 '4896 427 3168

1

5,059 +0.085 + 1215+ 1,373 + 11.918 + 9.544 +0.176 +0.130 + 1.286 + 5.930 + 1.620 + 0.427,

38763 B - N

" Asthe computed value of the chi- squarc statistic is much dbOVE Lhe cut-off value of 12.592, we reject the
null hypotheses at a significance level of 0.05 and concluﬂc that the income level and prcfcrcnce for our
_ brand are not mdepf:ndent

301



Whenever we are usmg the chi-square statistic we must make sure that there are enough observations so
that the expected frequency is not less than 5; if not, we may have to combine rows or colu mns to raise
the expected frequency in each cell 1o at least 5,

16.6 SUMMARY

In this unit we have looked at some sifuations where we can develop tests based on the chi-square’
distribution. We stared by testing the vanancc of a normal populauon where the test slausuc used was

(n- Iz _since the dlSEl‘IbuthIl of the sample variance s* was not known dn'ectly. We found that such
P e

tests could be one- tailed dependmg on our null and lhe allemaﬂve hypotheses i
' |
We then developed a procedure for testing the equality of variances of two normal populauons The test
statistic used in this case was the ratio of the 1wo sample variances are this was found 10 have a F
distribution under the nuil hypothesis. This procedure enabled us to test the assumption made while we
developed a test procedure for testing the equality of two populauon means based on a small mdependem
samples in the prcvxous unit. N i

We then described a multinomial expenmen[ and found that if we have data that classify obscrvauons into
' k differem categories and if the conditions for the mulunormal experiment are stausﬁed then akest statistic
- 0,-E) .

. called the chi-square slatlsuc defined as ¥l= 5: ———- will ave a chi-square 'di;btribution with

i=l | ! )
spcaﬁcd degrees of freedom, Here, O, refers o the observed ncy of the 1, category and E. to the

expected frequency of the i 1, category and the degree o ndent parameters estimated from the data
tocalculate the E's. This concept was used to develop ceming the goodness of fit of the observed
data to any hypothcsised distribution and also to test if T riteria for classificatiion ate independent or
not. : :

16.7 SELF-ASSESSMENT xg B8

1. A production manager is certain that the output raie of experienced employees 1s bencr than that
' of the newly appointed employees. However, he is not sure ir the variability in output rates for these
two groups is same or not. From previous studies it is known that the mean output rate per hour of
new employees at a particular work centre is 20 units with a standard deviation|of 4 units. For a
group of 15 employees with three year's expericnce, it wag found that the sampIP mean of output
rate per hour was 30 units with a sample standard deviation of 6 units. Is it reasgnable 1o assume
that the variability of outpu: rates at these two cxpenence levels is not dlfferem Test at a
mgmﬁcance level of 01 '
I
2. For self-assessment exercise No. of the previous unit testif it is reasonablc to assumc g=g,ata
' Coa =05 :

3. The safety manager ofa large chemical plant went through the file of minor acctdems in his plant
and picked up a random sample of some accident and. classified them accordmg to the tine at
which the accident taok place. Using the chi-square test at a significance leve! of 0, 01. What shoutd
we conclude? If you were the safety managu whal would you do after compleung the test?

Time (hrs.) No. ofAcc:dems_ ' o o i

3.00 - 9.00 . : 6!

900 -10.00 B : 7

10.00° -11.00 o g
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11.00 - -12.00

9

13.00 -14.00 7
1400 -15.00 | - - 8
1500 -16.00 . o - 18
R | | | 5

1600 -17.00

A survey of industrial sales persons included questions on the age of the respondent and the degree
of job pressure the sales person felt in connection with the job. - The data is presented in the table
below. Using a significance level of .01, examine if there is any relationship between the age and
the degree of job pressure. ' ' .

~ Degree of job pressure

Age (years) ' ' Low _ Medium High

Less than 25 2 25 17
25-34 . 2 BT 20
35.54 o 20 25

55 and above 15 _ 24 26

5.

- For each of the statements below, choose the most appropriate response from among the ones listed.

that: ~ -

The major reason that chi-square tests for independence a d for goodness of fit are one-tailed is
a. small values of the test statistic provide support fo

b large vilues of the test statistic provide supfioffor H_-
c. tables are usually available for right-tailed % on regions
d ,

"none of the above.

the F distributions, respectively, t ssumption needed is

‘When testing to draw inferences"abo@c orz o population variances, using the chi-square and

a.  large sample sizes

b equality of variance;

C. normal distributions o lation
d

all of the above, -

In chi-square tests of goodness of fit and independence of categorical data, it is sometimes

~ mecessary (o reduce the numbers of classifications used to

provide the table with larger observed frequencies
make the distribution appear more normal

satisfy the condition that variances must be equal
none of the above.

0 o

In carrying out a chi-square test of independence of categorical data, we use all of the following
except ' : ; :

a, an estimate of the population variance

b contingency tables

¢. - observed and expected frequencies

d. number of rows and columns:

The chi-squaare distribution is used to test a number of dlfferent hypothcscs Which of the
following is an application of the chi-square test? :

a. goodness-of-fit of a distribution

b equality of populations

. independence of two variables or attributes
d all of the above
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APPENDIX TABLE 5 I

Area in- the R1ght Ta1l ofa Chl-square (Xz) Dlstrlbunon *

Arezintight tall . » ' . S A T
freedom . 975 - 95 90 | 800

%0016 00098 . 00398 0158

1 L0642
2 0201 - 0506 103 211, 1 446
3 115 216 - 352 584, | 1.0905
4 297 48 T 1064 | | 1.649
5 - 554 831 1145 1610 13343
6 - 872 - 1237 1635 S 22045 13070
7 - 1.239 1.690 2067 © - 2833 3822
8 1646 -~ 208 2733 34900 . | 4494
9 2088 2700 - 3325 4168 0 | 5380
10 - 2558 3247 3940 . 4865 6179
1 - 3.053 3816 - 4575 5578 6989
12 3571 4404 5228 . 63041 | 7.807
13 4.107 - 5009 5892 7042 8634
14 4.600 5629 6571 77900 | 9467
15 5209 6262 . 7261 . 8547° 10307
16 5.812 6.908 7962 93124 1L152
17 6.408 7564 8.672 10085, 112,002
18 7.015 8.231 9.390 10865 | 12857
19 7633 8.907 10117, 11851  .13.716
20

8.260 9501 10851 12443' 14.578
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28897 10283 11591, 13240 1SS

22 9542 . 10982 12338 14041 16314
S23 ¢ 10496 - 11889 . 13.091 . 14848 - 17.187
24 o 10856 12401 13848 - - 15.658 18.062
25 S 11524 131200 14611 16473 18,940
.26 12:198. - 13.844 - 15879 . 17292  19.820
27 12879 14573 0 16151 18114 20.703
.28 13.565 15308 . 16928 18939 21.588
29 : 14256 16.047 17.708 19.768 22475

30 14953 . 16791 18493 - 20599 23364

~ * Taken from Table IV of Fishe and Yatés statistical Tables for Biological, Agriculrual and Medical .
Research, published by Longman Group Ltd., London (prewously publlshcd by Oliver & Boyd, Edinbur
and by premlssnon of the authors and pubhshers

Areainrighttal ~ Degreesof

20 20 .05 0.025 01 freedom
1.642 2706 3.841 . 5024 6635 ]
- 3219 4605 . 5991 7378 9210 2
4642 6251 7815 8 11.345 3
5.989 7779 9488 1.1 13.277 4
7.289 9.236 11.070 1 . 15086 5
- 8.558 10645 12.595 : 14.449 16.812 6
- 9803 12.017 14067 . 16,013 18.475 7
- 11030 13362 15507¢8. - . 17535 . 20.090 8
12242 14.684 : -16.919‘?‘ 19,023 21.666. L9
13.442 15.987 7 . .20483 . 23209 10
14631 - 17275 L1 21920 24725 11
15812 18.549 . 21%W26 . 23337 26217 12
16985 193812 @22.362 24736 27.688 13
18.151 21.064 23685 . 26119 . 29141 14
19311 22207 - 24996 . 27488 30,578 15
20.465 23.542 C26296 - 28.845 32.000 16 -
T 21615 . ' 24,769 . 27587 .- o 30491 33409 . - 17
22.760 - 25989 - 28869 © 31526 - 34805 - 18
23900 . 27204 '30.144 S 32882 36.191 19
25.038 28412 o 31410 34.170 37.566 \ 20
26171 - . 29615 . 22671 35479 38.932 ©21
127.301 30813 33924 . . 3678t - 40289 22
28.429 32.007 35.172 - j 38.076 41638 - .23

29.553 33.196 36.415 39364 .- 42980 24
30.675 34382 37.652 - 40.647 44314 25
31.795 35563 . - 38.885 . 41923 45642 26
32912 . 36741 40.113 o 431194 46.963 27
34.027 37916 - 41337 - 77 44461 48.278 - 28
35139 39.087 42,557 45722 . 49.588 29
36.250 . 40.256 43773 - 46979 50.892 - 30
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APPENDIX TABLE 6
Value of F for F Distributions with .05 of the
Area in the Right Tail*

05 of area

Degrees of frecdom for numerator
9 mlzlsmnwdum

L]

7

161
18.5
101
77
6.61

5.99
359
3.2
512
10| 4.96

11| 484
12| 475
13| 467
14 ] 460
4.54

449
17| 4.45
18| 441
19| 4.38
4.35

4.32
4.30
.28
426
4.24

4,17
4.08
4.00
im
384

Degrees of frosdom for denominmor
[ [N R ST P .

sEBgaw pyope W

0
192.0
9.55
6.54
579

54
4.4
d.45
4.26
410

3198
189
381
174
l.68

3.63
359
3.55
3.52
349

347
3.44
3.42
3.4
2%

132
123
s
0w
1.00

216
19.2
9.28
6.59
541

4.76
435

an

19.2
9.12
639
5.19

4.53
412

3.63
3

136
12
Al
3.1
.06

k1L ]
2.96
2.93
290
2587
84
282
2%
278
.76

.69
2.61
2.5%
245
237

9.3
9.01
6.26
5.05

439

397

3.69
343
3.33

i1x

v ]

24
193
.94
6.16
4.95

4.28
.87
3.58
K 7
3z
3.09

37
19.4

B.59|8.65
6.096.04
agalasl
431|418
379373
350|544
3.29(3.23
ERTRET:

1m

241 242
19.4| 19°4
831879
6.00]596

244
19.4

1683
LI5S

246
19.4

‘718
19.4

B.70| B.ti6
5.86|5.80
4.62 |4.56

W37

a4
315

301254
2.85|2.77

1567

1.65
157

249
19.5
8.64
sm

250

1.5

8.6¢
5.75

453]4.50
3.84)3.8
3.41]338

312
.90
2.74

261|257

2.51
242
.35
2.2

2.24
.19
.15
L

2.08[2.04¢

205
2.03
201
L9%
1.9
1.89
1.9
1.70
1.61
1.52

L.74

1.55
146

251
185
8.59
57
446
an
334
3.04
783
2.66

253
143
2.34
b sl
220

215
2,10
2.06
.03
199
1.9
194
191
1.8
1.7
179
160
1.5%
1.50
1

252
19.5
8.57
5.6
4.4)
37
3.3
3.01
m
162

249

147

254
19.5
B.5)
5.63
437
367
3
293
27
2.5

.40
2%
2
213
2.07
2.0
1.96
1.9z
188
1.84

1.81
1.78
176
1.73
171

162
151
1.5
1.2%
1.00

" Source: M. Merrington and C.M. Thompeo, Biometrika, vol. 33 (1943},

M .01 urea

L

306

10.5




1

2

3

4

5

6

Degrees of frecdom for numerator

7

8

9

10

12

BN U N e,

120

1 4,0525,000 5,403 5,525 5,764 5,859 5.928 5,982 6,023 6,056 6, 106615?6.20962356,2616187631363396366
99.4..99 4

2 985
3.3
4 212

16.3

5
6 137
7 12
8 13
9 106
10 100
n

Degresa of freedow lear desesshantor
5 ]
b -
@

R E2s® RENNE BEEDS
2

99.0
30.8
i3.0
133

10.9

99.2
29.5

16,7,
121

978

8.45
7.5%
699
$.55
6.22
595
574
5.56
5.42

5.29
519
509
501
4.94

487
482

476

472

" 4.68

451

431

4.13
395
im

9.2
28.7
16.0
1.4

9.15
1.85
7.01
6.42
599

5.67
54
5.21

5.04

4.99

9.3
2.2

‘15,5

11.0

9.3
ny

15.2

10.7

8.47
7.1%
6.37

.7
15.0
10.5

8.26
6.9
6.18
5.61
5.20

4.89
4.64
1.4
. 4.28
4.14

1.5
14.8
10.3

a.10
6.84
6.03
5.47
5.06

4.74
4.50
4.30
4.14
4.00

389
a7

k%3

3.6}
3156

9.4

213
14.7
10.2

7.98
6.72
591
5.35
4.9

463
4.3

9.4
72
14.5
10.t
7.87
6.62
581

99.4
271
14.4
9.89

TR

6.47

567 °

in

%4
269
14.2

977

1.56
6.31

99.4
26.7
14.0
9.55

7.40
6.16

9.5
26.5
13.8
9.38

9.5
264
17
929
7.4
s9
$.12

9.5
26,3
13.7
9.20

7.06
5.8
5.03
448
408

3.?8

354

134
118
305

2.9
2.83
2,75
267

261

2.55
2.50
2.45
2.40
2.36

221
202
1.84
1.66

T1.47

9.5
26.2
1367
a1

697
574
495
4.40

4.00 3.

369
345
3.25
KR
2.9

2.84
2.75

2.66 1

2.8
2.52

246
2.40
235
231
227

211
192
1.73

1.53

1.32

.75

226
2.21
217

2.0

1,60

1‘38..
100
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'BLOCK 5 FORECASTING 1\/IETHODS

ThlS block on Forecasung Mcthods consmts of l'our units,
Unit 17 presents an overview of methods for business forecasting' Various methods suitable for long,
medium and short term decisions are reviewed. The concept of forecast control lhrough a 31mp].e
.control chart is also dlscussed ' :

Unit 18 discusses the conccpt of correlation which is central in model developmem for forecasung.
Various measures of Lhe association between variables are described with polcnnal applications.

Unit 19 deals with a very important technigue for estabhshmg relationships between vanableS, namely
regression. Fundamentals of linear regressmn are presented with applications and interpretations of
statistical computations. : :

Unit 20 explains the basic concept of time-series analysis. Here, the objective is to forecast the futore

from the past by indentifying the components like trend, seasonality, cyclic variations and randomness
that may be present in the historical data. ' An exposure to stochastic models is also given.

{?s
&

306







UNIT 17 BUSINESS 'FORE,CASTING

Objectives

After completion of this unit, you should be able to:

= rcalise that forecasting is a-scientific discipline unlike ad hoc predictions

« appreciate that forecasting is essential for a variety of planning decisions

* become aware of forecasting methods for long, medium and short term decisions
« use Moving Averages and Exponential smoothing for demand forecasting

« understand the concept of forecast control '

* use the moving range chart {0 monitor a forccasting system.,

Structure

17.1 Introduction

172 Forecasling for Long Term Decisions

173 Forecasting for Medium and Short Term Decisions
17.4  Forccast Control

17.5  Summary

17.6  Scll-assessment Exercises

17.7 Key Words

17.8 Further Readings

\
17.1 INTRODUCTION o \)

Data on demands of the market may be needed for a numbeg offurpeses 1o assist an organisation in its
long term, medinm and short term decisions. Forecagigg is essential for a number of planning decisions
. and often provides a valuable input on which future (%kms of the business enterprise depend. Some
of the arcas where forecasts of fulure produc and would be uscful are indicated below:
)
i)
iii)
iv)
V) Decisions on expansion and major changes in production processes and methods.
vi)  Future trends of product development, divessification, scrapping etc.
vii)  Design.of suitable pricing policy. _
viii)  Plannirg the methods of distribution and sales promotion.

1118 thus clear that the forecast of demand of a product serves as a vital input for a number of important
decisions and it is, therefore, necessary to adopt a systematic and rational methodology for generating
reliable forecasts. :

The Uncertain Future

The future is inherently uncertain and since time immemorial man has made attempts to unravel the
mystory of the future. In the past it was the crystal gazer or a person allegedly in possession of sone
supernatural powers who would make predications about the things o be - major events or the rise and
fall of kings. In today's world, predictions are being made daily in the realm of business, industry and
politics. 8ince the operation of any capital enterprise has a large lead time (1-5 years is typical), it isclear
thata factory conceived today is for some future demand and the whole operation is dependent on the actual
demand coming up to the level projected much earlier, During this period many circumstances, which
might not even have been imagined, could come up. For instance, there could be development of of the
industries, or a major technological breakthrough that may render the originally conceived product
obsolete; or a social upheaval and change of government may redefine priorities of growth and develop-
ment, or an usual weather condition like draughts or floods may alter completely the buying potential of
the originally conceived market. This is only a partial fist to suggest how unceriainties from a variety of
sources can enter 10 make the task of prediction of the future extremely difficalt. ‘
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I is proper at this siage to emphasise the distinction between prediction and forecasting, Forecasting
generally refers to the scientific methodology that often uses past data along with some well-defined
assemptions or 'model’ to come up with a forecast' of future demand. In that sensg, forecasting is
objective. A prediction isa subjective estimate made by an individual by using his initiatigc ‘hunch’ which .
may in fact come out true. But the fact that it is subjective (A's prediction may be different from B's and
C's) and non-realisable as a well-documented computer programme (which could be used by anyone)
deprives it of much value. Thig is not to discount the role of intuition or subjectivity in p']ractical decision
making. In fact, for complex long ierm decision, intuititve methods such as the Delphi technique are most
popular. The opinion of a well informed, educated person is likely 10 be reliable, reflecting the well-
considered contribution of a host of complex factors in a relationship that may be difficult to explicitly
quantify. Ofter forecasts are modificd based on subjective judgement and experience to obtain predictions
used in planning and decision making. '

Thefuture is inherently uncertain and any forecast at best is an educated guess with no guatantee of coming
true. In certain purely deterministic systems (as for example in classical physics the laws govermning the
motion of celestial bodies are fairly well developed) an unequivocal relationship between cause and effecy
has been clearly established and it is possible to predict very accurately the course of events in the future,
once the future patterns of causes are inferred from past behavionr. Economic systems, h(%wever, are more
complex because (i) there is alarge number of governing factors in a complex structural frame work which
may not be possible to identify and (ii) the individual factors themselves have a high degree of variability
and uncertainty. The demand for a particular product (say umbrellas) wonld depend on competitor's

. prices, advertising campaigns, weather conditions, popultion and a number of factors which might even
be difficult to identify. In spite of these complexities, a forecast has to be made so that the manufacturers
of umbrellas {a product which exhibits a seasonal demand) can plan for the next scasor|'1.

Forecasting for Planning Decisions

The primary purpose of forecasting is to providgewgluabl® information for planning‘ the design and
-operation of the enterprise. Planning decisions ma @psified as long term, medium term and shori term,

Long term decisions include decisions like expansion ornew product intreduction which may require
new technologics or a complete Lransform%sociai or moral fabric of socicty. Suth decisions are
generally characterised by lack of qugsigative§nformation and absence of historical data on which to base
the forecast of future cvent. Imuiti@he collected opinion of experts in the field generally play a
significantrole in developing forecasts¥gr such decisions. Some methods used in f_orecaslin g forlongterm

decisions are discussed in § 72,

- Medium term decisions involve Ch decisions as planping the production levels in a manufacturing plant

~over the next year, determination of manpower requirements or inventory policy for the firm. Shortterm

decisions include daily production planning and scheduling decisions. For both medium and short term
forecasting, many methods and techniques exist. These methcds can broadly be calssified as follows:

a} Subjective of intuitive methods. : |
b) Methods based on averaging of past data, incuding simple, weighted and moving averages.
c) Regression models on historical data. : :
d) Causal of Econometric models. ..
e Time series analysis or stochastic models.

These methods are briefly reviewed in Section 17.3. A more detailed discussion of corrclation, regression
and time serles models is taken up in the next three units.

The choice of an appropriate forecasting method is discussed in Section 17.4. The aSLcct of forecast
control which tells whether a particulr method in use is acceptable is discussed in Section 17.5 And finally
a summary-is given in Section 17.6. ' |

- 17.2 FORECASTING FOR LONG TERM DECISTONS

Technological Forecasting

Technotogical growth is often haphaza_r_d,-especially' in developing countries like India. This is because
Technology seldom evolves and there are frequent technology tranfers due to imports of know how
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resulting in 2 leap-frogging phenomenon. In spite of this, it is generally seen that logarithms of many
' 1echnologlcal variables show linear trends with time, showm g exponenual grow:h Some extrapolanons
reported by Rohatgi et 4l. (1G) are
= Passenger kms carried by Indian Airlincs (Flgure I)-
» Fertilizer applicd per hectare of cropped area (Figure IT)
+ Demand and supply of petroleum crude (Figure I1I)
*« Installed capacity of elecmcny generation in mllhons of KW (Flgurc IV)

'Figure I: Passenger Km Carried by Indian Air'Linés Figue II:; Fertilizer Applied per .
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Figure IV: installed Capacity of Ele_ctriéity. Generation in Million KW
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The use of S curves in forecasting technological growth is al@on. Rather than implying unchecked
- growth there isalimit to growth. Thus the growth rate h y is slow to'begin with (owing to initial
~ problems), it reaches a maximum (when the lchnolo'@mes stable and popular) and finally declines
. till the technology hecomes obsolete and is replaced wer alternative. Some examples of the use -
of S curves ag reported by Rohatgl ctal, (19?? o ' |
' . T e Hydroelectric power ggrieratipn using Gompe’rlz gmwth curve (Figure V)

& Number of village @ ified using a Pearl type growth curve (Figure V).

' Fﬂ;ure V: Hydroelectric Power Generation Using Gogipertz Grl h Curve Flgure VI: Number of Villages lilectrll'ed Using a Pearl Type
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Apart from the above extrapolative techniques which are based on the projection of historical data in to

the future (such models are called regression models and you will learn more abour them in Unit 19).

technological forecasting often implies prediction of future scenarios o likely possible futures. As an
example suppose there are three evenis E,, E, and E, where each one may or may not happen in the futuze. -

Thus, eight possible scenarios—E, E,E,, E E, E3 . E E E, E EE,, E E2 E,, E ,E, E3 ., E| E E
E E,E,, — show the range of possible futures ( a line above the event indicates that the cvent does not'
ta.ke place). Morcover these events may nol be independent. ihe breakout of war (E, ) is likely to lead to
increased spendings on defence (E,) and reduced emphasis onrural upliftand social devcl()pmcm E,.Such
interactions can be investigated using the Cross-impact Technique. For details you may rcfer o
Martino (8). o '

Delphi

This is a subjective method relying on the opinion of experts designed to minimise bias and crror of
judgment. A Delphi pancl consists of a number of experts with an impartial lcader or coordinator who
organises the questions. ‘

Specific questions (rather than general apinions) with yes-no or multiple type answers or specific dates/
events are sought from the experts. For instance, questions could be of the following kind:

* When do you think the petroleum reserves of the country would be exhausted? (2000, 2020,2040)

* When would the level of pollution in Delhi exceed danger limit? (as defined by a particular
' agency}? _

* - What would the population of India be in 199G, 2000 and )10?

* When would fibre optics become a commercial viabilit mmunication?

A summary of the responses of the participants is sent [0 4 @ pert participating in the Delphi panel alter
astatistical analysis. For aforccastof whenaneventis hk appen, the mostoptimistic and pessimistic -

estimales along with a distribution of other resp given to the participant. On the basis of this
information the experts may like to revise gheir cfrlier cstimates and give revised estimates to the
coordinator, It may be mentioned that the @ itics of the experts are not revealed to each other so that
bias or influcnce by reputation is kepttoa imum. Also the feedback responsc is-statistical in nature
wilhout revealing who made whi cast. The Delphi method is an iterative procedure in which
revisions are carried out by the exp the coordinator gets a stable response,

The method is very efﬁment if properly ¢onducted, as it provides a systematic framework for collecting
expert opinion, by viriue of anyonymity, statistical analysis and feedback of resulis and provision for
forecast revision, resulis obtained are free of bias and generally reliable. Obviously, the back ground of
the cxperts and their knowledge of the field is crucial. This is where the role of the coordinalor in
identifying the proper experts is important. :

Opinion Polls _ .

Opinion polls are a very common method of gdmmg knowedge aboul; consumer tastes, responses o anew
product, popularity of a person or leader, reactions to an eléction result or the likey future prime ministcr
afler the impending polls. Inany opinion poll two things are of primary importance. First, the information:
- that is sought and sccondly the target population from whom the information is sought. Both these factors
_must be keptin mind while designing the approprlate mechanism for conducting the opinion poll. Opinion
polls may be conducted through

* Pé:_'sonal interviews.

* Circulation of {qucstionnairés‘

* Meetings in groups.

* . Conferénces, seminars and symposia.-
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The method adopted depends largely on the population, the kind of information desired and the budget
~ available. For instanc, if information from a very large number of people is to be collected a suitably
designed questionnaire could be mailed to the people concerned. Desi gning aproper questionnaire is itself
amajortask. Care should be taken to avoid ambi guous questions, Preferably, the responses should be short
one word answers or ticking an appropriate reply from a set of multiple choices. This makes the
questionnaire easy for the respondent to fiil and also casy for.the analyst to analyse. For example, the final
analysis could be summarised by saying

80% of the population expressed opinion A
10% expressed opinion B

3% expresscd opinion C

5% expressed no opinion

Simiarly in the context of forecasting of product demand, it is common to arrive.at the sales forecast by
aggregating the opinion of area salesmen, The forecast could be modified based on some kind of rating
for each salesman or an adjustinent for environmental uncertainties. :

Decision in the area of future R & D or new technologies too are based on the opinions of experts. The
Delphi method treated in this Section is just an example of a systematic gathering of opinion of experts
in the concerned field. - o

The major advantage of opinion polls lies in the fact that a well formed opinion eonsiders the multifarious
subjective and objective factors which may not even be possible 1o enumerate explicitly, and yet they may
have a bearing on the concerned forecast or question. Moreover
to eliminate the bias that is bound 10 be present in any subjectry

decisions, opinion polls or opintons of the EXperts con@a v

¢ aggregation of opinion polls tends
hutan evatuation. In fact for long term
reliable method for forecasting and

planning.

17.3 FORECASTING FOR MEDIU SHORT TERM DECISIONS

Forecasting for the medium and short ter s from one to six months ahead is commonly employed
for production planning, scheduling and fifegeial planning decisions in an organisation. These methods
are generally better struciured as cg @ &d to the models for long term forecasting treated in Section 17.2,
as the variables to be forecast are welkg#wn and often historical data is available to guide in the making
of a more reliable forecast. Broadly speaking we can classify these methods into five categories.

i) Subjective of intitive methods
- i) Methods based on an averaging of past data
{moving average and exponential smoothing).
1) Regression models on historical data. _
v} Stochastic models, with Time Series analysis and Box-Jenkins models.

~ Subjective or Intuitive Methods -

These methods rely on the opinion of the concerned people and are quite popular in praciice. Top

executives, salesmen, distributors, and consumers could be approached to give an estimate of the future

demand of a product. And a judicious aggregationfadjustment of these opinions could be used to arrive

. atthe forecast of future demand. How such opinion polls could be systematically conducted has already
been discussed in Section 17.2. Committees or even a Delphi panel could be constituted for the purpose.
However, all such methods suffer from individual bias and subjectivity, Moreover the underlying logic

“of forceast generation rematns mysterious for it relies entirely on the jntuitive judgment and experience
of the forecaster. Itcannot be documented and programmed foruse ona computer so thatno matter whether
A or B or C makes the forecast, the result is the same, The other categorics of methods discussed in
the scction are characterised by well laid procedures so that documentation and-computerisation can be
easily done, ' - ' '
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However, subjective and intuitive methods have their own advaniages. The oﬁinitﬁ of an expert or an
experienced salesman carrics with it the accumulated wisdom of experience and maturity which may be
difficult to incorporate in any explicit mathematical relationship developed for purposes of forecasting.
Moreover in some instances where no historical data is available (e.g. forecasting the sales of a completely
néw product or new technology) reliance on opinions of persons in Research and Development, Marketing
or other functionai areas may be the only method available to forecast and plan future operations.

Methods Based on Averaging of Past Data (Moving Averages and Exponential
Smoothing)

In many instances, it may be reasonable to forecast the demand for the next period by taking the average
derand till dase. Similarly when the next period demand actually becomes known, it would be used in
making the forecast of the next fuwre period. However, rather than use the entire past history in
_determining the average. Only the recent data for the past 3 or 6 months may be used. Thisis the ideabehind
the ‘Moving Average', where only the demand of the recent couple of periods {the number of periods being
specificd) is used in making a forccast. Consider, for illustration, the monthly sales figures of an item,
shown in Table 1.

Table 1

Monthly Sales of an Item and Forecasts Using Moving Averages

Month Demand : 3 period 6 period
moving moving
average avcrage

Jan E . ’ 195 : O

Feb . 202

Mar | 199 v 200.00 . |

Apr ' 208 203.00

May 212 Q‘ 206.33 '

June 19 203.66 202.33

July 2@ 205.66 - 207.83
210.83

Aug 220 208.33

Sept 219 216.66 213.13
Oct . 234 22333 217.46
Nov ' 219 223.00 © 21863
Dec ' 233 227.66 205,13

The average of the sales for January, February and March is (199 + 202 + 199)/3 =200, which constitutes
‘the 3 months moving average calculated at the end of March and may (hus be used as a forecast for April.
Actual sales in April turn out to be 208 and so the 3 months moving average forecast for May is (202 +
199 + 208)/3 = 203, Notice that a convenient method of updating the moving average is

‘New moving average = Old moving average

Added Dropped
period —  period

demand demand

Number of periods in moving average
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- Attheend of May, theactual demand forMayis 212, whlle the demand forFebruary whlch is tobe dropped
from the last movmg average is 202 Thus, s
New moving average = 203 + 10!3 206.33 which is Lhe forecastfor J um;z Both the 3 perlnd and 6 penod
moving average are shown in Table 1.
- Itis characteristic of moving averages to

a) Lag a trend (that is, give a lower valug for an upward trend and a higher value for alower rend}
as shown in Figure VII (a). : : :

b) Be out of phase (that is, laggmg) when the daa is cyclic, as in seasonal demand: This is depicted

in Figure VII (b). -
¢} - Flauen the peaks of the demand panern as shown m F:gure VII (c)
';\cruuld' . i ' ' _
eman o _ o
'Forecdsf == : ' MEARN MA :
) - | } =1 . '\\_:__‘_, o .
- 1~ _ 5
~ — : .
— {ti) MOVING AVERAGES ARE OUT OF PHASE
e FOR CYCLIC DEMAND :
. ' MA

{a) MOVING AVERARES Lms A TRENU _ -\
_ {;}

. ! ’
‘?* | —
Q’ L) MOVING AVERAGES FLATTEN PEAKS

Some correctioﬁ factors to rectify th&gs canbe mcorporatcd For details, you may refer to Brown (3.

Exponential smoothing is an averaging techmque where the wcxghtage given to the past data dechncs (at
anexponentialraie) as the datarecedesintothe past. Thus all the valuss are taken into con51clerauon unlike -
in moving averages, where all data points prior to the period of the: Moving Average are ignored.

IfF, is the one-pariod ahead forecast made at time t and D, is the demand for period t, th'en;

F,=F, +a (Dl B Fm)
=a D+ (1 o) F,

Where aisa smoothmg constant that hcs between 0 and 1 but generally chosen valueslie betwccn D01
and 0. 30. Ahigher value of o places more emphasis on recent data. To initiate smoothing, a stamng value
of F, is needed which is generally taken as the first or some average demand value available. Corrections
for trend effects may be made by using doubie exponential smoothl ng and other factors. For details you'
may consult the references at the end. :

A computation of the smoothed values of dcmand for the example con51dcrcd earlier in Tablc [ isshown
in Table 2 for values of o equal to 0.1 and 0.3. In thesc computations, exponential smoothmg is initiated
from June with a starting forecast as the average demand for the first five months. Thus the error for June
is (194 - 204), that is - 10, which when multiplied by ¢ (0.1 or 0.3 as the case may be) and added to the
previous forecast of 204 yields 203 or 201 (dependm g on whether ¢ 1s 0.lor 0.3) rcspectwely as shown
in Table 2. . :
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Table 2

Monthly Salesof an Iﬁam and Forecasts Using Exponential Smoothing ~

Month . Demand - Smoothed forecast - Smoothed forecast -
' oo (alpha=0.10) (alpha = 0.3)

Tan . : 199 .

Feb - 202 :

Mar 199

Apr . 208

May 212 . _ . ; -

June _ 194 _ 2040 S 2040

July 214 ' C 2030 2010

Aug - = 2041 204.9

Sept - T 219 | 2057 2094

Oct 24 2070 _ 2123

Nov - 219 ' 2097 2188

- Dec 233 o 2106 218.9

Both moving averages and smoothing methods are esschti@t term forecasting techniques where
one or a few period-ahcad forecasts are obtained. ' '

Regression Models on Historical 'Dét -

The demand of any product or service when Pited as a function of time yields a time series whose
behavicur may be conceived of as foll ceriain pattern with random fluctuations. Some commonly
cbserved demand patterns are shown i e VIIL '

Figure VIIT: Some Commonly Observed Demand Patterns

1 Constant 1
= el Linear
' trend
t Seasonal partern wit gpowth
L . /
a
1' b 1' —
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- ' .
The basic approach in this method is to identify an underlying patiern and o fita regression line to demand
_history by available statistical methods. The method of least squares is commonly used I.U determire the
parameters of the fitted model. |

Forecasting by this technique assumes that the undezlying system of chance causes which was operauIlg
in the past would continue to operate in the future as well. The forecast would thus not be valid under
abnormal conditions like wars; earthquakes, depression or other natural calamities like floods or drought
which might drastically affect the variable of interest. .

|
* For the demand history considered previously in Tables 1 and 2, the linear regression line is

F,=193+3t ' ] |

Where t = 1 refers to January, t = 2 to February, and so on. The forecast for any month ¢ can be found by
substituting the appropriate value of . Thus, the expected demand for next ] anuary (t= 13) 193 +(3x13)
=232,

Youwill study the detaills of this regression procedure in Unit 19. We may only add here that the procedure
can be used to fit any type of function, be it linear, parabolic or Uthcr, and that some vey useful stalements
of confidence and precision can also be made. : |

I
In casual models, an attempt is made to consider the caus%elaﬁonships and the variable of interest
bl

Casual or Econometric Models

{e.g. demand} is modelled as a function of these causat . For instance, in trym% to forecast the
demand of tyres of a pacticular kind in a certain month (say ), it would be reasonable’to assume that
this is influenced by the targeted production of ne @ les for that month {TPVM) and the total road
mileage of cxisting vehicles in the past 6 months (sa hcould be assumed tobe propdrtional to sales
of petrol jn the last 6 months (SPL6M). Thus; ossible mode] to forecast thc monthly demand of tyreg
isDTM =ax (TPVM) + b x (SPLE6M) + ¢ wl% and ¢ are constants to be determined from the data.
The above modei has value for forecasiff®pnly IFTPVM and SPL6M (the two causal variables) are known
at the time the forecast is desired. Th@h\went is expressed by saying that these vanaﬁles be leading,
Also the quality of it is delermipag by the correlation between the predictor and the predicted variables,
Commonly used indicators nomic, tlimaie, such as consumers price index, whalesale price
index, gross national product, tion and per capital income are oflen used in econcmetric models
- because these are casily available from published records.

Modecl parameters arc estimated by usual regmssmn procedures, similar to the ones desarfbcd in Models
on Historical Data: |

Construction of these structural and econometric models is generally difficult and more time-consum ing
as compared o simple time-series regression models. Nevertheless, they possess the advantage of
portraying the inner mechanics of the demand so that when changes in a certain pertinent fictor occur, the
effect can be predicted. |

The main di lT 1cu11y in causal models is the selection or identification of proper vartables.|wh1ch should
cxhibit high correlation and be leading for effective forecasting.

Time Series Analysis or Stochastic Models |

1d or wanable of interest when plotted as a function of time yields what is cominonly called a
<", This plot of demand at equal time intcrvals may.show random patterns of behaviour and our
“lodels on Historical Data was to identify the basic underlying pattern that should be used
e it wdata. After hypothesising a model (linear, parabolic or other) regression was ”Fﬁd toestimate

' the model parameters, using the criterion of minimising the sum of squares of crrors. :

|
320




Another method ofien used in time series analysm isto 1denufy the followmg four ma_lor componems in

a mne senes

1) Secular rrend (e.g. long term grbwm in rriarket) B

i} Cyclical'ﬂuétuatiori (c 8. due to business cycle’s) _
iii) = Seasonal variation (e. g Woollens, where demand is scasonal)

iv) Random or irregular variation.

The. observed value of the time series could then be exprcssed asa producl: ( or some other funcuon) of '

_ thc above factors.

Another treatment that may be given to a time seri¢s is to use the framework developed by Box and Jenkins
(1976) in which a stochastic model of the autoregressive (AR) variety, moving average (MA) variety,
mixed autoregressive -moving average variety (ARMA) or an integrated autoregressive-moving average
variety (ARIMA) model may be chosen, An introductory discussion of these models is included in Unit -
20. Stochastic models are inherently complicated and require gréater efforts to construct. However, the
quality of forecasting generally improves. Computer codes are available to implement the procedures [see
for instance Box and Jénkins (1976) 1. '

17.4 FORECAST CONTROL

Whatever be the sysiem of forecast generation, it is desirable to Mgnitgr the output of such a sYstcm jis]
ensure that the discrepancy between the forecast and actual of demand lies within some permissible
range of random variations. o

A system of forecast generation is shown in Figure

From past data, the system generates a fo ich is subject to modification through managerial
judgment and experience. The forecast is co with the current data when it becomes available and
the efror is watched or monitored to @hﬁ: adequacy of the forecast generation system.,

The Moving Chart is a useful statistical dc¥ice to monitor and verify the accuracy of a forecasting system.

' The contro! chart is easy to construct and maintain. Suppose data for n periods is available. If F, is the.
~ forecast for period t and D, is the actual demand for period | 1 then MR (Moving Range) = | (Ft- Dt

- |E,- “) !
__ IMR -
~MR = ( There are n - 1 moving aveages for n-periods)
n-1 :

Then Upper Control Limit (UCL) = + 2.66 MR -

Lower Control Limit (LCL) 2, 66 MR

The variable to be plotted on the chart is the error (F, - D) in each perlod A sample control chartis shown
in Flgure X. Such acontrol chart tells three important things about a demand pattern:

" a) whether the past demand is statistically stable,

bj.  whether the present demand is following the past pattem
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Figure IX: System-of Forecast Generation
Past data ~ Current date

Forecas} _ o : _W
Forecast ) " m—— fg,',‘-;‘,.‘;‘f-* : o .
generation = ) : . .Flgumx:AColtrolClnuBmedeoﬂngw'_
e | | LUt s 9
| Forecast ' 30 —— o ,
. | - '_ .
o | - 10 - |
. Manogerial o : : _ o___/L::AvAA
judgement & KO — _qel™— :
experience o o _20 .
‘ o S LCL=-239
l | | | | Month —f= '
Modified forecast - { Control chart for o sample situation

.

c) if the demand paltem has changed the control chan tells ho révise the ...¢casting method,

As long as the ploucd error points keep falling within the ge
due-to chance causes and the underlying system of forecadt gendbation is acceptable. Wheh a point goes
out of control there is reason to suspect the validity of the YoneCa tgeueratmn system, whlch should be
revised to reflect these changes. . ‘

175 SUMMARY - QE“"-

The unit has emphasised the im forecasting in all planning decisions - be they long term,
medium term or short tzrm. For long term planning decisions, techmqucs like Technological Forecasting,
collecting opinions of experts as in Delphi or opinion polls using personal interviews or questignnaires -
have been surveyed. For medium and short term decisions, apart from subjective and intuitive methods
there is a greater variety of mathematical models and statistical techniques that could be profitably
employed. There are meihods like Moving averages or exponential smoothing that are based on a eraging

of past data, Any suitable mathematical function or curve could be fitted 10 the demand history by using
least squares rzgression. Regression is also used in estimation of parameters of causal or econometric
models. Stochastic models using Box-Jenkins methodology are . statistically advanced set of tools
capable of more accurate forecasting. Finally, forecast control is very necessary to check whether the.
forecasting systern is consistent and effective. The moving rangecharthas been suggested for itssimplicity
and ease of operation in this rcgard

-.o limits, it shows that the vari;jions ae

17, 6 SELF-ASSESSMENT EXERCISES
1. Why is forecasnn g 50 important in business? Idenufy apphcatlons of forex;asung for
* Long term decisions. ' '
© ¥  Medium term decisions.
* Short term decisions.
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2..  How would you conduct an opinion poli to determine student reading habits and preferences
towards daily newspapers and weekly magazines?

3,4, 5. For the demand data of a product, the followin g figures for last year's sales (monthly) are given:

Period (Monthly)
Question 12 3 a4 5 6 7 8 9 10 I 12
3 80 100 79 98 95 104 80 98 102 9 115 88
4 67 53 60 79 102. 118 135 162 70 53 68 63
5 _ 117 124 95 228 274 248 220 130 109 128 125 134
a. Plot the dataon a graph and suggest an appropriate fnodel that cauld be used for forecasting.

b. - Plota3and 5 period moving average and show on the graph in (a)

c. Initiate exponential smoothing from the first pcrIod demand for smoothing constani (&) values of
0.1 and 0.3. Show the plots,

d. * * ‘Whatdo you understand by forecast control? Whalcould bc the vanous methods Lc ensure that the
forecasting syst.,m is appr‘bpna&:? . \

177 KEY WORDS - TN

Causal Models: Forecasnn g models wherem the deszariaiﬂc er interest i related 10 underlying

causes or causal variables.
Delphi: Amethod of collcctingiﬁfon‘naf@x cris, uscfulforlonglenn forecastmg [tisinteractive

in nature and maintaing anonymity 10 rediR€ subjeciive bias.

Exponential Smoothing: A sho@wrccasling methad based on weighted averages of past data so
that the weightage declines exponentMly as the data recedes into the past, with the highest weightage
being given to the most recent data.

Forecasting: A systematic procedure (0 determine the future value of a variab[e of inlerest.

Moving Average: An avcrage computed by conmdermg the K most recent (for a K- -pericd moving
'werdge) demand pomts commonly vsed for short term forecaslmg

Prediction: Atcrmto dcnoLe the estimate OT guess of a future variable that may be arrived at by subjective
hunches or intuition.’ :

Regression: From agiven demandg history (o estabhsh a relation between the dependent variable (such
as demand) and mclependem variable (8). Such relations prove very usefu! for forecasting purposes.

Time Serles Any data on demand, sales or consumption taken at regular intervals of time constitutes

atime scries. Analysis of this time serics 10 discover patterns of growth decay seasonahues or random
fluctuations is known as to Time Scries analysis.
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UNIT 18 CORRELATION

Objectives

After compleﬁon of this unit, you should be able to:
*  understand the meaning of correlation
o compute the correlation coefficient between two vanables from sample observahons

* test for the significance of the correlation’ coefficient

* identify confidence limits for the population correlation coefficient from the obscrved sample
correlation coefficient : '

* compute the rank correlation coefficient when rankmgs rather than actual values for variables
are known - .

* apptreciate some praclical applications of correlation

* . become aware of the concept of auto-correlation and its application in time series analysis

Structure

18.1 Introduction .
182 The Correlauon Coefficient

183 Testing for the Stgmﬁcance of the Correlauon Coefl@
184 Rank Correlation S

18.5 Practical Applications of Correlation O

186 Auto-correlation and Time Series Analydiong '

18.7. Summary ' ?\

188 Seclf-assessment Exercises Q‘

189 Key Words . _

18.10 Further Readings @ '

18.1 INTRODUCTION

We often encounter sitnations where data appears as pairs of figures relating to two varaibles. A cor-
relation preblem considers the joint variation of (wo measurements neither of which is restricted by
the experimenter. The regression problem, which is treated in Unit 19, considers the frequency distri-
butions of one variable (called the dependent variable) when another (independent variable) is held
fixed at each of several levels,

Examples of correlation problems are [ound i the study of the relationship between 1Q and aggregate

percentage marks obtained by a person in SSC examination, bloed pressure and metabolism or the re-

. lation between height and weight of individuals. In these examples both variables are observed as they
naturally occur, since neither variable is fixed at predetermined levels. :

Examples of regression problems can be found in the sutdy of the yields of crops grown with different
“amount of fertiliser, the length of life of cerrain animals cxposed to different amounts of radiation, the
hardness of plastics which are heai-treated for different periods of time and so on. In these problems
the variation in one measurement is studied for particular levels of the other variable selected by the
experimenter. Thus the factors or independent varaibles in regression analysis arc not assumed (o be
random varaibles, though the dependent variable is modelled as a random variable for which intervals
of given precision and confidence ‘are often worked out. In correlation analysis, all varaibles are as-
sumed to be random variables.
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For example, we may have figures on advertisement expcmfhture (X) and Sales (Y)ofa ¢m for the
last ten years, as shown in Table 1. When this a8t is plotied on a “graph as in Figure I we obtain a
scater diagram. A scatter diagram gives two very useful types of information. First, we can observe
patterns between variables that indicate whether thé variables are related. Secondly; if he variables
are related we can get an idea of what kind of relationship (ImcaLr or non-linear). wauld Jescribe the

relauonshlp Correlation examines the ﬁrst '

1979

‘Table 1 _
Yearwise data on Advertisement F.xpendllture and Sales ‘ '
Year Advertisement ' -Sales in ‘ '
 expendityre : Thousand o
in thousand Rs. (X} ' Rs. (Y} |
1988 _ 50 700 ‘
1987 50 S 650 |
1986 s 600 ]
1985 40 _ : 500. .
1984 30 . 450 o
1983, - 20 . | e 400 |
1982 20 - _ 300
1981 15 _ 250
1980 | 10 0 210

variables.

800

700
600

500
400

300

200

100

SO 200

‘question of determing whether an association € tween the two variables, and if it does, to what
extent, Regression examines the secondzsti of establishng an appropriate relation between the

FigoPa I: Scatter Diagram

X
box o
X
X
X
X
X
x X '
| | ] : ]
10 20 30 40 50
. N e
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I

The scaiter dlagram may exhibit dlfferent kmds of pattems Some typxcal patterns mdlcaung dlffc.renr
correlations between two vanablcs are shown in Fxgure IL.

What we shall study next is a preclse and quantitative measure of the degrcc of assocmmn between
two variables and the correlauon coefficient.

18.2 THE CORRELATION COEFFICIENT

Definition and Intelpretal:ion

The correlation coefficient measures the degres of association belwccn two vanablcs X and Y. Pcar
. son's formula for correlation coefficient is given as

ﬁ TE-XIY-Y)

a, G,.

Where r is the correlation coefficient between X-ax'lc_l Y o, cy-fare 'me standard devialions of Xand Y
respectively and n is the number of values of the pair of variables X and Y in the given date. The
Figure 1I; Different Types of Association Be¢ween Variables S

r>0

X -

{a) Positive Correlation (_b)Negafive Correlation

r=0
[ ] . ®
e @ W® e
AR
. [ )
o ]
”~ . >
L ] o ] b
X — X —= |
{c)No Correlation - (d) Non-linear association :

and Y in the given data, The
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_ able. A zero corelation means- that there is no association between the two variables
a number of scatterr plots with correspondmg values for the |.orre1a11on coefﬁcnem I.

where

expressxm 1 Z (X X (Y y) is known as the covariance betwecn X and Y HEL is also called ..

the Pearsons product moment comelation coefficient. You ,hould note that r is a dimension less
number whose numerical value lies between + 1 and =1, Positive. values of 1 indicate positive (or

direct) correlation between the two variables X and Y i.e. as X increases Y will also 1|ncreasc oras X
decreases Y will also decrease. Negative values of r indicate negative {or mver{:) correlation,

thereby meaning that an increase in one variable results in a decrease in the value of the other vari-
igure 1 shows

The following form for carrymg out computanons of thc correlation coefﬁcnent 18 perhaps more

' COIIVGﬂiBm.

| Exy L o - -....'....(182)
‘\/ \fﬁy

=X~ X devlatlon of a pameular X value from the mean X
y =Y ~Y = deviation of a particular Y value from the mean'Y

Equation (18.2) can be derived trom equation (18.1) by subsmunng for O, ando as |

follows: : _ o
...... 183)
= Lrx- %) and o, ,/—z(x-Y) 0 s (189
Activity A : Q . :
Suggest five pairs of vanables whi pect (o be positively correlated. |
- - - "3 - - R TR uo'lil..ow -y
|
OURTOTRN - . R TR SUTUURUINS HUON
Activity B | - - o

Suggest five pairs of variables which you cxpect o be ncgatwely correlaled‘?

ke R A A R B EE B EP P BT W MR N mw mw o ow ki kA A N TR R AR B B s m bk kil FEEEH S I n kM AR TR

L L e R R R R R RE S il

A Sample Calculation: Takmg asan 111uslrat10n the data of advertisecment expendnu (X) and Sales
(Y) of a company for the 10-year penod shown in Table 1, we proceed to del.ermln the correlation
coefficent between these variables: -
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'Ca_mpuiaﬁoﬁs are Eonvenient'ly carried out a.s_l.shb\am in i’]’able-2.'
Table 2

Calculation of Correlation _Coefﬁcieht

SsNo. X Y  x=X-X y=Y-y x? v oxy
1 50 700 2t - 214 44 75076 5754
2 50 650 21 24 . 441 50,176 4,704
3 50 600 . 2r . 174 441 30276 3,654
4 40 500 11 7421 54716 814
5 30 450.. 1 4 - 1 576 24
6 20 400 9 - 26 81 676 234
7 20 300 9 126 81 15876 1,134
8 15 250 -14 176, 196 30976 2,464
9 10 210 119 216 361 46,656 - 4,104
105 200 24 -226 576 51,076 5424
Total 290 4260 0 0 2740 306840 28310

Sxy . - 2831¢

AR = = 0976
VERVZy  J2/0x306840

This value of r (=0.976) indicates a high degree of association between the variables X and Y. For
this particular problem, it indicates that an increase in advertisement expcndlture is l:kely to yield .
higher sales. -

You may have nouced that in carrymg out calculations for the correlanon coefﬁcnent in Table 2, large
values for x* and y*resulted in a great computational burden, Simplification in computations can be
" adopted by calculating the deviations of the observations from an assumed average rather than the
actual average, and also scaling-these deviations conveniently. To. illusirate this short cut procedure,
et us compute the correlation coefficient for the same data. We shall take U to be the deviation of X
‘values from the assumed mean of 30 divided by 5. Similarly, V represents the deviation of Y values
from the assumed mean of 400 divided by 10 The computations are shown in Table 3.
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“Table 3-

Short cut P.rbéedure I‘or. Calculation of Correlation Coefﬁéient

SNo. X Y U vV UV \&
50 700 4 30 - 120 0 116 1900
50 - 650 4 25 0 100 116 625
50 600 4 20€ 80 116 400
40 500 2 . 10 20 4y 100
30 450 0 5 0 0 25
20 - 400 2 0 0 4 -0
20 300 2 - -0 20 L4 100
15 .. 250 -3 o5 45 L9 225
10 210 4 -19° % L6 36

o5 200 R | 100 ‘25 400

Total S 2 % 561 SHe | 3,136

_'Actw;ty C
- Use the short cut procedure 10 obtain the value of correlation cocfﬁc1ent in Lhc above

Cyyv JERUEV
F= : 1

; 2 N S
| \/:U2 (‘T'U).ﬂ\/zv ~5~E:-’— 0 I

Cemee S
W O .

i
T=

10.47 % 55.39 .
0976 < - -_ .

We thus obtain the same result 4s before, . -

\/110—(F—)- 3136—9"‘ '. o
- 5662 : !

2 example using

scaling factor 10 and 100 for X and Y respectively. (That is, the deviation from the assumed mean is

to be divided by 10 for X values and by 100 for Y values.)

R R R Ll L LT Tty AU GRS S
L L R e T L I L L T T
B L R L L L L Rl e L AUy I

R R L L L L L T T L L L N e R

..................

..................
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18.3 TESTING FOR THE SIGNIFICANCE OF THE
CORRELATION COEF F ICIENT

Once the correlation coefficient has been 'calculaléd'frﬁm sample data one is horinally interested in
asking the question: Is there an association between the variables? Or ‘with what confidence can we
makc a statement aboul the assomallon betwecn the variables?

Such questions are best answered statlsncally by usmg one of the followmg two commonly used
procedures: .

- 1) . Providing confidence limits for the population correlation coefficient from the sample size n

- and the sample correlation coefficient r.” If this confidence interval includes the value zero, -

then we say that r is not significant, implying thereby that the population correlation coefficient
may be zero and the valuc-of r may be due to sampling va:iability. ' S

i) Tesung the null hypothesis that populdtlon correlation coefficient equals Ze10 V. the alterna-
- tive hypothesis that 1t does not, by using 1hc t-giatistic.

The use of both these procedures is now 1llustrated

~ The value of the sarnple correlation coeffmem is used as an estimate of Lhc true populallon correlauon

_ p. It is desirable to include a confidence interval for the wug value along with the sample statistics.
There are several methods for obtaining the confidence inteMgl for p. However, the mast straight -
forward method is 1o use a chart such as that shown in Fi ' ' -

Figure II: Confideiice-Bands for.'tﬁeQion Correlation
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Scale. of p {Populatien correlafion coefficient }
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N
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Once r has been calculdte(, the chart can be vsed 10 cletcrmme the upper -and lower values of the

interval for the sample size used. In 1h13 ‘chart the range of unknown values of p is shown in the ver-
331
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tical scale; while the sample r values arc shown on the horizontal axis, with a number of curves foc
“selected sample sizes. Notice thai for every sample size there are two curves. To read the B5% confi-

dence limits for an observed sample correlation coefficient of 0.8 for a sample of size 10, | we simply

look along the horizontal line for a value of 0.8 (the sample correlation coefficient) and construct a

vertical line from there till it intersects the first curve for n=10. This happens for p = 0,2, This is the

lower limit of the confidence interval. Extending the vertical line upwards, it again intersects the
;second n = 10 line at p = 0,92, which rcpresents the upper confidence limit. Thus the 95% |conf1dence
~ interval for the populatlon correlation coefficient becomes ‘

02<ps092 - - |

If a confidence interval for P includes the value zero, then r is. not considered significant since that
value of r may be due to nothing mere than sampling variabillity. ‘

This method of using charts to determine the confidence intervals is convenient, though ol[ course we
must use a different chart for different-confidence limits (e.g. 90%, 5% 99%),

The alicrnative approach for testing the significance of r is to use the formula

(= L S L...a83)

A = -2

Referring to the table of (-diswribution for (n-2) degrees bf frecdm'n, we can find the r:ril,iczlll value for
tat any desired level of significance (5% level of significanceNg commonly used). If the calculated
‘i lz)

value of t (as obiained by equation 18.3) is less than or the “table value, we [accept the
hypothesis (H ; the correlation coefficient equals ;fcro) mieani i the correlation betweTn the vari-
ables is not significantly d]fferem from zero. '

‘Suppose we obtain a correlation coefficcm of w sample of size 10.

- 0.2 | | '
t= -2 20577 - |
V(1-0.041/8 Q‘ " .

And from the t-distribution with 8@9 of freedom for a 5% level of significance, ihe table value =
~ 2.306. Thus we conclude (hat this r of 0.2 for n = 10 is not s:gmf[(:dm]y different [rom zcro.

It should be mentioned here that in casc lhe same value of the correlation ceefficient of 0.2 was ob-
tained on a sample of size 100 then

02 |
s = 2021

V(L -0.04/98 - I | |

[I=

And the tabled value for a I- dlSl.[lbllllOl‘l wnh U8 degrees of freedom and a 5% level of ag,n&ﬂcance =
1.99. Since the calculated 1 exceeds this figure of 1.99, we can conclude thar this correlation coefTi-
cient of 0.2 on a sample of size 100 could be considered significantly different from zero, or alierna-
lwely that there is statistically significant association beiween the variables.

"18.4 RANK CORRELATION

Quite often data is available in the form of some ranking for differcnt variables. It is common to resort
to rankings on a preferential basis in arcas such as food testing, compelitive evenls (C.g. gdLnes fash-
ion shows, or beauly contests) and attitudinal surveys., The primary purpose of compulmg a correla-
tion cocfficient in such situations is 1o determine the extent to which the two sets of rankings are in
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agreement. The coefficient that is determined from these ranks is known as S';_)éar'r'r'l-a_in's rank correla-
tion coefficient, r,. = o ' :

This is given by the following formula :
no2
62 d.
. 1
o=l i=l

n(n2-1)

Here n is the number of pairs of observations and d; is the difference in ranks for the ith observation
sel.

Suppose the ranks obtained by a set of ten students in a mathematics test (variable X) and a Physics
‘test (variable Y) are as shown below:

Ramkfor 1 2 3 4 5 6 7 8 9 0
variable X

Rakfor 3 1 4 2 6 9 8 10 5 7
. vatiable Y

To determing the rank correlation, r, we can organisc com;@s as shown in Table 4;
Tabl

Determination of Sp%n's Rank Correlation

Individual Rank in Qﬂtkvin . d=Y-X a?
- Maths (X) . ysics (Y)
1 I % 3 +2 4
2 2 1 1 1
3 3 4 +1 2
4 4 2 -2 4
5 5 6 +1 1 '
6 6 9 +3 9
7 7 8 +1 1
3 8 10 +2 4
9 9 5 -4 16
10 10 3 9
Total 50

Using the formula (18.4) we obtain

. 6 x 50 _
r=1- ———""-= 1 - 0303 = 0.697
_ 10 (100 - 1)
We can thus say that there is a high degree of correlation between the performance in Mathematics .
and Physics. :
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We can also test the significance of the value obtained. The null hypothesis is that the two
are not associated, i.e., r, = 0. That is, we are interested to Iest the null hypothesis, H, th

variables

t the two

variables are not associated in the population and that the observed value of r, differs [rorn ZCro only

by chance. The t-statistic that is used to test this is

N T _
_ 7
=697 ,JJ'—M'—E
A 110697y
=275

Referring to the table of the (-distribution for n-2 = 8 degrees of frecdom, the critical valug

fortata

5% level of significance is 2.306. Since the calculated value of t is higher than the table [value, we
reject the nufl hypothesis concluding that the performances in Mathcmatlcs and Physics are closely

associated,

When two or more items have the same rank, a corrclation has to be applied to 2d 2 For ¢gample, if
the ranks of X arc 1,2, 3,3, 5, ...... showing that there arc two ilems with the same 3rd rank, then
instead of writing 3, we write 3 1/2 for each so that the sum of these items is 7 and the mean of the
ranks 1s unaffected. But in such cases the standard deviation is affected, and therefore, a cofrection is

required. For this, 2d,* is increased by (1) /12 for each tie, where t is the number of item
tie,

s ineach

Activity D ' .
Suppose the ranks in Table 4 were ticd as follows: Ind 3 and 4 both ranked 3rd in Maths and
In

individuals 6, 7 and 8 ranked 8th in Physics. Assumi

pute the value of Spearman's rank correltion. ?\

LR Ty N L R T TN T T PR T e,

L L T Y R N N P T T T I P P [ T

it other rankings remain unaltered, com-

LR R L T T TR R PRTIE TE N TPy PN

L T T L e SR TTITIT]

A L L R AT IR F TR L N R T R R R LRI LT

-

18.5 PRACTICAL APPLICATIONS OF CORRELATION

The primary purpose of correlation is to establish an association between any two random Variables.
The presence of association does not imply causation, but the existence of causation cuminlgf implies

association. Statistical evidence can only establish the presence or absence of association

between

variables. Whether causation exists or not depends merely on reasoning. For exam ple, therc |is reason!
1o believe that higher income causes higher expenditure on supcrior quality cloth. However, one must
be on the guard against spurious or nonscnse correlation that md}’ be observed between (otglly unre-

lated variables purcly by chance.

Correlation analysis is used as a starting point for selecting useful independent variables for regression _

analysis. For instance a construcuon company could ndcnufy factors like
* population

* construction employment
* building permits issued last year which it feels would affect its sales for the current 3
"These and other factors that may be identified could be checked for mutual correlation by cq
the correlation coefficient of cach pair of variables from the given historical data (this kind ol
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is easily done by using an appropriate routine on a computer), Only variabies having a high correla-
tion with the yearly sales could be singled out for inclusion in a regression model.
Correlation is also used in factor analysis wherein attempts are made to resolve a large set of meas:

ured variables in terms of relatively few new categories, known as factors. The results could be useful
in the followiag three ways:

i) to reveal the underlying or latent factors that determine the relationship between the observed
data, _ : :

ii) 1o make evident relationships between data that had been obscured before such analysis, and

iii)  to provide a classification scheme when data scored on various rating scales have to be
) ' grouped together. '

Another major application of correlation is in forecasting with the belp of lime series models. In using
past data (which is often a time series of the variable of interest available at equal fime intervals) one
' has to identify the trend, seasonality and randem pattern in the data before an appropriate forecasting
| model car be built. The notion of auto-correlation and plots of auto-corrclation for various time lags
help one to identify the natuze of the underlying process. Details of Limc series analysis are discussed
‘ in Unit 20, However, some fundamental oncepts of auto-correlation and its use for time serics analy-
sis are outlined below.

‘ - 18.6 AUTO-CORRELATION AND TIME SERIES ANALYSIS

The concept of auto-correlation is similar 1o thal of correlation but applics o values of the same vari-
‘ able at different time lags. Figure IV shows how a single variable such as income (X) can be used to
construct another variable (X1) whose only difference from the figgt is that its values are lagging by
one time period. Then, X and X1 can be treated as two variabl@heir correlation found. Such a
correlation is referred (o as auto-correlation and shows how a vi relates to itself for a specified

time lag. Similarly, one can construct X2 and find its cgff€Tyon with X This correlation will indi-
cate how values of the same variable thal are two perio |»$.r relaic to each other. :

Figure IV: Example of the Same Variable with Dil‘?‘ime Lags
X Q "X 1 | X2

Time Original One time 'ag Two time lags
variable " varigble constructed variable constructed
from X : from X

B /15

o 8/15-///4
L b 1
L 172 —-'“/“’///J/‘:j,..'lﬂ
12#///;//711 e 1

| I

11/7 14
7 ﬂ....mf:’://u
14/’//’:/,,_—12 | | -
12 - ' ' :
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- Onc could construct from one variable another time-lagged variable which is twelve periods re-
moved. If the data consists of monthly figures, a twelve-month time lag-will-sliow how values of the
same.month but of different years correlate with each other, If the auto-correlation coefficicent is posi-
tive, it implies that there is a seasonal pattern of twelve months duration. On the other hand, a near
zere auto-correlation indicates the absence of a seasonal pattern, Similarly, if there is a trend in the
data, valucs next to cach other will refaie, in the sense that if one increases, the other too will tend to
increase in order to maintain the trend. Finally, in case of completely random dataJ all auto-correla-
tions will tend to zcro {or not significantly different from zero),

The formula for the aato-correlation cocfficient at time lag X is: |

- z' (X.I ___'}E) (.X'H- y _3{)
p— i [ = ’ B

k.

n k . I !

)
1=

I(x!—i) | . |

where ' |
r, denotes the auto-corelation coefficient for time lag k

k denotes the length of the time lag

n is the number of observations |
X, is the value of the variable at time ( and ‘
X is the mean of all the data.

Using the data of Figure 1V the calculations can istrated. ' ‘
X348+ 154 412 _ 100 _ ' |

== = |}
0 1
(3-THB —10) + (8 —10)IS-10) ALY (14-10)(12 ~10)
ro=-
1 il 2 A J 2 2
] (13-10) + (8 -10) ‘ng—!o) + (12-10) |
= =27 - 9183 |

144

For k = 3, the calculation is us {0llows ¢
7 ' : _
2 X, -10)X =10 : ‘
t=| :

r3 - 10 -

T (X, ~10) | |

_' (13 ~10)(15 ~10) + (8 =10)(4 ~10) + ...+ (T —10)(12 ~10)

2 Z ' : 2 p] ‘
(13-10} + (8-10) + ...+ (14-10) + (12-10)

_ 2% _
= 144 0.18 |

A plot of the auto-correlations for varions lags is often made to identify the nature df the underlying

ume geries. We, however, reserve the detailed discussion on such plots and their usr: for time series
analysis for Unit 20,
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'18.7 SUMMARY

In this unit the concept of correlation or the association between two variables has been discussed. A
scatier plat of the variables may suggest that the two variables are related but the value of the Pearson
correlation coefficient r quantifies this association. The correlation coefficicnt r may assume values
between — 1 and 1. The sign indicates whether the asseciation s direct (+ve) or inverse (-ve). A
numerical value of r cqual o unity indicates perfect association while a value of zero indicates no
associaton.

Tests for significance of the correlation coefficient bave been described. Spearman’s rank correlation
for data with ranks is outlined. Applications of correlation in identifying relevant vaniables for regres-
sion, factor analysis and in forecasting using time series have been highlighted. ‘finaly the concept of
auto-corrclation is defincd and illustrated for use in time series analysis. ' '

18.8 SELF-ASSESSMENT EXERCISES

1, What do you understand by the term correlation? Explain how the study of corrclation helps in '
forecasting demand of a product.

The following table presents the information for the last Syght Jears:

Year R & D Expense @ Annual Profit (Y}

{Rs. in tho ' {Rs. in thousands)
1988 _ 45
1987 7 42
1986 <<:E:>. 5 | 41
1985 ' : - 60

2. A company wanls to study the relation between R & D Wrc (X) and annual prolit (Y).
h

10
1984 4 30
1983 5 34
1982 3 25
1981 2 . 20
a. Plot the data on a scatter diagram.
b. Estimate the sample correlation coefficient
C. What are the 95% confidence limits for the p()pulalion.correlalion coelficient?

d. Tesi the significance of the correlation coelficient using a t-lest at a significance level of 5%.




3. The [ollowmg data pertains to length of service (in yeas? an the annual i income for a Sample of
ten employees of an industry:

* Length of service Annual income in
in years (X) ' thousand rupees (Y)

14

8 | | 17

15

10 18

11 16
12 2

14 26

16 : 25

18 30

20 | 34

Compute the correlation coefficient between X and Y and test its significance at levels of 0.01 and
0.05.

4, Twelve salesmen are ranked for efficiency and the{;})of service as beow:

| Salesman Efficiency @ of Service (Y) '
B

| 2

2 1

C , 5
D 3
E 9
F 5 7
G 7 7
H 8 6
I 9 4

J 10 _ 11

K 11 | 10
L | 12 11

A Find the value of Spearman's rank correlation coefficient T,

b. Test for the Significance of r,

5, An alternative definition of the correlation cocfficient between a two-dimensional random vari-
able (X, Y) is .

[ (X-E (X)) (Y-E(Y))] '

YV X))V (V)

where E(.) represents expectation and V (.} the variance of the random variable. Show that the
above expression can be simplified as follows:
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_ [ ~BX)Y -EW))] -
VX)V(Y) _
(Notice here that the _nurherato_r is called the covariance of X andY)., -
6. In studying the relationship between the index of industrial production and index of security

prices the following data from the Economic Survey 1980-81 (Govemment of India Publica-
tion) was collected.

?0-?1 7112 . 72-73 - 73714 14-75 75-716  76-77 77-78 78-79 -

Index of 1013 1148 1196 122.1 1252 122.2 1353 1401 150.1
Industrial - ' - '

Production.

(1970-100)

Index of - 1000 951 967 1160 1132 99 1029 1074 1304
Security . '

.- Prices

(1970-71-100)

.4, Find the correlation between the two indices.
b. Test the significance of correlation coefficient at 0 0L levéhof significance.

7. Compute and plot the first five auto-correlau . up-to time lag S periods) for the time
series given below: : :

18.9 KEY WORDS

Auto-correlation: Smnlar 0 correlation in that it described the association or mutual dependence
between values of the same variable but at different time periods. Auto-correlaﬂon coefficients pro-
vide 1mportant information about the structure of a data set.
Correlation: Degree of association betweenv two variables.

Correltion. Coefficient: A number lying between -1 (Perfect negative correlation) and +1 (perfect
positive correlation) 1o quantify the association between two variables, -

Covariance: This is the joint variation between the variables X and Y. Mathematically defined as

X -X) (Y- Y)

n
for n data points. -

Scatter Diagram: An ungroup'cd- plot of two variables, on the X and Y axes,
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“Time Lag: The length befween two ume p-enods gerierally used in fime series whete one

'Box, GEP., and G. M. Jenkms 1976. sze Senes Ana!ysza F orecamng and Contol Ho

 Draper, N. an'dH Smith, 1966. Applied Regression Andtysis, John Wiley: New Yoék

for instance, how values of periods 1, 2, 3, 4 corfelate with values of periods 4, 5 6,7
peiods). : : .

-

ing,

may test, '
(time lag

Time-Series: Set of observations at equal time intervals which may form the basis of future forecast-
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UNIT 19 REGRESSSION _

'19.1 INTRODUCTION 2 e

Objectives
After successful cmpletion of this unit, you should be able to:

understand the role of regression in establishing mathematical relationships between dependent
and independent variables from given data.

use the least squares criterion to estimate the model parameters

determine the standard errors of estimate of the forecast and estimated parameters

establish confidence intervals for the forecast values and estimates of parameters

make meaningful forecasts from given data by fitting any function, linearin unknown parameters. -

% ¥ F ¥ ¥ ¥

Structure

. 19.1 Imroduction

19.2 Fitting A Straight Line

19.3 Examining the Fitted Siraight Line
194 An Example of the Caleulations
19.5 Variety of Regression Models

19.6 Summary _

19.7 Self-assessment Exercises

19.8 Key Words '
19.9  Further Readings

In industry and business today, large amopags of &ta are continuously being generated. This may be data
pertaining, for insiance, to a company’ production, annual sales, capacity utilisation, turnover,
profits, manpower levels, absenegism me other variable of direct interest to managementOr there
might be technical data regardig cess such as temperature or pressure at certain crucial points,
concentration of a certain chemic: e product or the breaking strength of the sample produced or one
of a large number of guality attributes: : '

The accumulated data may be used to gain information about the system (as for instance what happens . -
10 the output of plant when temperature is reduced by half) or to visually depict the past pattern of behaviour
(as often happens in company's annual meetings where records of company progress are projected} or
simply used for control purposes to check if the process or system is operating as designed (as for instance
in quality control). Our interest in regression is primarily for the first purpose, mainly to extract the main’
features of the relationships hidden in or implied by the mass of dada.

The Need for Statistical Analysis

For the system under study there may be many variables anditis of interest 10 cxamine the effects that some
variables exert (or appear to exert) on others, The exact functional relationship between variables may
be too complex but we miay wish to approximate to this functional relationship by some simple
mathermatical function such as straight line or a polynomial which approximates to the true function over
certain limited ranges of the variables involved. '

There could be many variabies of interest in the system. In a chemical plant for instance, the monthly
consumption of water or other raw materials, the temperature and pressure maintained in the reac ting
vessel, the number of operating days per month the monthly production of the final product and any by-
products couldall be vartablesof interest. We are, however, interested insomekey performance variable

341



-

(which in our case may be monthly production of final product) and would like (o see how this key variable
{called the response variable or dependent variable) is affected by the other variables {often called
independent variables). By independent variables we shall usually mean variables that can either be set
to a desired value or else take values that can be observed but not controlled. As a result of changes that
are deliberately made, or simply take place in the independent variables, an effect is transmitted to the
response variables.  In general we shall be interested in  tinding ouf how changes in the independent
variables affect the values of the response variables, Somctimes the distinction between independent and
dependent variables is not clear, but a choice may be made depending on 'convenicnvc or (?bjectivcs

Broadly. speaking we would have to undergo the follwoing sequence of steps in determining the
relationship between variables, assuming we have data points already.

1. Idennfy the independert and response variables.

2. Make a guess of the form of relation (linear, quadratic, cyclié etc.) between the deépendent and
indcpendent variables. This can be facilitated by a graphical plot of the data (for two yariables) on
a systemalic tabulation (for more than two variables) which may suggest some trends or patterns.

3. Estimate the Parameters of the tentatively entertained model in step 2 above. For instance if a
straight line was to be fitted, what'is the slope and intercept of this line? :

4, Having obtained the mathematical model, conduct an error analysis to see how good the model
fits nto the actual data,

5. Stop, if satisfied with model otherwise rcpe,at steps 2 to 4 for another ¢hoice of the model form -
in step 2

What is Regression?

¢ given population. If we plot the pair
h a diagram, you would recall from

Suppose we consider the height and weight of adult males for s
(X, X, height, weight),a diagram like Figure T will r
thc previous chapter, is conventionally called a scatigmeig

Note that for any given height there is a range of obgrveg weighrs and  vice-versa, This vtnriation will
be partially due to measurement crrors but primagily duc 10 variation between individuals. Thps no unique
relationship between actual height and weight xpecled. But we can note that average observed
weight for a given observed height incgpmes as Yeight increases. The locus of average observed weight _
for given obscrved height (as height i called the regeression curve of weight on height. Let us
denoteitby X, =f(X)). There alsp existhg regression curve of height on weight similarly defined wheih

wecandenote by X, =g (X us assume that these two "curves” are both straight lines (which
in general they may not be). in al these 1wo curves are not the same as indicated by e two lines
" in Figure L. : -
. 90 = -Figure: Height and.Weight of Thirt].,' Aﬂ!.ult Males ' xl =g { xz)
* -
~ 80
>
g X X2z 1(Xy)
X o
= 70 -
-
£
2
o
=
164 . 168 172 176 180 184 188

Height in cms (X)) —=
342 ‘
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‘A pair of random variables such as (height, weight) follows some sort of bivariate probabbility "

distribution. When we are concerned with the dependence of a random variable Y on quantity X, which

is variable but not arandom variable, an equation thatrelates Y to X is usually called aregression equation.

Similarly when more thanone independem variable is involved, we may wish toexamine the way in which

a response Y depends on variables X, X, X, . Wedetermine 2 regresssmn equation from data which cover
certain areas of the X - space as Y-f(X X X, ).

Linear Regression

The simplest and most commonly used rclatmnshlp bethcn two variables is that of a straight line. We
may write the linear, first order model as

Y=B+B X +e€ . | o (19.1)

That is, for agiven X, a correcsponding observation Y consists of the value 3, + 3, X plus an amount’
€, the increment by which an individual Y may {all off the regression line. Equation (19.1) is the moiel

of what we believe. 3, 3, are called the parameters of the model whose values have been obtianed {rom

the actual data. :

‘When we say that a model is linear Qf non-tinear, we are referring to linearity or non-linearity in the
parameters. The value of the highest power-of independent variable in the model is called the order of
the model. For example: :

Y=0 +p X+ B2X5+e 0
.is a second order (in X )linear (in the P, ) regression mo .

Now inthe model of equauon (19.1)B, B,ande areunkn dinfact € would be difficult to discover
since it changes from obscrvation to obseivation. wever B,and P, remain fixed, and although

we cannot find them exactly without examining alljfossible occurrences of Y and X, wecanuse Lhe
information provided by the actual data us eStimates b and b of B, and B,

Thus we can write :
Y=b, and b X

Where Y (Y hat) denotes the predicted value of Y fora given X, when b,and b, are determined. Equation
19.2 could then be used as a predictive equauon substitution of a value of X would prowde aprediction
of the true mean vlaue of Y for that X, :

19.2 FITTING A STRAIGHT LINE

~ Least Squares Criterioh

In fitting 2 slrmght line (or any other function) to aset of data points we would expect some points to
fall above or below the line resulting in both positive and negative error terms  (see Figure IT).  Ttis true
that we would like the overall error to be as small as possible. The most commeon criterion in the
determination of model parameters is to minimise the sum of squares of errors, or residuals as they are
often-called, Thisis known as the least squares criterion, and is the one most commonly used in regression
analysis.
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Response variable —=

ili)  Itresylts in estimates of quahty of fitand intervals of con i

‘Figure {1: The Least Squares Criterion

X—r- + Ve
. error

] -

of errors

error’ The fitted function
- attempts to minimize
X . the sum of squares

'Indep_-eh.d ent variable -—-'

This is, however, not the only criterion available. One may, for instance, minimise the sum of absolute
deviations, which is equivalent 1o minimising the mean absolute deviation (MAD) The least squares

criterion, however, has the following main advantages

iy Itis sxrnple and intuitively appealmg

ii) It results in linear equations (called normal equatlons) for solutlon of parametcrs which are easy

~ to solve, -

In the context of the straight line model of equalic:?n@

(19.4) produce the leastposmble value of §. We can determine by differentiating equanon‘[
with respect to 3, and then with respect to B, and seiting the results equal to zero. Nouo
are fixed pairs of numbers from our data set for i varying betwen 1-and n, Therefore,

9 —22(‘1’ BBX)

BB i=
E—:—- h X)
aB ) ZIZ‘.‘X(Y B B

50 that the estimates b and b, are given by

S (Y, -by~b,X )=0

i=i

'EX(Y-b ~b,X)=0

i=1l
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nce of predicted values|rather easily.

ose there are n data points (X, Y)

: (XzYz) ....... . (XY, ) then we can write from equa 1)

.Y;=__!30+I31 X#e, i=l..n K I | . (19.3)

so that the sum of squares of the devigeidps the true line is ] e

5= 3 €] z Y, B, B i)Q;_ o (194)
" We shall chocse our etimates b,an®b, tobe valueswhich, wh.en substituted for B £;md B l.n ‘equation

19.4) first
that X.y, .




Where we substitute (b, b)) for (B, [31) when we equate the above partlal derivatives to Zero.

We thus obtian two linear equations in two unknown parameters (b b,). These equattons are known
as normal eqnattons and for this case they can be wntten as- :

_bn+bzx zY

i= I i=

. (195)

boz X;+b, T x X,= -3 XY,
i=1 Lz i=1
The solution to these -equations is-easily' written as follows :
Y, IX, |
1 1
21 . 2 . .
XY EX. ZY X -LXEX Y, o
b0= ] llle = 1 I2 1 21 1 - ...(19.6)
w i nIX. ~EX) - |
3 1 -1 )
. LX,
1 1

n XY,

]
 OBEX,EX.Y| oEX.Y -EXZY, |
N o it T
= e ; > W (197)

| AEX | ~(EX)
2 L i
X, EX; . _ 0

Thus(19.6) and(19.7)  may be used o deterrpj ethQnates of the parameters and the predictive

equation (19.2) may be used to obtain the predic of Y (called Y) for any desired value of X.
Rather than use the above procedure, 2 odified  (though equivalent) method is to use the
solution of the first normal equationjn (19%) to obtain bjas . _

b,=Y-5X % ' ... (19.8)

WhrreXandYare(X + X+ X )z'nand(Y +Y +...+Y )!nrespectively.
Substtt}ttmg (19.8)in (19.2) yields the followmg csttmated regression equation

(Y Y+b)(X ~X) .-(19.-9}
‘Wheie bl is computed by - - _. )
XY - @XYh I, X)(Y -0 L (19.10)

b & -
' zxz—.(zx.)zzn I <X

This em.tatton asyou can casﬂy see, from the lastexpression in (19 7) by simply d1v1dtng the numerator
and denominator by n, It is written in the form above-as it has an interpretation suitable for analysis of
variance l_ater :

Activity A :
You can see that the last form of equauon (19.10y1is expressed in terms of sunis of squares or products of
deviations of individual points from their correspondmg means. Show that i in fact E X - X) (Y,-Y)

=2X Y)n

and ¥ (X, - XP = IX2- (EX)n
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Hence verify equation (19.10)

- The quanmy X?  is called the uncorrected sum of squares of the X's, and( X P fn is tl{e correction
for the mean of the X's. The difference is called the corrected sum of squares of the X' s. Su;tlearly, called
uncorrected sum of products, and ( ZX, TY,) /nisthecorrection for the means of X andY. difference
iscalled the corrected sum of products of X andY. Interms of these definitions we can see that the estimate

- of the slope of the fitted straight line, b, from equaion 19.10, is simply the ratioof the_corrected sum of
produ_cts of X andY to the corrected sum of squares of X's.

How good is the Regression?

Analysis of Variance (ANOVA) Once the regression line is obtained we would like to fi nd duthow good

the fitis. This can be ascertained by the examination of errors. If Y, is theith data point and 'Y its predicted
value by the regression equation, then we can write

Y-$-Yy-Y-&-7

If we square both sides and add the equations for i = | tn@b&ain P ‘
n _ A 2 n _ S ‘
.)=:1 (Y. =-Y) =.E, {{’Y]_-—Y)—(Y Y)} O

_ _ =L(Y, -7y +£((Y Y%(Y—Y)(Yi—‘{)
“The third term can be rewritien as

T €an be rew
=-22(Y,-){¥ -Y) (usmgeqn 19.9)
=-25(Y ~Y)b (X, -X : YXY= b,(X—X}

: =—2b]E(Yi—-—f)(Xi—'-f)

v — | :
=-2b X(X.-X) (using %qn. 19.9)
A —_2 .

=-25(Y.-Y)
Thus
a2 — 2 A =12
I(Y,-Y) =E(Yi—Y_l)'+E(Yi—Y)_ :
which may be written as ' L
—_2 A 2 A =2 : : . .
E(Y, -Y) =Z(Y, -Y) +Z(Y -Y) . _ -(usmg n 19.11)
Now Y, - Y is the deviation of the ith observation from the overall mean and so the left hand side of equation
(19. 11) is the sum of squares of the deviatfons of the observations from the mean this i shortened to SS

about the mean, and is also the corrected sum of squares of the Y's. Since Y, Y iis the dcw‘tuon of the -
ith obsséervauon from its predicted or fitted vitire, ind ¢ i~ Y, is the deviation of lhe predicted value of the

uh obsevation from the mean, we can express equanon (19 11) in wcrds as follows:
_ ( Sum of squares ) Sum of squares ( Sum of squares )
about the mean B about regressmn ) due to regresswn




" 'This shows that, of the variation, 1n the Y's about their mean, some of the variation can be ascribed to the

regression line and some X (Y- Y 1o the fact that the actual observations do not all lieon the regression
line. If they all did, the sum of squares about the regression would be zero, From this procedure, we can
see that a way of assessing how useful the regression line will be as a predict or is to see how much of the
SS about the mean has fallen into the $$ about regression, We shall be pleased if the SS due toregression
is much grcaler than the S§ about regressnon ‘or what amounts o the same thing if the ratlo

S8 due to regression

S8 about mean

_ is not too far from unity;

- Any sum of squares has associated with it a number called its degrees of freedom. This number indicates
how many independent pieces of information involving the n independent numbers Y, Y, ...... Ynare
needed to compile the sum of squares. for example, the $S about the mean needs (n-1) 1ndepcndent peices

(for the numbers Y Y, -Y, Y -Y,....Y, -Y only (n-1)are independent since all the n numbers sum
1o zero, by deﬁnmon of the mean), Wc can compute the S due to regression from a single function of

Y, Y, Y, namelyb (since . (Y Y)2= b2 TX - X)2 and so this-sum of squares has one degree
of freadom;

By subtraction, the SS about regression has (n-2) degrees of freedom, Thus, correspondmg w0 equanon
{19.11), we can show the split of degrees of freedom as

(-1 =(n-2)+1 ' 0 i (19.12)

Using equations (19.11) and (19.12) and employing alie @ omputational forms for the expression |
of _equation (19.11) we can construct an analysis of variamdg LANOVC) table in the following foim: |

ANOVA%.E - : | -

Source " Sum of Squares Degrees of Mean |
- Freedom Square
. , al}( ZY. :
Regression ' b, [_):,'Xi Y ~— ] 1 MS,
: n . - -

X, Y,- (BX, TV 6P
= Exiz_ (EX,)Z ln

About regression . . (8S)

(residual) By subtraction n-2 : =
S ' n-2

About mean : ZY)

(total, corrected _ rX2- : n-1

for mean) : n

The Mean Square column is obtained by dividing each sum of squares-entry by its corresponding degrees

- of freedom. The mean square about regression, s* will provide an estimate, based on (n — 2) degrees of
freedom, of the variance about the regression, a quantity we shall call ¢ % Ifthe regression equation -
were estimated from an indefinitely large number of observations, the vanance about regression would |
represent a measure of the error with which any observed value of Y could be predicted from a given value
of X using the determined equation.
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An Example: Dataon the annual sales of acompany in lakhs of Rupees over the pastefeven yearsis shown
in the Table below. Determine a suitable straight line regression model, Y =8, + B1 X +¢ forthe data
in the table.

Year - Annual Sales in lakhs of Rupees
1978 1
1979 5
1980 4 ‘
1981 | 7
1982 : 10 ‘
1983 o ' 8
1984 9
1985 13
1986 14
1987 _ 13 ‘

1988 ' _ _ 18

Solution: The independent variable in this problem is the yegr wilygeas the response variabl¢ isthe annual
sales. Although we could take the actual year as the indepenc®gt variable itself, a judiciousichoice of the

origin at the middle year of 1983 with the correspondi values for other years as -5, -4, -3, -2,-1, 0,
1,2,3,4, 5 would simplify calculations, From equati @ 10) we sce that o eslimale the|parameter b,

we require the four summations XX, LY. XX7, anNeKY.

desired summations:

Thus, calculations can be organised as sh? n belpw where the totals of the four columns yield the four

i X, @ Y, X2 XY,
1 -5 1 25 N -5
2 -4 5 16 -20
3 3 4 9 ‘ -12
4 -2 7 4 14
5 -1 10 1 -10
6 0 8 0 0
7 1 9 1 9
8 2 13 4 ‘ 26
9 3 14 9 42
10 4 13 16 , 52
11 5 18 25 ‘ 90
TX, =0 Sy, =102 TX2=110 . Sxy,=158
We find that
n=11 ;
XX, =0 : W
X=0/11=0 '
TY, = 102 | - | ‘
348




y = 102/11

Yx? =110
TXY, =158
IXY, - (TX.Y)/n
bl = '
CEXE - (EX)A/n 2
158
== 144
110

- The fitted equation is thus

Y=Y +b X=X
or¥Y=927+1344X

Thus the parameters [3;and B, of the model Y =B, + B, X + € arc estimated by b, and b, which in this
cascarc9.27 and 1.44 respectively. Now that the modelis completely specified we can obtain the predicted

A A . .
values Y, and the errors or residuals Y — Y, cerresponding to the eleven observations. These are shown
in the table below: '

&

Xi Yi Y\> Yi - Yi

——

1 -5 1 7 11,07
2 © 4 5 @ 149
3 3 4 495 -0.95
4 2 Q 6.39 061
5 -1 7.83 2.17
6 0 9.27 2127
7 1 @ 9 10.71 -1.71
8 2 13 12.15 0.85
9 3. 14 13.59 041
10 4 13 - 1503 -2.03
11 5 18 16.47 1.53

To determine whether the fit is good enough, the ANOVA table can be constructed.

S8 due to regression C=hEXY X EY )]
{Associated degrees '
of freedom = 1) : ={2XiYi ‘(}:Xi }:Yg)lnf
LXE-(ZX)E/n
(158)° '
| =g = 22695
" The total (corrected) S5 LYI (XY, /n
(Associated degrees of 1194 = (102)/11
freedom = 11-1 = 10} - = 194 - 945,82
= 248.18 .
' 2 55 dueto regression 22695
lue R = = = {.9145,
: Tﬁe value 38 abou(_ mean 248.18
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From equation {19.10)

indicating that the regression line explains 91.54% of the total v: matlon about the mean.

ANOVA TABLE
Source 8§ df - MS
Regression (b,) 22695 | L 22695
Residual _ a3 9 52 =2.36

Toral (corrected) 248.18 10 |

- 19.3 EXAMINING THE FITTED STRAIGHT LINE

In fisting the linear model Y =B + B, X + & using the lcast squares criterion as indicated above in Section
19.2, no assumption were made about probability distributions, The method of estifmating the parameters
B, and P, iried only to minimise the sum of squares of the errors or residuals, and that siraply involved
the solution of simultaneous linear equations. However, in oider to be able to evaluate the precision of the
estimaled parameters and provide confidence intervals for forecasted values, it is necessary to make the

foliowing assumptions in the basic model Y, =B, + BX+ e, i=12.... , 1
1) €, is a random variable with mean zero and vartance o2 (unknown}, that sE (€ ) =0,V (€)=

g ‘

- 2) €,and ¢ areuncorrelated, i # j, so that Cov ( &, @

Thus E (Y) = By + B, X, V(Y )= c?and Y and Y, umorelated
A further assumption, which 15 not 1mmed1&m%sm and will be recalled when used, is that

3 €.1s a normally distributed ra giable, with mean zero and variancec® by assumption (1),
that is

€. ~N(0,0?) @
Under this additional assumptio

ne; e, are not only uncorrelated but necessarily indepenLent.

It may be mentioned here that errors that occur in many real life situations tend to be normally distributed
due to the Central Limit Theorem. In practice an ¢rror term such as € is a sum of emrors from several
sources. Then no matter what the probability distribution of the separate errors may be, their sum will have

a distribution that will tend more and more 10 the normal distibution as the number of components

increases, by the Central Limit Theorem, Using the above assumptions, we can determine Te following;

i) Standard error of the slope b, and confidence interval for B, _
i)  Standard error of the intercept b, and confidence interval for 3 : ‘

iii)  Standard error or Y, the predicted value
iv)  Significance of regression
v) Percentage variation explained

Standard Error of the Slope and Confidence Interval for its Estimate

2 &-B,-9)

M

X, - Xy
1
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'—'__

E (X, X)Y
i=1

n M’

(X, - Xy
! ]

(since the other term removed from the numerator is E (X - X) Y = Y Z (X X)— Q) . .

i= I 1=t
[(x —X)Y + o + (X, ~X)Y }/z(x —X)
Now the variance of a function
F:alj’]+a2Y2+ ...... +a Y is _
V(E)=aV(Y)+a,V(Y,) +......a V(Y)
if the Y, are pairwise uncorrelated and the a are consiants, furthermore

ifV(Y) =02,

2 2 2
V {F)= (a] +ta -+ a,)0

T n
In lhe expression for b.a, = ) X, X)
i=]

since the X. can be regarded as constants. o

Hencc after reduction ' ' .

V(b )= —O : o O : 1913y
The stﬁndard error of b, is the square ¢ ariance, that is

' th 1CE, . | *
se.6,)= — s — S 914
EanT Q& |

If 6. is unknown, we may use the estimate s in its place and obtain the estimated standard
error of b, as :

8 | - ' ... (19.15)
R R
[z(x -X) ]7 |
| If we assume that the vaniations of the obsewations aboi the line are normal, that is, that the .

errors €, are all from the same normal distribution, N(0, ¢}, it can be shown that we can
assign IOO( 1-a) % confidence limits for |3 by calculalmg

.est’ SE. (bl }=

. (n-21-7a)s _ | - (19.06)

n _?%‘.
p (X, -X) |
i=l

where l(n -2,1 -E) ssthe [l —-;) percenmage pomt of a 1-disrbution with n -2 degrees of
2 . ‘

freedom (the number of degrees of freedom on which the estimate s? is based) (see

figure 111) -
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Figure {1 The t (Distribution)

/2

-4 4.1 |

Standard Error of the Intercept and Cohﬁde.nce Interval for its Estimate

‘We may recall from equation (19.8} that

b,= Y —b X

n

In computing the variance.of b, we require the variance of (which is o 2 Y, andihashas
=1

.1 n :
variance o 2 Y Var(Y)= %2 , since Var (Y ) = 61) by aggumption (2) stated at the beginning of

i=1
Section (19.3} and the variance_ of b, {which is availﬁm uation (19.3) above. Singe X may be
treated as a constant we may write V(b,) = V(Y) + b)

. Substituting for V(—‘;’-) and V(b,) as indicgled ab§e, we obtain: ‘

. (19.07)

In like manner if 62 is unknowmn, $* may be used to determine the estimated variance and s}mndard error
of b, (square root of the variance). Thus the 100 (1-a) % confidence limits for  are given by

2
X,

i i=1 ' |2 | : :
bt t{n-21-ga)! ————sts? o (19.18)
nx (Xi—X) ;

s

1 o - :
where, as before (n-2, 1 - 5 ) comesponds to the 1 - - percentage pointof a t- distr;@bution with
(n-2} degrees of freedom (see Figure 111 once again}.
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Standard Error of the Forecast

- The foecastor predicted value of the dependent vanable’Y canbe expressed in terms of averages, by using
equation (19.9), as : .

Y=Y+b1(X—X) - o

where both Y and b, are subject to error \ehieﬁ will influence ¥ Now if a, and C, are constants, and
a=a Y, +a Y, +..+a Y, h

C=C Y +C,Y,;+..C Y,

then provided that Y, and Y, are uncorrelated wh:en i#jandif V (Y) = o allj,

Cov(a,c)= (a'lc + azclz.-l-_ +a,C)

if follows by setting a=Y (ie.a =1 yandc=b, (ie.,c,=(X,~X) ;_% X, - X)?,

sothatcov (Y, b SO thatis Y andb) are unc.onelated random vatiables, Thus the variarice of the predicted
mean value of Y, Y ata specmc value X, of X is

R - _ _
V(Yk):V(Y)+ (xk—X) AACH I 0 _
—2 2 o . :
¢ X -X)o o
=t ———— o - (19.19)
. nE(x X) . j . . L

’ i=1 v ) - .
where the expression in equation {19.13) far V (E i has been utilised. _ N
icted mean value of Y for a given X is

Hence the estimated standard error for

est s.e. .&): 8 X %+ . (19.20)

-This is a minimum when X, = X and increases as we move X, away from X in either direction. In other .

words, the greater distance an X, is (i either direction) from X, the larger is the GITOr We may expect o

make when predicting from the regression line the mean value of Y at X, (thatis Y, ). This is intuitively
meaningful since we expect the best predictions in the middle of our observed range of X, with predictions
becoming worse as we move away from the range of observed X values.

The variance and standard error in equations (19.19) and (19.20) above apply to the predicted mean value
of Y foragivenX,. Smce the actual observed value of Y varies about the true mean value with variance

, 62 (independent of the V(Y IR a prechcted value of an individual observation will still be. glven by Y but
" will have a variance ' :

. 2 DA -2 :
a + V(Yk)zﬂ 1+ —+ -_— | P (1921)

If o*is unknown the Cofresponding value may be obtained by inserting s* for 6%, In‘a similar fashion, the
100 (1 - o) % confidence limits for a new “observation which will be centered on Y, is



, theorem tells us ihat the ratio,

192 Recall that the fitted regression equation was Y = 9.27 + 1.44 X,

Itis now our objecuve to

i - Establish reasonable confidence intervals for the parameter values

- . ) N
iif)  Quantify the error of the forecast Y, made at'some point X,
“iv)  Provide confidence intervals for lhe forecasted values at so: rne X,

s o ] k- . : . : 19.22
qu(n-z,a-?) | + =+ ————— ( )

Wheret(R-2,1 - —2—) corresponds to the (1~-— ) percemage point of a t- dlstnbunon with (n - 2)
_ dcgrccs of freedom {recall Figure III)

_F-test for-Signiﬁéance of Regression _'

Since the Y, are random variables, any function of them is also arandm variable; two particular functions
~are MS,_, the mean square du¢ to regression, and 2, the mean square due to residual vagiation, which arise
-in the analysis of variance table shown in Section 19.2.

In the case of fitting a straight line, it can be shown that if B, =0 (i.c., the slope of the fitied line is zero)
the variable MS, multiplied by its degree of freedom (here one), and divided by 62 follows s%(chi-square)

g
follow/s.. '

..SZ

distribution with the same (1) numbcr of degrees of freedom. In addition (0 — 2)

| distribution wnh (n-2) degrees of freedom. And since these two variables are Indepe‘ndem, a statistical

R s | (19.23)

follows an F distribution with 1 and (n — 2) degrees c¥gom provided B, = 0). This fact can thus be '
used as a test of B, = 0.We compare the ratio F = MS & th the 100 (1 — o) % point of the tabulated

F {1, n - 2} distribution in order to determine. w$l an be considered non-zero on the basis of the

- observed data,

~ Percentage Variation Expllaian S o |
The quantity R?* defined earlier ip i Iion 9.2 as the ratio of the $S due 10 regressién 10 8§ about the-

mean measures the " proportion o iation aboutthe mean Y e: xplained by the regression”. It isoften
expressed as a percenlage by rnulup mg it by 10(}

19_.4 AN EXAMPLE OF THE CA-LCULATIONS

The various computations outlined in the case of a straight line regression situation in Secti]':n 19.3 will
now beillustrated for the example of annual sales.data for acompany that was considered earlier in Section

" By choosing any value for X the corresponding prediction Y could be made by using this equation.

However, the parameters of this model have been estimated from the given data under certain assimptions,
and these estimates may be subject toerror. Consequemly thc forecast obtalned is subjectte chance eITOrS.

i) Quantify the errors of estimates of the paramneters b, and b,

v)  Test for the significance of regression, and : ) _ ' ; #
vi)  To obtain an overall measure of quality of fit.-+ '
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: These oomputation.s for the example at h:;nd &e performed below:.'
- Standard erro.of.the slope b,
Vb =e¥/X X -X)
| =6*/110
estimate of V (b,) = 52/ 110
. 236/110=0.0215

estimate of standard error (b,) = Vest. V (b)) |

| =0.1465 |
Suppose o= 0,05, so that t (n - 2, 1-—%)

=1(9, 0.975) = 2.262 (from the tables of .lh'c t-disuibution).

Then 95% confidence limiits for f5. are :
t(9,0.975)s

[Ex =% NG
= 144 £(2262) (0.1465) 0

=144+ 0.3314, that is 1.7714 @-ose
Standard error of the Intercept b, .

2
- EXOm v
Vi) = ———7
£(X,-X) - :
110 .
ix1 a1
estimate of V(b )=s ﬂ‘
- 2135 0.215
estimate of stan dard esror (b )= fest. V(b))
=0.4637 '

Then 95% conﬁdence limits for B,

t(9, O 975) s[ ]

b, *

[nE(X X)z]
=927+ (2.262) (0.4637) .
=927+1 .0489; that is 10. 3189 and 8. 2211

Standard error of the forecast

[, &,-%]
Estimate of V(Y )= i—n—+




.
X

1 K
1110

when, for instance, X = X=0 then ‘
A
est V(Y,)=2.36 -1‘-1-= 0.214545

~. estimate of standard error of Y =V 0.214545 . ‘

. = (14632
When, for instance, X, =X=0then

est. V (ij =236 x _if 0..214545
- estimate of standard error of Y, = Y 0.214545
=0, 4632
If a prediction of sales for 1989 were to .be made using the regression equation

Y, =927+ 144 X,

one would obtain the value 9.27 + 1.44 (6)
= 17.91 (since the year 1989 corresponds to an X value 0$e transformed scale).

. . A
The 95% confidence limits for the true mean value @ agiven X, are then givenby Yﬁ (9, 0.975)

gst.se Y, )
;? “ 1- . ‘
A -1—+ _k

We shall calculate these limits fo X, = 0 (year 1983) and X, =6 (Year 1989)

ra ~ . .
For X,'=0, Y, =9.27 and cstimate of standard error of Y, = 0.4632 - ‘

. 95% confidence limits are 9.27 + (2.262 x 0.4632)
or9.27+1.0478

‘or103178 and 8.2222 | ‘

: N i A : -
For Xk =6, YL = 17.91 and estimale of standard error Yk - { 2 _”,(,[.-i-. 3 r;’i}} .
_ ;

I
=(0.9869091)7
. ={.9u34
~ 95% confidence limits are 17.91 £ (2.262 x 0.9934) - ‘
or 17.91 +2.2471 :
' 0r20.1571 and 15.6629 | ‘

Notice that the limits become wider as we move away from the Centre line. Figure IV illustrates the 95%
confidence limits and the regression ling for the example under consideration and shows how these limits
change as the position X, changes. These curves are hyperbolae. The variance and standard error of
individual values may be computed by using cquation (19.21), while the confidence liniits for a new
observation may be obtained from expression (19.22).
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Annual sale in lakhs of 'R_s (YY) —

Flgure IV Conf' dence Limits ahout the Regressmn Lme

20k © Actusl dcﬂc point o Upper 95 °/o — =
‘confidence timit~ ¢2.24L71 -
18 . . . A _
Sl |=2.247
16 - '
14 ~ Regression line :
CYk$9.27 4144 X
12+ k o k Lowergs°%e |
confidence llmlt
10 : 71.0478 3 |
' -1.0478 f |
1
B - |
- ! L
6 | S
4 i |
Rt | |
- ! |
i r . l _l\_
oL_4 . 1 [ 1 ] ] ! 1 L J
77 78 79 80 8 1983 81. BN\ 8 87 ag{year)
-6 -5 -4 -3 -2 .5 60Xy
Year —e-

confidence limits for an individual observa ora given X,. Compute these limits for the year 1983and
the year 1989 (fe. X =0and X =6 @ﬁv ¥y}, How do these limits compare with those found for the |

Activity B - L YN S |
For the example problem of Section 19@__’4@ nsidered above, determined the 95% and 99% |

mean value of Y above?

 F-Test for Significanc‘é of Regression

From Lhc ANOVA lablc construcwd for the example in Section 19.2

MS, =226.95
$2=236
O MS, 22695
. F = = =9.17

52 2.36

If we. look up percentage points of the F ,(1,9) dlsmbuuon we see that the 95% point (F1, 9 0.95)=5.12.
Since the calculated F exceeds the critical F value in the table, that is F = 9,17 > 5.12, we reject the
hypothems H: B, = 0, running a risk of less than 5% of being wrong.
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Percentage Variation Explained

; 226.95
P T =(09145.
Fog the example problem R 2438 18 0.9145

This indicates that the regression line explains 91.45% of the total variation about the mean.

' 19.5 VARIETY OF REGRESSION MODELS

The methods of regression analysis have been illustrated in this unit for the case of fitting|a straight line
to a given setof data points. However the same principles are applicable to the fitting of a: vanety of other -

funcnons which may be relevant in certain situations highlighted below,

' Seasonal Model

The monthly sales for items like woollens or desert coolers is expected to-be seasonal and a sinvsoidal

model would be appropriate for such acase. IfF, is the forecast for period t,

2n 211:
F, a+uCos—t+vSm—-t
‘ N N

(12 months if the cycle is 1 year). An example of such a

.. (19.29)

Nyrecaster is given in Figure V,

when a, u and v are constants, tis the time period-and N is iilé@:t of time periods in a complete cycle
lic

Figure V: Cyclic Demanr@ erclié Forecaster -
Cyclic forecaster % =3.3 sin -76'- f'-_163 cos%f.l |

140
120
100 -
80
60L

Demand

Seasonal Models with Trend

When in addition to a cyclic component, a growth or decline over time of the demand is cxpt
irend model of the follomng kind may be more suitable.

2n 2n.
‘Fy=a+bt +uCos—t+vSin—t
N N

scted, acyclic

.. (19.25)

which is similar to equation (19.24) except for the growth term bt. Thus, there are now fou
a, b, u, v to be estimated. An example of such a cyclic-trend forecaster is given in Figure
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S . Figure VI: Revenue Mlles Flown and Linear-Cyclic Forecaster
12000 - - |

9650 ¢ 1334 « 1110 cosgnzzésing b

3
o
4

Linear-cyclic forecaster,

Revenue miles flown

1m—
9,000 | —
8,600 —! é é ﬁ [ T TR S N S
: D J F M A M J
1987 “!‘ 1988 —J

'Polynbmials of Various Order

We have considered a simple model of the first order with orie independent variable namely
Y=§,+BXB+e

We may have k independent vanablcs X, X X, and. wg 2 firtforder model with k - independent
" variables as .

of petrol three months ago (X)) the numbe; gistrations of vehicles six months ago (X,) and the
current months target production of vghicies (%). :
A second order model with one inde] t variable would be

Y= [30+ﬁX+B11X2+e ' S

Y =B+ BX +BX, + ... +[3ka+€ ?‘ e (19.26)
in a forecasting context, for instance, the d@; yres in certain month (Y) may be related to sales
)

The most general type of linear model in vanables
X,, X,, ... X, is of the form

Y=B,Z+BZ +.BZ +¢€

where

Z=Z2{X,X g e X3

can take any form. In many cascs, each Z, may involve only one X variable.
_ Multipl‘icative Models

Often by a simple transofrmation a non-tinear model may be handled by the methods of Lincar regression *
For instance in the multiplicative-model
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" a,b,¢,d are unknown parameters and € is the multiplicative random error. Ta.king'logarim!'ns to the base-
e in equation (19.29) converts the model to the Iinear form

"InY=ha+bhX + bX,+dInX,+ € : | ‘ ...... (19.30)
This model is of the form (19.28) with the parameters bemg Ina,b,cand d and the mdependcnt vanables
being InX, InX,,, InX,, while the dependent variable is InY, ‘

Linear and Non-linear Regression

We have seen- above that many non-linear models can be transformed to linear mod¢ls by simple
transtormations. It is to be noted that we are referring to'linearity in the unknown parameters so that,
any model which can be expressed as equation (19.28) is calied linear. Fo such a model the parameters
can be obtained by the method of least squares as the solution to a set of linear'equations (known as the
- normal equations). Non-linear models which can be ransformed 1o yield linear models are called
intrinsically linear, Some models are intrinsicaly non-linear. Examples are: :

Y =aX" X7 XS+ € | ey (19.31)
Y=8,¢p " +e : e (19.32)
Y =B+ B X8, (B e : ' ‘ ------ (19.33)

Some kind of interactive methods have 10 be employed for eglimating the parameters of a non-lincar
system. The interested reader may refer to Chapter 10, Dr@ Smith (1966). .

19.6 SUMMARY )

Int this unit fundamentals of linear regression h% highlighted. Broadly speaking, the|fitting of any
chosen mathematical [unction o give is ed as regression analysis. The estimation of the
paramcters of this model is accomp) is% least squares criterion which tries to minimise the sum
of squares of the eriors for alf thegdata pol :

How the parameters of a fitted stra ine model are estimated, has been illustrated lhrougﬁl an example.

~ Afier the model is fitted 10 data the next logical question is to find out how good the guality pf fit 1s. This .~
question can be answered by conducting statistical tests and determining the standard esrons of estimate,
“This information permits us to make quantitative statements regarding confidence limits for estimaies of
the paramiers as well as the forecast values. An overall percentage variation can also be Jomputed and
it serves 1o give a score to the regression. Thus it alse serves to compare aliernative regression models
that may have been hypothesised. The various computations involved in practice have been illustraled
on an example problem. ‘ S

~Finally, it has been emphasised that the mclhod ol least squares uscd in linear regression is apphcable 0

" a wide class of models. In each case the model parameters are obtained by th solution ofLLhc 50 cplled

“"normal equiations”. These are simultaneous linear equalions equal in number to the number of pararnctcrs
" to be estimated, obtained by partially differentiating the sum of squares of erros with respect lo the
individual parameters. '

chres‘non is thus a potent device for ebl.dbllshm g relationships hetween vanables from tl{e gwen dala.
The discovered relationship can be used for predictive purposes.. Some of the models used in forecasting
of demand rely heavily on regression- analyms One such class of modeis, called Time- ser'th models is
explored in Unit 20. :
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- 19, 7 SELF ASSESSMENT EXERCISES

1. Whatare the basnc stcps in estabhshmg a relaumlshlp betwccn vanables from a gwen data? -
‘What is linear regressmn'? - S : o . S :

In this oonlext classﬂy the followmg rnodels as 11ncar or 710N~ lmear
a. Y=a+bX+e€
b . Y=a+bX+cXlre

c. Y=a+be®te
o ' n . _
d ~Y=a+bCos—+cSin+e
o N

3 & 4 The demand of two products A and B for twelve periods is given below:

Peiod 1 2 3 4 5 6 -7 8§ 9 10 11 12
Demand of LTy o
ProductA 80 100 79 98 95 104 80 98 102 9. 115 88

Demand of ' R N -
Product B 169 202 S 199 208 212 194 214 '_ / 219 234 219 233

, assummg alinear forecaster of the type Y = B+ el where Y is the derﬁand ¢t the time period
B, +B, parametersand € arandom error cowt estabhsh the forecasting function for products
Aand B, ' : S : - .

Obtain 95% conﬁdcﬁéc intervals ameters and the 95% conﬁdence 1ntcrvals for Lhe tiue

mean value of Y at any givenegalue 961, say &
5. A test was run on a given @ﬁ}f the ﬁurpo_se of determining the effect 6f an indcpehﬂent
variable X (such as process temperature) on acertain characteristic propérty of the finished product
Y (such as density). Twcn'ty Gbservalions. wf:re:' taken"and-t_he following results were obtamned: .
X= SOE(X X) = 160, E(Xn-X)(Y Y’j 80 '
Y= BOZ(Y Y)2—832 ' T
- Assume a model ofthetype Y = [30 + [3l X +e

~a. calculate the fitted regression cquanon '
b, prepase the analysus of variable table :
c. determine 95% confidence limits for the true mean vaiue of Y when :
1. X=50 '
_ 2. X =90 : -
6..  The cost of maingnance of tractors seems to mcreabe wuh the age of the tractor. The follnwmg
" data was collected. S
Age(yr) ~ T '_ '; Monthly_Cost (Rs.)
45 e
45 1049
45 1033

0 495
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40 N o

4.0 . - - 681
5.0 o . 890 ey
50 ' _ 1522 o ;
N 55 . . : 987 _ :
.50 S 1194 :
0.5 : 182 S
60 o 764 :

60 . 13
1.0 ' o 918 @
10 S 466 _
1.0 o -7 .

| Detefmine if a straight line relationship is sensible (usea. the significance lével =/0.01).

7. Itis thought that the number of cans damagedina box-car shipment of cansisa funcnc nof the speed
- of the box car at impact. Thirteen box cars selected : at random were usecl to examine whether this
was true. The data collected is as follows ' : -

Speedofcar 4 . 3 5 8 4 3 3
~atimpact . :

No.ofcans © - o \)

damaged 27 54 86 136 65 I?O 75 53 33 ;168 47 52

What are.your conclusions? (use ¢ = 0.05)

198 KEY WORDS Q '__ C

- Dependent variable: The vari terest or focus which is inﬂuenced_ by _one_ oré more independent
vari‘able(s) - : C S

Estimate: A value obtained from data for a certgin parameter of (he assumed model ora f hrecast value
obtained from the model. ' . W :

Independent variable. A variable that can be set elther to a desirable value or takeswalues that can be .
observed but not controlled.

" Least squares criterion: A criterion often used in regress:on problems wherein the parameters of the
maode! are estimated by minimising the sum of squares of error (chscrepancy between fltted and actual -
value). :

Lmear regressmn Fitting of any chosen mathematical model linéar in unknown parameners to given '
data. : :

" Model: A general mathematical relationship relaung a dependent (cr responsc) variable Y to independent
variables Xp X, o » Xy by aformY =f (X XD

'Non-linear regression: Flttmg of any chosen mamemancal model non-linear in unknown parameters,
to a given data. :

Parameters; The constant terms of the chosen model that have 10 be esumated before the model is .
completely specnﬁed . i :

1362 .
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Regression: Relating

ofa dependent (o Tesponse) variable 1o 5 nunff
On a given set of data, o

Response variable: Same a2 "Dependent variable”,
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UNIT 20 TIME SERIES ANALYSIS

Objectives

After completion of this unit, you should be able to:
appreciate the role of time series analysis in short term forecasting

* decompose a time series into its various components :

* understand auto-correlation 1o help identify the underlying patterns of a time series _
* become aware of stochastic models developed by Box and Jenkins for time series analysis
* make forecasts from hlstoncal data usmg a suitable choice from available methods, '
Structure = o S a ' S

20.1 Introduction

- 202" Decomposition Methods - _

- 20.3  Example of Forecasting using Decomposition
204 Use of Auto-correlations in Identifying Time Series
20.5  An Outline of Box-Jcnlons Models for Time Senes
20,6 Summary . :
20,7 Self-assessment Exercises
20.8 Key Words

209 Further Readings o | ' ;
20.1 INTRODUCTION | o .

- Time series analysis is one of the most'powerful $; use, especially for short term forecasting

purposes. ' From the. hlstoncal daia one attempts Rain the underlying pattern so that a suitable

model of the process can be developed, wh the used for purposes of forecasting or studying the
internal structure of the process as a whol%e already seen in Unit 17 that a variety of methods

“such as subjective methods, moving ayerageS\and exponential smoothing, regresson methods, causal
models and time-series analysis areayaable for forecasting, Time séries analysis looks for the de-
pendence between values in a time se ’ a set of values recorded at equal time intervals) with 4 veiw
to accurately identify the underlying pattern of the data.

In the case of quantitative methods  of forecasting, each technique makes explncnt assumptions about
the underlymg ‘paitern. For instance, in using regression models we had first o make a guess on
whether a lindar or parabolic model should be chosen and only then could we proceed with the estima-
tion of parameters - and model- -development. We could rely on mere visual inspection of the data or
its graphical plot 10 make the best choice of the underlying model. However, such guess work, though °
not uncommon, is unlikely o yield very accurate or reliable results. In time series analysis, a system-
atic attemnpt is made 1o identify and isolate different kinds of patterns in the data. The four kinds of
patterns. that are most frequently encountered are horizontal, non-stationary (trend or growth), sea-
Sonal and cychcal Generally, a random or noise component is also suponmposed

We shall first examine the method of docomposmon wherein a model of the time-series in terms of
these paiterns can be developed. Tl'IlS can then be used for forecasting purposes as illustrated through
‘an example,

A more accurate and stastically sound procedure to identify tho patterns in a time-series is through the
use of auto-correlations. Auto-correlation refers to the correlation between the same variable at differ-
ent time lags and was discussed i in Unit 18. Auto-correlations can be used to identify the pattems in
. atime series and suggest approproate stochastic models for the underlying process. A brief outling of
- common processes and the Box- Tenking methodology is then given.

Flnally the quesnon of the choice of a forecasting method is taken up. 'Characterist.i_cs of va_riou‘s
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|
methods are summarised along with likely situations whete these may be applied. Of course, consid-
erations of cost and accuracy desired in the forecast play a very imporatnt role in the clhoice.
20,2 DECOMPOSITION METHODS ' |

Economic or business oriented time series are made up of four components - trend, scasonality, cycle
and randomness, Further, it is usually assumed that the relationship between these four ¢components is
multiplicative as shown in equation- 20. 1 : . !

X =TS CR _ _ - (20.1)
where : ' L

X, is the observed value of the time series '
T, denotes trend - |
S, denotes seasonality

’S'l denotes seasonality _

C, denotes cycle |
and :

R denotes randomness. ' |
Alefnatively, one could assume an additive relationship of the form.

X=T+S§ +C +R, :

" But additive models are not commounly encountered in practice. We shall, therefore, be working with

a model of the form (20.1) and shall systematically try o identify the individual compoﬂtents

You are already familiar with the concept of moving averag If the time series represens a seasonal
pattern of L periods, then by taking a moving average of L pe » we would get the mean value for
the year, Such a value wilt abviously be free of seasonal 18, since high months will| be offset by
low ones. If M, denotes the moving average of equatt®ng20.1), it will be frec of seasonality and will
contain litle randomness (owing (o the averaging @ Thus we can write

M=TC | v {20.2)
The trend and cycle components in equatio% can be further decomposed by assuming some
form of ternd. :

One couid assume different kinds o “¥uch as |

¥ linear trend, which impliesg nstan rate of change (Figure T} - :

parabolic trend, which implg arying rate of change (Figure II) !
exponcntial or logarithmic tref, which implies a constant percentage rate of change kPlgure HI)
an § curve, which implies slow initial growth, with increasing rate of growth followed by a de-
clining growth rate and eventual saluratmn (Figure IV). |

*
*
&

Figure I: Linear Trend |
X4= a + bt | |

Increasing
trend
(b:-OJ -

Decreasing
trend
( b<0) : |

Demand X —e

Time,t —= : |
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Demand X{ —=

Xy

Figure II: Parabolic Trend

Time , t —=

* Figure III: Exponential Trend

@t: Log a +tLogb

(a) . o (b)

Figure IV: A Typical § Curve

.x'p._(qq- -% )




age (equauon 20, 2) to obtain

X  TSCR S ' Co b
= = = SR - : ) . Sl e (209)
M ' ' . ' : |

- called seasonal indices, which are wi

{This example has been adapted from Srwaetava et al) (19?8)

Knowing the patler.n of the irend, the appropriate mathematical function could be determined from the
data by using the methods of regression, as outlined in Unit 19. This would establlsh the values of
parameters of the chiosen irend model. For example assumin g a lmear rend gwes

T,=a+ht . - '. Ll (203)

.The cycle component C, can now be 1solaled from the trend T, in equanon (20.2) 6y the use of equa- .
- tion (20 3) as follows . o . |

St o I 204
T . a_+bt" ' - ‘ o

t

. AS already indicated, if a Imear trend is oot adequaie, one may wish o specnfy a non -linear one. Any

pattern for the trend can be used io separate it froin the cycle. In practice, however,, it is often difficult
10 separate the two, and one may prefer to work with the rend cycle figures of equanon (20.2). The

isolation of the trend will add liite to the overall ability to forecast This will becdme clear when we -
take up an example problen for soluuon o : ' ' - '
To 1solate seasonality one could simply divide lhe origi nal series (equal.mn 20.1) b? the moving aver-

t Tl CL _ Q : I
Fmally, randomness can be ehmmated by averagm g fferent values of equatiorfl (20.5}. The aver-
aging is done on the same months or $asons rent years (for example the average of all Janu-
aries, all Februarics, ... all decembers). _The Rult is a set of seasonal values free of randomness
d i pracUce

i
In order to forecast, one must r ct -ach of the componenls of equation (20 1) “The seasonahty
is known through averaging (he in equation (20.5) and the trend through (20.3). The cycle of
equation (20.4) must be es{imated -the user and [he mndom ness cannot be predletcd

For deta11§ of how 10 predlct the cycle term, the interested reader may refer to Makndakls and Wheel-
wright (19'?8) -Ta illustrate the applleauon ot this procedure to actual forecasting of a lime series, an
example will now be considered. _ : S |

‘20 3 EXAMPLE OF FORECASTING USING DE(,OMPOSITION

An engmeenng firm producing farm equ1pment wants to predict future sales based | on the analyms of
its past sales pattern, The sales of the company for the last five years are given m_Table 1.

Table 1: Quarterly Sales of an Engineering Firm during 1983587'(R5. ;in lakhs) -

Year - o Quarters :

o 1 R | I v
1983 .55 s4 72 60
1984 ' _ 48 5.6 . 63 . 56
1985 4.0 63 70 6.5
1986 52 - .65 7.5 7.2
1987 - _ 6.0 . 7.0 84 P 7.7
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The procedure involved in the study consists of

a.

d.

the

deseasonalising the time series which is done by constructing a moving aver

age M and tﬁking

ratio 2t which we know from equation (20.5) represents the seasonality and randomness.

1 .
fitting a trend line of the type T = a + bt to the deseasonalised time series

identifying the cyclical variation around the trend line

use the above information for forecasting sales for the next year.

Desea.sonalising the Time Series

The moving averages and the ratios of the original variable to the moving average have first to the
computed, :
This is donc in Table 2

Table 2: Computation of moving avérages M, and the ratios X /M,

Year Quarter Actual 4 Quarter  Centred “Centred
Sales Moving Moving Moving t
Total Total ~ Average M) M
. - I
1083 1 5.5
I 54 Q
11 72 4 6.0 1.200
v 6.0 24.@ 235 59 1.017
1984 I 4.8 34 . 232 5.8 0.828
it 5.6 ?ﬂ' 22.5 56 1.000
111 6.3 2.7 219 5.5 1.145
v 5. 223 219 55 1.018
1985 { % 21.5 226 5.7 0.702
il 22.2 234 59 1.068
111 7.0 229 244 6.1 1.148
v 6.5 23.8 25.1 6.3 1.032
1986 [ 52 25.0 . 255 6.4 0.813
I 6.5 25.2 26.1 6.5 1.000
- 7.5 257 26.8 6.7 1.119
v 7.2 26.4 275 6.9 1.043
1987 I 6.0 272 28.2 7.1 0.845
I 70 27.7 289 72 0.972
111 8.4 286
v 7.7 29.1

It should be noticed that the 4 Quarter moving totals pertain to the middle of two successive periods.

“Thus the value 24.1 computed at the end of Quarter 1V, 1983 refers to middle of Quarters 11, Ii1, 1983

and the next moving total of 23.4 refers to the middle of Quarters IiI and 1V, 1983, Thus, by taking
“their average we obtain the centred moving total of )

(24.1 + 234)

values in case the number of periods in the moving total or average is odd, centering will not be _
required. The seasonal irdices for the quarterly sales data can now be computed by taking averages of

= 23.75 23.8 10 be placed for Quarter 111, 1983. Similarly for the other

the X/ M, ratios of the respective quarters for different years as shown in Table 3. .
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Table 3: Computation of Seasonal Indices |
. Year | : Quarters
| 1 . onm . m v
1083 - - e 100 1017
98 0828 - 1000 . LM5 | 1018
1985 - 0702 1068 ¢ L1488 . | 1032
1986 <0813 T F e x E
1987 B - .0845 0972 - | _
Mean . 0797 1010 1153 1028
Seasonal index - 0.799 . . 1013 1156 11032

_ | B
The scasona! indices are computed from the-gharter means by adjustmg thcse values of rheans so that _
the average over the year is unity. Thus the sum of means in Table 3 is 3.988 and since ’%erc are four
Quarters, each mean is adjusted by multiplying it with the constant figure of 4/3.988 o obiain the
indicated seasonal indices. These seasonal indices can now be used to obtain the deseasonalised sales
of the firm by dwlc!mg the actual sales by the correspondmg 1ndex as shown in Table 4.

_ : ' Table 4: Deseasonalised Sales : | . _ |

Year Quarter : -~ Actual : Seasonal . Deseasonalised
R 'Saleso Index = ~Sales

1983 I ) 5 W o799 69

o I | 1.013 B 53
. - | 7} G T, S 6.2
- v Q_g.o o 1032 58
1984 o Yas 0 o0 L 60
S 56 11013 | ss
S m 6.3 ' 1.156 R . 54

v 56 ;2 5.4

1985 1 a0 0.799 o s

n 63 1.013 | 62

- 11 . 1.0 L.156 . . 6.0

v 65 1032 - 63

1986 : I © o 52- 0.799 o 6.5

IR | 65 1.073 : 64

| | TS 1156 6.5

IV 72 | 1032 10

\O8T o 60 0799 3 75

S 11 70 1.073 6.9

I 84 LIS6 | 73

| v 77 1.032 | 75
'.'Fitting a trend Line

The next stcp after deseasonalising the datd is to develop the trend line. We shall here use the method -
of least squares that you have already studied in Unit 19 on regression. Choice of the origin in the
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middle of the data with a suiiable scaling simplifies computations considerably. To fit a straight fine
of the form'Y = a + bX 1o the deseasonalised sales, we proceed as shown in Table S.

Table 5: Computation of Trend

Year Quarter  Deseasonalised X X? XY
Sales (Y)
1983 1 6.9 -19 _ 361 -131.1
: 1T 53 -17 289 -90.1
I 6.2 -15 225 -93.0
v 5.8 -13 _ 169 754
1984 I 6.0 11 121 66.0
I 55 -9 81 -49.5
I 54 7 49 378
v 54 -5 : 25 -27.0
1985 I 5.0 : -3 9 -15.0
Ii 6.2 | 1 62
I _ 6.0 1 1 6.0
v 6.3 3 : 9 18.9

1986 I 6.5 5 25 32.5
i 6.4 7 49 44.8

11t 6.5 9 81 385

8% 7.0 11 121 710

1987 T 15 \ 169 97.5
I 69 5 225 103.5

I 73 17 289 124.1

v 15 19 361 142.5

Total 125.6% 0 2660 114.2

Y 125.6
a = — = —— =§83
n 20
¥XY 114.2
b = = — =004 %
yx2 2660

the trend line is Y = 6.3 + 0.04 X,

Identifying Cyclical Variation

The cyclical component is identified by mcasuring deseasonalised variation around the wend line, as
the ratio of the actual deseasonalised salés (o the value predicted by the trend line. The computations
are shown in Table 6.
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' Table 6: Computation of Cyelical Variation |
Year - Quarter ~ Deseasonalised _ Tred | Y
-Sales (Y) ' a+ bX a+bX
1983 1 69 5.54 1245
I 53 - s62 0943
1 62 570 . 1088
v .58 578 1.003
1984 I 60 586 1024
o 55 594 0.926
I | 54 602 | 0897
v ' . 54 : 610 | 0885
1985 - B T 618 | | 0.809
: 1I 62 . 6.26 | 099
111 60 6.34 : 0946
1Y ' 63 . 642 ] ov;
1986 . . I 65 ' 650 I 1000
| Bl 64 . 658 0973 ..
111 65 « | 666 0976
v 7.0 \ 6.74 - i 1039
1987 1 15 £ 682 | | Ll10
- I : 6.9 690 ' 1000
| m X 6.98 - 1046
v . v . 7.06 1062 .
The random or-___irrégular_ variation is aSyymed (o be relatively insignificant. We have ihus described

the time series in this proble the trerd, cyclical and seasonal components. figure V represents
the original time series, its fou r moving average (containing.the trend and_cycl? components)
and the trend line, = L N ' '
Figure V: Time Series with Trend and Moving Averages
901 . ORIGINAL TIME SERIES
T — — — FOUR-QUARTER MOVING AVERAGE
8O0 e — Y 634004t
“Forok a
v L
wt
—_
< 60 :
i i
50 |
b O
30l 1) .I I T T S S N G ¢
- 1983 1984 " 1985 1986 1987

. YEAR e
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Forecasting with the Decomposed Components of the Time Series

Sﬁpposc'that the management of the Engineering firm is intercsted in estimating the sales for the
second and third quarters of 1988. The estimates of the descasonalised sales can be obiained by using
the trend line ' : S
Y=63+004(23)

= 7.22 (2nd Quarter 1988)
and Y = 6.3 + (.04 (25) _

= 7.30 (3rd Quarter 1988)

These estimates will now have to be seasonalised for the second and third quarters respectiviey, This
can be done s follows: :

For 1988 2nd guarter _
seasonalised sales estimate = 7.22 x 1.0i3
= 7.31

“For 1988 3rd quarter
seasonalised sales estimate = 7.30 x 1.56
: =844 -
Thus, on the basis of the above analysis, the sales estimates of the Engineering firm for the second and
third quarters of 1988 are Rs. 7.31 lakh and Rs. 8.44 lakh resp@.

These estimates have been obtained by taking the trend and seaso ariations into account. Cyclical
and irregular components have not been taken into accf The proceduore for cyclical variations
only helps to study past behaviour and does not help in Jedigling the future behavicur. '

Moreover, random or irregular variations are diffit%'uanti_fy.

20.4 USE OF AUTO-CORREL IN IDENTIFYING TIME SERIES
Whiie stndying correlation in Unit -c elation of a variable with itsclf, but with a time lag.

The study of auto-correlation provid @ valuable clues to the underiying pattern of a time series. .
It can also be used.to estimate the lenMfof the season for seasonality. (Recall that in-the example
problem considered in the previous section, we assumed Lhat a complete season consisted of four
quarters). ' o

When the underlying time series represents completely random data, then the graph of auto-correla-
tions for various time lags stays close 10 zero with values fluctuating both on the +ve and - ve side but
staying within the control limits. This in fact represents a very convenient method of identifying
randomness in the data, '

If the auto-correlations drop slowly 10 zero, and more tahn two or three differ si gnificantly from zero,
it indicatcs the presence of a trend in the data. This trend can be removed by differentiating (that is
taking differences between consecutive values and consturcting a new series). _

A seasonal pattern in the data would result in the auto-correlations oscillating around zerc with some
values differing significantly from zero. The length of seasonality can be determined either from the
number of periods it takes for the auto-correlations to make a complete cycle or by the time lag giving
the largest auto-correlation. o '

For any given data, the plot of auto-correlation for various time lags is diagnosed to identify which of
the above basic patterns {(or a combination of these patterns) it follows. This is broadly how auto-
correlations are used to identify the structure of the underlying model 10 be chosen. The underlying
mathematics and compuiational burden tend 1o be heavy and involved. Computer routines for carry-
ing out computations are available. The interested reader may refer to Makridakis and Wheclwright
for further details. S
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20.5 AN OUTLINE OF BOX- JENKINS MODELS FOR TIME SERIES

~ Box and * Jenkins (1976) have proposed a sophisticated methodology for stochastic. model} building
and forecasting using time series. The purpose of this section is merely to acquaint yoq with some of
the terms, models and methodology developed by Box and Jenkins.

A time series may be classified as stationary (in equilibrium about a constant mean vlauc} or non-
" stationary (when the process has no natwral or stable mean). In stochastic model building the non-

stationary process is often converted (o a stationary one by differencing. The two lTld_]OI‘ classes of

models used poputarly in time series analysis are auto- -regressive and Moving Average models.

Auto-regressive Models

In such models, the current value of the process is expressed as a finite, linear aggreg%te of previous
values of the process and a random shock or error a,. Let us denote the value of a process at equally
spaced times t,t-1,t-2 ... by 2,7 ,Z ... alsolet Z 22y, - bethe deviaticns from the process

mean, m, Thatis Z = Z —m Then
'Z=¢ Zo+0,Z,+ . 402, +a'_ ....... (20.6)
is callcd an auto-regressive {AR) process of order p. the reason for this name is that equation (20.6)

repicsents a regression of the variable Z, on successive values of itself. The model contains p+ 2
unknown parameters m, ¢, ¢,,... ¢ a’a w}uch in practice jave to be esiimated from fthe data.

The additional parameter 62 is the variance of the randorers con}ponent.

‘Moving Average models O ‘

Another kind of model of great imporiance %ovmg average model where Z is madc linearly

dependent on a finite number q of preyi®ys a's¥error terms)
Thus . .
Zt = at_glal—l - Qﬁat—?. Gq%—q@ ‘

is called a moving average (MA) process of order g. the name "moving average™ 1s somewhat mis-
leading because the weights 1, - 8, 92, . 95 which multiply the a's, need not total unity nor need
they be positive. However, this nomenclaturc is in common use and therefore we erpploy it. The
model (20.7) contains q + 2 unknown parameters m, @,, ¢,,....0,, &% a which in praciice have to be
esiimated from the data.

" Mixed Auto-regressive-moving average models:

It is sometimes advantagcous to include both auLo~rcgres_sivc' and moving average terms in the model.
This leads to the mixed auto-regressive — moving average (ARMA) model..

q g

Z‘=¢’1Z‘-l ¢'Z +at Qltl .0a

In using such models in practice p and g are not greater than 2.

For non-stationary processes the most general model used is an auto-regressive integrated moving
average (ARIMA) process of order (p,d,q) where d represents the degree of differencing to achieve
stationarity in the process.

The main contribution of box and Jenkins is the development of procedures for 1dent1fy1ng the ARMA
model that best fits a set of data and for testing the adequacy of that model. the varicus stages iden-
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ufled by Box and Jenkins in their interactive approach to model buildin g are shown in Fi'gurc Y1 For
. details on how such models are developed refer to Box and Jenkins, .

Figure VI: The Box-Jenkins Methodology
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20.6 SUMMARY

Some procedures for time series analysis have been described in this unit with a view to making more
accurate and reliable forecasts of the future. Guite oficn the question that puzzles a person is how to
select an appropriate forecasiing methed. Many times the problem context or time horizon involved
would decide the the method or limit the choice of methods. For insiance, in new areas of technology
forecasting wherc historical information is scanty, one would resort o some subjective method like
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opmlon pell or a DELPHI study In situations where one is nying to control or manipulate a factor a
causal model might be appropnate in 1dent1fy1ng the key variables and their effect on the|dependent
variable. .

In this parucular unit, however, time series models or those models where hlstoncal data on demand
" or the variable. of interest is available are discussed.. Thus we.are dealmg w1th prolectmg into the
future from the past Such models are- short term forecasting models ' :

The decomposition method has been discussed. Here the time series is broken up into scas?nal trend,
cycle and random components from then given data and reconstructed for forecasting purposes. A

detalled example to illustrate the procedure is also given.

The use of auto-correlations to 1dennfy the underlying patterns in \ time séries is given, "
'Finally the framework of stochastic models used by box and Jenkins for time series analys;s has been,_
outlined. The AR,MA,ARMA and ARIMA processes in Box-Jenkins models are bneﬂy described so
that the mlerested reader can pursue a detalled study on his own. !

20.7 SELF-ASSESSMENT EXERCISES |

1. What do you understand by time series ana1y31s ? How would you go about conducnng such .
an analysus for forecast the sales of a procluct in your firm? . .

2, Compare fime series analysis with ohter methods of asting, briefly s;ummarising the
strengths and weaknesses of various methods. . ' b
3. What would be the consideraﬁ_ons in the chdi@orecasting method?

"4, Find the 4-quarter moving average of the follo me series rcpi‘esen’ling the quarterly pro-

duction of coffee in an Indian State.

P:@:‘tﬂn (in Tonnes) _ I

Year Quarter T Q) Quarter I~ Quarter III Quarter IV
1983 5 L 10 T
1984 7 1 10 o 1§ '
1985 9 3 8 18
1986 5 2 15 14{ |
1987 8 4 21

14_

5. Given below is the data of productioh ofa certain company in lakhs of units _
Year 1981 1982 1983 - 1984 - 1985 1986 1987
‘Production 15 14 18 20 17 u

a)  Compute the linear trend by the method of Ieast"s;quarés.ﬂ '

b) Compuie the l:_rend values of each of the years.

6. Given the followmg data on factory production of a certain brand of motor VethlCSl. determine '
the seasonal 1nd1ces by the ratio to movmg average method for August and Septer'lber, 1985.
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Production (in thousand units)

-

Year '.-Jan..__.Fe_b._-' -M_af. . Apr, Mg—,.v._'.lune. July Aug. 'Sej}t. Oct.” Nov. _'Déc._

1985 792 781 791 703 725 7.17 SO 390 464 7.03 688 614
*1986 486 448 526 548 642 682 498 245 451 638 638 7.59

7. A survey of used car sales in a city for the 10-year period 1976-85 has been made. (A linear |
trend was fitted to the sales for month for each year and the equation was found to be

Y =400 + 18t _
where t = { on January 1 1981 and tis measured in 1/2 year {6 monthly) umts

a) use this trend to predict sales for June, 1990

b If the actual sales in J une, 1987 are 600 and the relative seasonal index for June sales is
1.20, what would be the relative cyclical, irregular index for June, 1987?

9. The monthly sales for the last one year of a producf iy thonsands of units are given below:

Momh 1 2.3 4 5 6 10‘11';2

Sales 05 15 22 30 32 35 3\}5 8, 4047 55

'CompuLe the auto-correlation coefficients up to lag 4®;¢ coficlusion can be derived from these-

values regarding the-presence of a trend in the d?s '
20.8 KEY WORDS QE"‘"-

" Auto-correlation: Similar to co@ in that it describés the association between values of the
same variable but ai different time pertods. Auto-correlation coefficicnts® prowde 1mp0rlant informa-
tion about the underlying patterns in the data,

' Auto-regressive!MOVing' Average (ARMA) Models: - Auto-regressive (AR) models assume that fu-

ture valus are linear combinations of past values. Moving Average (MA) modcls, on the other hand,

# assume that future vatues are linear combinations of past errors. A combination of the two is called an
"AuLo -regressive/Moving Average (ARMA) model”.

Decompos:tlon. Idcnnfymg lhe tend, seasonality, cycle and randomness ina time series.
Forecastmg Predicting the futurc values of a variable based on historical values of the same or’ other

variable(s). If the forecast is based simply on past values of the variable itself, it is callcd time series
'forecastmg, otherwme it is a causal lype forecasting.

'Seasonal Index: A number with a base of 1.00 that mdlcates lhe seasonahty for a giverr penod in
relation to other perlods

Time Series Model: A model that predicts the. future by expressing it as a function of the pdst
Trcnd A growth declme m the mean value of a variable over the rclevant time span. . |
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