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PREFACE

This book deals with the topics in Mechanics, Waves and Optics in the
syllabus for the scéond. yeér of the B.Sc., Course bffercd by Dr.B.R.Ambedkar
Open Uiversity. These topics cover the core area of tl*_l_é subject to be studied in
ihe second year of the three year Degree Course in Science. The syllabus is for
" the sake of convinience divided into Blc;cks, each of which COmprises a number
" of units. Bach unit geperally covers a specific area of the subject. The units are -
prepared by specialists in accordance with a format 80 designed as to enable the
sindent read and understand them without much difficulty. Each unit begins with
a staternent of its Aims and followed by the. objectives to be achieved after going
through the unit. Generally technical terms with which the student may not be

familiar are given at the end of each block under the head Glossary.

Tn blocks 1 to 4 of the book: dealing with Mechanics. It is attempted t©
explain the linear and rotational motion of the bodies and the forces operating on
them. Gravitation and collisions form a part of these Blocks. Blocks 5 and 6
~ deals with waves and oscillations. Rlocks 7,8, 9 exclusively deals wth that branc'h
of physics called optics. Block 10 deals with relativity. The univeristy hopes that
this course matexial will help the students to get acquainted with the concepts

and principles of physics ingeneral and Mechanics, Waves & Optics I particular.
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UNIT-1 : CENTRE OF MASS, MOTION OF CENTRE
 OF MASS, REDUCED MASS o

- Contents
1.1  Aims and Objectives
1.2 Introduction
13 Concept of Mass
14 Mass and Weight
.15  Centre of Mass _
16 = Centre of Mass of System of Particles”
17 Centre of Mass of a Rigid Body
1.8 Reduced Mass ' h
1.9 Summary .
110 Model Answers |
1.11 Sample Examination Questions

1.1 AIMS AND OBJECTIVES

This unit explains the concept of mass and weight.

After going through this unit you w_ill_'be able 1o

(1) distinguish between center of mass and center of gravity;

(2). distinguish between the inertial mass / and gravitational mass.

(3) 'd.escri_bes_ the motion of system of ‘particles using the concept of the centre
- of mass; " e _ R
7 (4}_ * tecognise the impoﬂance"_of the concept of reduced mass of a system. =

12 INTRODUCTION

- The motion of a body can be described if we know the forces acting on it. In this unit we
- shall discuss.the coneept centre of mass and its motion in order to explain the conservation

of linear momentum.

1.3 CONCEPT OF MASS

Sir Isaac Newton stated the first law of mption as: Every body persists in its state of rest

or of uniform motion in a straight fine u;xiess it is compelled to change that state by forces -
- impressed on it. The fact that bodies do ot change their state (of rest or of uniform motion -

in a straight line) in the absence of applied forces is often described by assigning a property

‘called inertia to matter. Newton's fitst law is also called as the law of inertia. The law of
_ inertia applies to all objects. However, there is a difference . behaviour between ‘heavy’

and ‘light’ bodies. Experience tells us that heavy bodies require more force to change their
- state (of rest or of uniform motion in a straight line) while light bodies require less force.

This property of the body is given the name mass ot moxe precisely the inertialmass. = 3




1.4 . MASS AND WEIGHT

We are also tamiliar with the word ‘weight” of a body. It is the force _'with which the -
body is atiracted by the earth due to gravity. The weight of a body is relaied to its nass, -
both are not one and the same. ' '

The gravitational force acting on a body defined as weight W is given by

' W=mg e (I.1)

where m is the mass and £ is the acceleration due to gravity. Egn. 1.1 may be written ag
w _

=8 _ : - (1.2)

The value of ‘g’ is the same for all bodics at auy one place irrespective of their masscs.
Eqn. (1.2) hence indicates that the weight of a body iy directly proportional to ils mass at
any one place. It was Galilo who at first established the direct proportionality between
weight and mass:

Check your progress 1

The weight of a body changes from place to place why?
The mass we have discussed so far 1s called the inertial mass, -

One way to determine inertial inass i8 to apply a known amount of force to the standard
body (whose mass “m” we take as equal to unity) and also to the body whosc inertial mass
‘m’1$ to be determined. Then the ratio of the acceleration produced in the standard body to
the acceleration produced in the body under consideration gives the inertial mass of the
body in question. :

This is because, according to Newton’s Law
fam,a,orf=kna

Similarly

| Foma orf= kmya,

Where k is propertionality constant in hoth the equations.

Deviding one by the other, '

ma,

=1 or ™ =~ since m is taken as unity
ma L&

Letus suppose the inertial masses of (wo bodies are m s and my. According to Newton’s
law of universal gravitation every body attracts every other hody in the universe with a
force directly proportional to the product of “gravitational masses” of the bodies arid
inversely proportional to the square of distance between them, .

We have to note that the gravitational masses of the bodics are something different from
the inertial masses of bodjes which we have detcrmined by applying a constani foree and
measwring accelerations. Instead of the word “gravitational mass” if we use something like
“gravitational charge” for that instrinsic property of bodies producing gravitational attraction

~ the distinction would have been much more clear. '

Let the gravitational masses of two bodies A and B be aandpy situated at a distance of

4 RfromThen ifthe gravitational mass of the earthis po then according to Newton’s universal




law of gravitation, the grav1tat10nal attracuve t01ce between A and Earth at the surface of
cmh 18 : :

EAzWAzG%E

This is what is calied the w‘-eigh't W , of the body. A Similarly the weight of the body B
s : ; _ R .

Ky = WB =G HE%E

“Then the acceleration with which these two bodies fall towards the eatth are

W, Gugimy }
gB_. - 1
m, R" m,
Wy Gl-’-E Up
gg=— =

- g R? g )
As we have already dlscussed in 1.2 and expeumemally determined pecuhal fact is

DA_gB
'This can be the case only if

Ha _ He
or
Eé::. mA
Hp - Mp

ie., the gravitational and memal masses are p10p01‘t1011a1 to ea,ch othel
This experimental pr opomonahty of inerfial mass to the grawtatlondl mass 1s the basls
for our determination of inertial mass by a balance. '
~ This experimental proportionality is also the basis for Finstein to regald gm\manon as
a 1nan1testat10n of inertia and enunciate pr1ne1ple of equivalence. _ :
Let us suppose that we have two particles of masses: m, and mi, on the x-axis at a
distance of x, & x from the origin. Then 1he center of mass of the two pamcles is defined

_Imyxy +myX,

Xcm

m1+m2 | | _._(1_.3) :_
If the two particles are in the XY—plahe with coordinates (x,, ¥,) and (xz; 1 2the coordinates
of center of mass is defined by ' . :
: 1y + I'[lz

Lo Mgy ALY,
m, +1,

oL




If there are more than two particles distributed in s

pace the coordinates of center of
mass of these particles are defined by

I X+ RUBS
cm -
m, +1l, +...., x;m,
_myy tmyy, + By,
em -
My + M, + ... Xm,
s o7 Mz, 4o _ 2 mz (1.5)
&M e
my -+, +..... 2 im

These three cquations can be combined to give the position vector of the center of
mass: ' '

. (& I . ; -('_ﬁ 4] ..+-_-.
Ry = X+ Yo +kzc;'n): Z_Im"l X;+)y t+k z

2,10,

_m ;;_ _ _ '
= ‘“_Z*mi_‘ . (1.6}

Here 3, m, is the total mass of the systemn M, Hence we can write

M Ecm = z lmlr (1.7) .

—_—

dej dR,
If we differentiate (1.7) and put E{i— =V, and ——au

dt

= \_f; we pet

MV, =Y my, (1.8)

The right hand side of the equation 1.8 is the total lincar momentum of il the particles

and is called the total momentum of the syatem. The equation 1.8 indicates that the total
momentum of the system is o

qual to the total mass of the system M multiplied by the
velocity of the center of mass, ' _ :

—_

. .. Ny .. dVi -
Ditferentiating once again and writing . =43

dv —_
and T —a_ we pet
dt m Ve g
Macm =2 imlal

(1.9)
C L s : _

By Newton’s second law m;a; =F the force acting on the ith particle. The right hand
side of equation ( 1.9} is therefore the resultant force acting on all the particles or the
resultant force acting on the System. Now we can write

B Ma:ZE:JrZE
6 . i

i#]




Where F, is the external force acting on the ith particle and ¥, is the force of interaction
 (gravitational, electrical contact etc.; on the ith particle due to jth particle. This F_will be
equal and opposite to the force ¥, acting on jth particle due to the ith particle (which
occurs 1o the cxp;fassion for Fji}' Thus the forces of interaction between particles in the
system occur in equal and opposite pairs and hence cancel cach other when the resultant
force on tiic system i€ caleulated. If we denote the resultant fores acting on the system by
1, then ) -

F=XF=X T =E

Where ¥ _is the resultant external force acting on the system,
Mag, =F, o o (1%
Equation (1.9a) indicates that the center of mase has an acceleration as though the total
mass of the system is concentrated at it and the resuitant external force iz applied to it.

1.5 CENTRE OF MASS

- e —
If we have a system consisting of many particles which interact with each other and
also subject to external forces then a complete descripiion of the motion of the particles
composing the sysiem is not simple. However the problem can be simplified by replacing
the system of particles by a single equivalent particle. ntilising the concept of the centre of
mass. Thus if a systert consisis of n particles, then there exists one point in it which be~
haves as thoigh the entire mass of the sysiem is concentrated at that point, and if the
external forces acting on the system were applied directly to it. This point is culles the
centre of mass of the system. The concept of the centre of mass allows us to treat refatively -
complicated motion in a simple way, ' a

1.6 CENTRE OF MASS OF SYSTEM OF PARTICLES B
Worked Example-I : |

Two isolated bodies of masses 4kg. and 2kg are moving with velocities 4ms’ and
2ms* respectively and are located as shown in Fig. 1.1 at certain instant of time. (a) Find
the position and velocity of the centre of mass at the initial time. (b) Calculate the position -
of the centre of mass and its velocity after 10 sec. '

¥
F.]
 amst 2ot
) e el k- i
R Y " S .
- 13 e
S T =3
it ] . -
iy :
S - A
dem

Fig. 1.1 Motion of isolated masses along x-direction. ) ' - T




Solution :

Tet the imitial position of the centre of mass he at {x_ ). and its velocity be (v, then

o Tmax
(xcm)i = flll_J_'—J' = '"2"@—)24“;5%——1—)' =2/3m.
. % "'n.v. . '
. (ch)i = j=:11 I\‘.J : = 2(- 2)+ 4(4) = 21]15"!
sm; 244
f=ue

Intially the centre of mass is located at 2/3 m from the origin and it was then moving to
the right with a velocity of 2 ms™ . Because the system is isolated the centre of mass moves
to the right at this constant speed even after the collision. -

Thus after 10s, the centre of mass would have undcrgo_né a displécement Ay given by
Ax = (vc;il')i XAt=2ms™ x10s =20 m
Therefore the positil,én.of the centre of mass after 10s is given by
_ (ch);: (Ve i + Ax =2/3m +20m'= 20 % m.

Thus we can easily predict where the centrs of ass must be at any instant of fine after

collision, even though it is difficult to say where the isolated particles are located or what
their velocities are. * - ' _ '

1.7_CENTRE OF MASS OF A RIGID BODY

The centre of mass of a rigid body can be determined by subdividing the body into a

large number of small elements of mass Am located at the poinis x, y,, z The coordinates
of the centfe of mass are given by '

_ ZAmx;
¥ Am.

1

om

(1.10)
" ZAmiyj b '

Yem Z“ETm“_— _ ' (1.11)
- ZAmz, - E e

= Sam - 1.12)

Ifthe number of mass elements tend to infinity, then the snhmatjon in the above expression
can be replaced by integrations.

. S ZAmei J-x.dm 1
B DTN P T L o




- Lt 2Amyy, :Iydm
CM Amig Y,Am, jdm

1 o
y =) ydm (1.14)

z, = Lt :ZAmlzl - fzdm :ijzdm (1.15)
Am; -0 ZAIHI . ,[dﬂl . M . : a

In vector notation

__) - .
T =~ ﬁj rdm o | (1.16)

For homogeneous objects Havmg a point, a line or a plane of symmetry, the centre of
mass will lie at the point, on the line and in the.plane of symietry. For example the centre
of mass of a homogeneous sphere lies at the centre of the sphere. The centre of a rectangular
plane shect lies on the plane of symmetry and is given by the intersection of its planes of
summetry. The peisition of centre of mass of some symmetrical structuses is shown in Fig.
#2

Fig. 1.2 Centre of mass of symrnetrical structures

1.8 REDUCED MASS

A smail mass m coupled by spring of spring censtant k to a rigid support is a simple
“harmonic oscillator, This is a two body system in which the rigid support serves as a body
with infinite mass. When the mass ‘m’ attached (o the spring executes oscillations the rigid
support remains at rest in an inertial reference frame and the potential energy U(x) of the
oscillating system is a function of the displacement x of the mass alone.

In nature we find two-body oscillating systems in which we can not consider the mass
of one of the bodies to pe infinite. Molecules such as H,, CO, HCL etc. are examples of this
type. They oscillate al{‘fng with their axis of symmetry. We have to consider the motions of
both bodies in an appmpnate inertial rcference frame.

Consider two bodies m, and 1, connected by massless spring of force constant k as
shown in fig 1.3. The ayslem is trec to oscillate on a frictionless horizontal surface. Let

%, () and x, {1) represent the coordinates of the end position of the spring. Centre of pravity
of a hovnogeneous spheie cube, circular disk, rectangular plate etc., lie at their centres.
The centre of gravity of a cy]mdm lies on the axis of the cylinder.

a




T
—— @
F ~F
m2 'S m ’ !
e = o =
' 2 ' ' [
' 1 ! i 1
— K'_ e “‘E—"'—‘-'-—' Y el

(2) )
F1g 1. 3 a) Masscs m, and m, connected by a spring.

Fig 1-3b) enc body system with reduced mass connected by a spring to a fixed point. -

The length of the spring at any instant is (X, - x,.) If the unstrétched length of the spring
is I, then the change in the length of the spring is '

x(xfx) I {(1.17)

It x is positive the spring is stretched, if =0 the spring has its normal length and if x is
negative it is compressed. Let the spring be stretched i.e., x>0.

- Applying Newton’s second faw tc the mass m, and m, we get

dle ,
m -t iy : : (1.18)
1;_ dt* o o
d2 X, !
m, —— € =4 kx _ (L.ID
2 dtz :

Muitiplying Egns. (1.18) by n, and (1,18} by m, and subtracting we get

x % o oremiex .
MMy ——=-mm, ——= =~ my 1.20
12dt2__ s 2 o d2p
.Rcv:vri[jng
omym, | d° } | - B -
ml +m, dtz\l . (1.21)_

, : .
We now designate ':Ill‘-i-‘m J as rediiced mass of the system i which had d1smensxons
JERR S .

of mass. [t is less than the smaller of the 1W0 masscs and hence the name reduced mass.

Since [ is constant

2 2
d_"(xl “Xz') i_ ¢x

(1.2-2)_“'



Substitutm Egn. (1.21) in Bgn. 1.20 we get
X Xx=0 T (123
i po S
This is thre equation representing the motion of one body system as depicted in Fig. 1.3b '
" Km =m,=m then we get p=m/2 if one of the masses of the system is very small then
* the reduced mass of the system corresponds to that of the smaller mass. _If m, 18 very small -

p= mim, "—m' 1 o '
T = =m| 7 ’, -
ie., +m, - (1.24)
ie m,; 1 [E‘—H] ' _

. m, _

amg:m@+ﬂq z[fﬂq | 2
m; . Mz ; . o '

Since m /m, is nearly equal to zero - o : - _
p=m, N o (126)

Workeﬁ Example-2:

Determine the centre of mass of three paﬁiclés. situated at the corners of a right angled
 triangle shown in Fig.1.4 ~ S : -

a5kg

N.
o
.
=]
Al

o Fig..1-.4 Disposition of 3 nﬁisse# at the corners of a right angleﬂ triangle
Solution:

_ I.et us choose the origin of the coordinate system at 10kg mass. [The Coordinates of
10kg, 20kg and Skg are taken as (0, 0), (1, 0, (1, 3) respectively.] The x-coordinate of the
centre of mass C of the system is given by - o
x#n =-10(0) +20()+5Q) _ 25 5/7
' 10+20+5 35"

The y-coordinate of the centre of mass C of the system s given by N




g 10(0)+20(0)+5(3) 15
21042045 _ 35 _
‘The coordinates of the centre of nass C (Xem, ch):(Sf?, 3N

- =3/7
. Worked Example-B :

Conslder asystem of three particles acted upon by external forces as detailed in Fig. 1.5
" Find the accelelanon of the centre of mass of the system. '

41
2kg 8-
—@ 2r
3N N i
, -
e e
-4 -3 -2 - . ¢
-3
-3k @—>
il 2rq M
¥

Fig. 1.5 A system of 3 particles acted upon by ex_térnal forces.
Bolution :

The C001 dinates of the 4 kg,

2 kg and 2 kg masses are taken as (4, 1), (42,"2) and (1, 3)
sespectively. : .

' Then the coordinates of the centze of mass C are

o 2 Emx a{a)+ (- 2)+2(1)
T oy, 4+2+2

g = Imy;  4{+2(2)+2(-3 3)

=i/4
Tm, 44242 |

" Koy Yo ) =7/4,1/4)
The resultant of the X-component forces
F =6N-3N =3N
The resnltant of the y-comonent
F =4N

The resultant external force hag'y magnitude

acting on the system

of the external foices acting on the system

rofp2 B2 - (35 2 F (s sy




The resultant force makes an angle § with the x-axis given by -

o

&

Tan 0= =473

hd

]

-.0=5%
The acceleration of the centre of mass is given by'
F 5N

Ay = ——=——"=0.65 ms”

1.8 SUMMARY

Mass or the inertial mass is the intrinsic property ol a body which resists any change in
its state of rest ot of uniform motion in a straight line under the influence of an external
force. The weighbt of a body 18 the force acting on it due to earths gravity. The mass of a
hody remains constant where as the weight of a body varies with the acceleration due to
gravity. There exists a strict proportionality between inertial mass and gravitat@nal mnass.
The motion of system of particles can be studied by using the concept of centre of mass of
the system, The position 1, velocity V_ and acceleration a_ of the centre of mass of a-

systemn of n particles can be represented by.

o n N ) )
L1, :z]ll.lr\fi aijzlll .
. i1 {

i=1)

The reduced mass of a system of particles is always less than the masses of individual

particles constitoting the system.

110 MODEL ANSWERS

Check your Progress
The wei ght'of a body changes from place to place because 1t depends upon the value ol
{g) the acceleration due to gravity which changes from place to place.

1.11 SAMPLE EXAMINATION QUESTIONS

1. Answer the following questions in about 30 lines.
articles. Derive expressions for the

" 1. Define the term centre of mass of a systiem of p
f the system acted upon by external |

position, velocity and acceleration of centre 0L INASS 0

13



" IL Solve the Following .Problems - " ‘

forces.

1. An object mas.s 5kg is moving with a vélocity of 10ms™ towards the right and anthﬂ-l‘
object of mass 10kg is moving with a velocity of Sms towards the left along a Straight
line. Determim_: the velacity of centre of mass. (Ans X =0).

2. Determine the centre of mass of the system of particles as shown below.

Ly

ékg '

(5,0)
' - (=1,0) 5kg

System of three patticles

[Ans - (x_y )= (23, 0.9)]
3. Locate the centre of mass of three particles of mass m =2kg, my=3kg and m,=5kg lccated
at the corners of an equilateral {riangle of side Im. Ans:(X Y =(0.55, /374 )

e " em

4. Find the centre of mass of a system of three p

articies whose masses -and position
coordinates are given below:

m, = Gkg, X, =4m, - ¥, =3m, 2 =4dm

m, = 8kg, xl_:zm, ¥,= tm, zZ,= 2m

~my=10kg x, = -5m, ¥,=4m, z,=2m :

[Ans: X Yoo 2= 042,275, (.50]. _
5. Two particles of masses m, =3 kg and m, = 10kg h

ave the positrons r, = 2i+3j+5k and \
L= 5i43j+8k and velocity v, = 6i + 4] + 2k and v, =

104-2J + 8k at any instant of time {.
f the centre of mass of the system.
LAns: v, = (di+3j4 7%) Vo = (141 +0j + 14K)_ 5]

Determine the Instantaneous position and velocity g

6. A.syStem of four particles are acted upon by external forces as detailed helow. Determine
the position of the centre of mass and its acceleration. S : '




F
- 8
Sk 5
3r 28—
(5,3}
2-
3ke
3N vr
B SR
& e 1 L i L H \ j S %
3 2 =i i 2 3 :T‘ s 7
2,71
- L S
. 2:@@
. 2n 2 '
‘“3’.-3)&“ | sl
4kg
-4.__
.
."“-

System of four particles acted upon by extcmal forces. _ :
' fAns (x oy, )=12/7)a =0.73ms?)

- CI'l

7. Determing the cenire of mess of HCL molecule separated by a distance 1.8 x 107%m
The atomic weights of Hydrogen and Chlorine atoms are 1 amu and 35.5 amu
respeciively. Determine the reduced frass of the system.

TAng: 1.75 x 10 m from H atom, ¥ = $.973 amu]
. (‘ onsider a systemn of four particles of masses m, = 2kg, 1, = kg, m, = 8kg, and m,
10kg piaced at the corners of asguare of edge 3m, which is initially at rest. Determine
the position of the centre of mass of the system. If an external force of 10 N acts onm,
_aowmds the right and a force of 5 N acts on m, towards the lefi. Determine the acceleration
experienced by the centre of mass of the System

{Ans: Taking m, along y-axis, m, in the xy plane m, along X axis and m, at the ongm of
* the coordinate system the coordinates of the centre of mass are

(1315, 7/5); a_ = 2/5ms™?,

». nm aow. ties 1 |
LIeRARY Clawr Be - o0 o)
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UNIT-2LINEAR MOMENTUM OF A SYSTEM OF
PARTICLES. CONSERVATION OF LINEAR
MOMENTUM., |

Contents

2.1 Aims and Objectives
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24 Linear Momentum of a Syslem of Particles
2.5 Conservation of Linear Momentum-
2.6 Summary _
2.7 Sample LExamination Questions
2.8 Glossary
2.9

Recommended Tooks

2.1 AIMS AND OBIECTIVES

This unit explains the concept of linear momentum and its conservation. In.order to
make you understand, the concept it is shown that rate of change of Yincar momentum of a
body represents the foree acting on a body and that the total linear momentom of a systam
of particles is equal to the product of the total mass of the system and the velocity of centre

) 01 113488, ' ‘

Adfter going through this upit you will be able (o understand the plml,iplt of conservation

of linear momentum.

2.2 ENTRODUCTION‘ '

Tn this unil we shall discuss lhn, conservation of finear momentum. With help of the
concepl of centre of mass as discussed in Unit 1.

2.3 LINEAR MOMENTUM OF A PARTICLE

g : . b d
Fhe linear momentum p ofaparicle of mass ‘m’ moving with a velocity  telative to
an observer in an inertial reference frame 1s defined as

— — ]
p=myv (2.1)

The lincar momentum s a vector quantity. Tis dm,cizon 1s the samc as the direction of
the velocity of the particle.
As per Newton’s sceond law, the force acting ¢n a body of mass *m’ can be expressed as

- d ﬁ] v] =
d

2 dp
podp_

=1M-— —1Ma

dt_ ‘Edt e ‘rr




Tf the force acting on a body is zero, then the momentum of the bedy is constant. That
is the linear momentum of an isolated pasticle remains unchanged with time.

2.4 LINEAR MOMENTUM OF A SYSTEM OF PARTICLES

Consider a system of » particles having masses m,, m,, m.... ml;. Let us assume that no
mass enters or leaves the system. Hence the total mass M =¥ mi remains constant with
tine. The particles of the system may interact with each other and cxternal forces may also
act on the systes. Under these conditions each particle may have a velocity and hence a

- momentum, The system as a whole may have a momentumn P which may be simply given

by the vector suot of the momentum of individual particles,

- - - - - : o
P=p +py+ s Du . (2.3}

or

P=m Vv, +1M,7, +M4Vy +. 0, v, .2.4)

Ag per definition the velocity of centre of mass of a system of particles given by

— E{m}vL _ _Zmivi .

Von =] | - 2.5
cin llni M , ( . )
We have '
.—) N . ..
P =My, - ..(2.6)

The above equation indicates that the total linear momentuna of a system of particles 13
equal to the product of the total mass of the system and the velocity of its centre of mass.

IfF_represents the resultant extreme foree acting on the sysiem,
-FG = Maum . ' _ (27)

Comparing Hgn. (Z2.6) with Eqn. (2.7) we have

Fou = ilt) (2.8)
2.5 COMSERVATION OF LINER MOMENTUM
It the sum of. the exte.mal forces _.acz}ﬁng.on the system is zci‘n.
%% =0 .29
or
= o s ...I(2.'10)_

P = constant

17
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This result indicates that when the sum of the external forces acting on a system is zero,
then the total linear rnomentum of the system remains unchanged. This resolt is termed as
the conservation of linear momentum.

The principle of consérvation of linear momentum has a wide range of applications and

- is important in the study of many collision processes and interactions. This law is considered

to be the corner stone in the study of interactions in the realm of both classical and quantum
mechanics. ,

The faw of momentum conservation is so basic that it is worth while to state it in several

~ forms namely (1)The total momentum of an isolaied system i constant (2)When a body

transters momentum to a second body in collision, the loss of meentum of one body is
balanced by the gain of momentum by the other; L :

1 us consider an example where the principle of conservation of momentom is applied
in order to study the motion of a system. Consider the projectile motion of a borb shell,
shown in Fig. 2.1 which cxplodes at the point x, and the fragments of the shell are blown
off in all directions. The only external force acting on the ystem is that of gravity which is

-constant. The forces responsible for explosion are all internal forces. These forces may

change the momenta of all the individual fragments from the values they had when the
fragments werc confined to the shell, that is, before explosion. However as explained earlier,
the internal forces do not change the total momentam of the sysiem. Since the external
force acting on the system is the same before and after explosion, the system of particles
after explosion moves as a whole in such a way that the centre of mass of the fragments
will continue fo move in the parabolic trajectory that the nnexploded shell would have
tollowed. The trajectory of the centre of mass of the bomb shell after explosion is thus
determined since the system obeys the principle of conservation of mementum.,

Y
&.
Vi
?ﬂm\\
vz
b Y
I : .
o : _ _ ' N »
X'. 3 X

Fig. 2.1 Projectile motion of bomb shell
Worked Example 1:
A man welghmg 5Ckg jumps 110r1zontally from a log of mass 40kg floating on a lake

with a speed of Sms”* relative (0 water. This causes the 10g to shood backward as show in
fig. 2.2 Find the recoil speed of the log just after the man makes a junp.




Solution :

) (b)

Fig. 2.2 A man jumping from a statiopary log floating on wates..

. {a) before jumping b} after jumping

Befoie the jump both the man and the log have zero momentum: After the jurp the

momentum gained by the manis
|  50kgx5ms! =250kg st -
If v, is the velocity of recoil of the log, then its momentum = 40 v, kg. ms™
Applying the principle of conservation of momentum we have. ' "
Total momentum before jump = Total n1omentum after jump.
~ 0=250%kg ms'+40 v, kg ms? -
Ve = B0 gasmst
0. o _
The negative sign of v, indicates that the log suffers a recoil and moves in the direction
_opposite to the direction of the jump made by the man. ' ' '

Worked Example-2 :

An alpha particle is emitted from uranium—238.nu(;16us orginally at rest with a specd of

1.5 x 107 ms™. Find the recoil speed of the residual nucleus, i.¢., thorivm-234.

Solutiqn:

" Uranjum nuclens may be considered to be a bound system of two particles, namely,

thorium and ¢ o, — particles. This system which is initially at rest fragements into two separate

parts, The momentum of the system before fragmentation must be equal to the momentum -
‘of the system after fragmentation. Since radioactive decay is not influenced by any external

forces, we can supply the principle of conservation of momentum to the system. Thus
M, Vi #Mg Ve =0 N |
Where M, My, V., Vy, represent the masses and velocities respectively of o and
thorium particles. M- _ ' ' ' o
Vﬁl = - o Vu
"

- _2;_‘2(1'.5) x107 =-2.6x10° ms”

. The negative sign indicates that the residual nucleus recoils in a diréction exactly opposite
to the ‘motion of the a,— particles. - : Do
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Worked Example-3 ;

A 0.2kg bullet moving with a velocity of 100 ms™! hits a wooden block of mass 5 kg
resting on a horizontl table, if the bullet sticks to the block, find the velocity of the wooden
block after collision. -

Solution : 7
Ignoring the frictional forces acting on the block by the table, we can apply the principle
of conservation of momentum to the system.
The momentum of the system before collision=The momentm of the system after
collision. _
0.2 kg x 100 ms™ + 5kg x 0 ms™

_ =32v,
- 02x100 -
v}, :»0425}(—2—0-53.8711131

The wvelocity of the wooden block after collision is 3.87 ms* The block moves along

‘with the direction the bullet initally had before collision.

Worked Example 4:

A system of four particles of masses Skg, 10kg. 15kg and 20kg x is in motion. Their
velocitics are Sms™, 2ms™, 8ms? and 5 ms™ tespectively. No external force is acting on the
system. Affer a time 1 if the velocities of first” three masses are changed to 5ms™?, 10ms™,
2rus™!, find the velocity of the fourth mass and velocity of the centre of mass.

Solution:

Sinice no external force is acting on the system the principle of conscrvation of linear,
momentum can be taken into consideration.

Pi=Zm,v,

=505+ 1002) + 15(8) + 20(5) = 21 5"
After a time 1, the momentum of the system of particles is _
P =2 m,v, =5(5)+10010)+15(2)+ 20(V,)
- =155kg mst + 20V '

f

But PPy - 215kg ms™ =155k, ms™! + 20V,

A =3ms" Ans

2.6 SUMMARY

The linear momentum P ol abody of mass m moving with a velocity V is given by the

:ﬁyroduct mv and it is a vector. The rate of change of momentum of a body represents the

force acting on the body. The total linear momentum of a system of particles is cqual to the

-product of the total mass of the system and the velocity of centre of mass. The total linear

momentum of the system remains constant when there are no external forces are acting on




the system. This is known as the prmmple of conservatlon of lmear momentum.

2.7 SAMPLE EXAMINATION QUESTIONS

1.
L.

Answer the following Question in about 30 lines.

- Derive an expression for the linear momentum of a system of particles in terms of

the centre of mass of the system and the total mass of the system.

- Answer the tollowmg questmns in about 10 lines.

bxplam the term momentum of abody Show that the external fcnce actingona body
is given by the time Tate of change of momentum of the body

Derive the principle of conservation of momentmn for a system of particles. Discuss
the 1mp0rtan(,e of this conservation prmuple -

Solve the following problems

A Sk cart is moving from left to right with a velocny of 201ns and smkes a 100kg
cart at rest. After collision the 10kg cart is seen moving 1o the right with a velocity of
10 ms™ . Find the final velocity of the cart. [Ans: 0] :

A standard object of mass 5§ kg moving with a velouty of 10ms™! makes a headon ‘
collision with another object at rest. The two objects stick together after the collision '
and are ohserved to move with a velocity of 5 ms!, Fmd the mass of the second :
object. [Ans: m=5 kg].

. A 100 kg hockey player moving at 5 ms™? makes a headon collision with a 75 k-g

hockey player moving in the opposite direction at 10ms™?. They stick together after
collision. Determine their veloeity after collision and their direction of motion.

[Ans: 1.43 ms-1. Both the players move along the direction in which 75kg player is
moving before collision]. '

Anice bk'\tu whose mass is 100kg and a Skg stone are initially at rest on the ice. The -
ice skater pushes the rock which moves off at 20 ms™'. The ice skater recoils backward
as he pushes the rock. Determine the velocity of the ice skater [Ans: 1 ms*]

A 0.01 kg bullet is fired with a muizle velocity of 500 ms™ which strikes a wooden

* block at rest. After collision the bullet sﬁcks to the-block and the wooden block is

found to move with a velocity of 5 ms . Determine the mass of the block.  [Ans:
0.99kg] '

A hunter fires 0.02 kg bullet at 500 ms?. If the hunter and the gun together weigh
100kg. Find the recoil vclocny of the hunter in the absence of the tr1cl10n [Ans 0.1

- ms'l

The velocity of centre of mass of a system of 3 particles of masses Skg, 10kg and
15kg is 50 ms™, If the velocity of 5kg particle is 50 ms™, find the momentum and the
velocity of 15 kg particle. [Ans: p=1050kg ms*,=70 ms™'] '




283 GLOSSARY

Uniform motion : A body 18, unlform motion fravels equal distances in

equal intervals of time,

- Inertia 'The intrinsic property of body that 0 pposes any change

i its state.

Parabolic motion " Motion of a particle along a parabola.

Trajecto Path of a particle in motion,
i ry p

A body is said to move with simple harmonic motion
 if it vibrates about its mean point such that the force -
acting on it is always directed  towards the centre
and is proportional to the displacement at any instant

Simple hafmonic motion

22

of time,
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3.1 AIMSAND OBJEC’I‘WES L

This unit explains the rotatlonal monon of ngld bodies “confined to a fixed axis of

rotation. In order to make you underst‘md the concept a analo gy betweei translatlon motlon .

~ and rotational motion was brought out.

After poing through this unit you will be able to define ]mear velocﬂ.y, ]mear acceleraﬂon
angular velocity and angular aceeleration and the relations between them. :

32 HNTRODUCTION' R

* The word ‘Kinesis’ is a Greek word which means ‘motion’. The word ‘dynamics’ means

power Kinematics is that branch of mechanics that “‘describes” motion while dynamics
‘explains’ the motion. Before we go into details of kinematics of rotating bodies it would
be worthwhile to recollect basic principles involved in kinematics of bodies in translatory

motion. The followmg section deals w1th kmema‘ucs of bodies execuung translatory motion.

3.3 _KINEMATICS IN ONE.DIMENSION |

7 B

In mechanics the motion abody is described by assigning a property to it called p‘miéle |

nature. In nature we do not come across with bodies which have no size. Nevertheless, real
abjects may at times behave as though they were particles. A body need not be ‘small’ 80

as to be tlealed as a particle. ¥or example the motion of planets round the sun can be
described by treating them as particles. Any body which has only translatory motion behaves

like a particle. An observer will consider the motion of a body to be t1anslat10na1 if the

" axes of a refefence framée which is imagined to be rigidly attached to the body say x', y"

and z' remains always parallel to his own reference frame say X, y and z. An object rnaklng
tr anslatory motion is shown in I‘ 1g 3.1.Asthe body moves, at any posmen of the body say

25
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A, B or C, the axes of reference frame attached to the body (!, y!) always remains parallel:
to the axes of reference frame (x, y). The path taken by the body necd not be a straight line.
Every point of the body undergoes the same displacement as every other. We can treat the
body to be a particle since by describing the mofion of one poiat on the body we get the
description of the motion of body 25 a whole. '

¥

1

¢ " e B H
Fig. 3.1 Trallsl_atory maotion of rigid body. _ _
We shall now briefly describe the parameters characterizing trausiatory motion. Consider

a particle moving in one dimension say along x-direction. A change in position
e I : ' '

AX =X5 ~ % iscalled displacement. The velocity of a particle represents the rate at which
the position of the particle changes with time. If a displacement A 5 occurs in a tims
At=1, -1, then the average velocity of the particic is given by

Ax N
e (3.1
: . At :
The instantaneons velocity of the particles can be given by
— — ) ) )
- Ax dx oo ' ' .
ve Lt =" ordx=vdt (3.2)
A0 At dt : '
If we know the velacity of a particle, at any instant of time t, its position can be given by
x{t)=[vdt+x, R . (3.3)
When K is the constant of integration which can be determined using the condition that
at t=0,let x(t) = x_ '
. . XO = kl' ) . - ’
Hence the above equation can be written as x (t)=fvdt+x : (3.4)

If the velocity of a particle does not change with time i.e., : 3\;; = .constant, then the
position of the particle at any instant of time t can be given by.
| X=fvdt+x, =v, t+x%, - (3.5)
When the particle is exccuting translatory motion, the velocity of a particle may or may
not be constant, If its velocity is changing with time, we say the particle is accelerating,
The rate of change of velocity is difined as acceleration and is given by :

ac | 3.6)
_dt . _ :




If we know the acceleration of -a particle its velocity af any instant of time t can be
written as B ' :

— —_ : . . }
v=fadi+k, S _ (3.7
Where k, 15 the constant of integration which can be determined using the the condition
that : ! ' ,
at - 1=0, let v=v,
v, =k (3.8)
~ The average acceleration a is defined, as
CAv '
a=—
M , :
An object with constani acceleration is said to be accelerating uniformly. Uniform
acceleration of the hody occurs when the force acting on the body is constant. A constant

acceleration implies that the velocity of the particle is linear funetion of time. For unitorm
aceeleration the velocity of the particle at any instant of time t can be expressed s
| v = Aty - | | (3.10)
The displacement of a particle moving with constant acceleration is given by

x={vdt+C=] (V + at)cit +C where C is the consinat of integ'ration (3.11)
. | 1, . '
X =[Ve dt+fatdt+C:VUt+Eat +C R 1 023
* C can be determined using the condition that _; - \7; when t=o0, Jet x=x_then C=X_

Hence

.X~x0+vot+%at2 S - (3.13)

From Egns. (3.10) and (3.13), we obtain the following relation which is a derived one. -

v=v2?+2ad _ L - - (3.14)

Where d is ﬂle-distancc giv‘én by d=x- X,

An object with free-fall undergoes constant accelerating g=9.8ms2 Then the velocity
and displacement for a particle failing from rest at t=0 are given by '

.27

1 . o : _ .
x=t S - (3.15)
o vi=2gd - o ' . (3.16).
- Ifshe acceleration of an object is notuniform then the velocity and displacement can be
givemby - ' o o
. ' . .lZ ) - o ) . . '_ R
L Av _:'vl'—_\q :Iad_t R SRR 317
tl . - . . . . :
Ax=xy-% =fPvdt N BRNEALY




" 3.4 ROTATIONAL MOTION

Rotational motion is an important characteristic of most of the machinery used in the

- present day world. We cannot come across any machine without a gear, wheel or rotating

shaft. The simple cart makes use of the rotational motion of the wheel for its translatory
motion. The most general type of motion which a rigid body can undergo is a combination
of translation and rotation. To describe the motion of a body which rotates as 5 moves we

- have to specify its position and its orientation with respect to the reference frame; Consider - E

the motion of a rigid body shown in Fig3.2 -
. : ’ . - .

o

Fig 3.2 Rotational and Translational motion of arigid body. _ .

The reference frame x! y! fixed on the body changes its orientation with respectio X,y
as the body moves. The body rotates as it moves. To Iocate the body we have to specify the
coordinates of the point O on the body and also specify the orientation of x! y! reference

0

- frame with respect to x, y inertial reference frame. -

28

Plane rotation is associated with bodies which rotate about a fixed axis i.e., without any

translation as shown in Fip 3.3
- ; Y 1
A

¥

. Fig3.3. Rotation of a tigid body about z—g_ixié.

‘Here _thé body rotates about z-axis. EVﬁry-'particle on the ﬁgid boldjf, say P. moves in a




circle and the centres of the circular trajectory traced by the particles on the rigid body fall
. on the straight line 0z.0z is called the axis of rotation. We shall now describe the rotation - *
. of rigid bodies by defining the variables chalactenzmg the motion. ‘The' descnptlon of

rotation 1s called rotatxonal k1nemat1cs

L

3.5. ROTATIONAL KINEMATICS

3.5.1 Angular Velocity

“Consider the rotation of a rigid body of some orbitrary shape about a ﬁxed__axis is
thiough the point O and perpendicular to the plane the figure, as shown in Fig.3.4. -

A

ay

Fig 3 4. Rotation of a rigid body about a fixed axis through the pomt 0.

The line OP is fixed with respect to the body and rotates with it. The p0s1t10n of the
body is given by the angle@ which the line OP makes with some reference line fixed in

space such as OX. The equations of motion of the rigid body executing pure rotation can
be simplified by defining the angle @ in radians. One radian is the angle subtended at the

centre of a circle by an arc of lcngth equal to the radius of the cucle as represented in
F1g 3.5

Fig.3.5. Definition of a radian.

If § represents any orbitary angle subtended by an ..~ of lengths on the circamference
of a ¢ircle of radius R as shown in Fig.3.5, then

0 = —radians : : o (3.19)

29



Let the reference line OP in the rotating body make an angle p , with reference to the
line ox at time t, and let § , be the angle made by OP after sometime t, as shown in Fig.3.6
_ _ v

4

o
o

o v

Fig.3.6 Angular displacernent of a rigid hody under rotation.

The ave rdge angular velocity (1) is ﬂw“n by

:81 “91 . é{i ' - "

The instantaneous angalar velocity, o is given by

o=1c 20 & (321)
A0 AL dt ' : e

Since the body is rigid, any line j jouning the origin with any point on the body rotates

through the same angle i 1 same time. Hewnce the augular velocity is characteristic of the
body as a whole. If gis in radians (i} is cxpressed a3 radians per SuLUﬂﬂ

The following convention is adopted.to define the direction of o . If the fmg(,f]&of the.
tight hand cuxd round the axis in the direction of rotation of e body, the extended Thumh
poing along the direction of the angular velocity vecior.

Check your Pogress-1

One radian is a

..............

Worked Example-1:

- A wheel makes 5 full tevohitions in 1/2s, Find average angular velocity.
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Sohitlon:

Angular displacement in
126 0=502n)=10nrad.
1748

Average angular velocity

@ ]07]:1&(1:

£ 'l_

2
“




® =20mrads™
3.5.2 Anfwﬁar Acmler tion
When thu angular velocity of 4 body changes wﬁh time then the body posc;ess angular

acceleration. If o, and o, represent the mstanmncous angular velocmez. of the body at

times 1, and [ 1eapectwe1 Y, then the average (u,(,ulm ation o is given’ by
_ 0,0 Am o -

o 2
. -ty At (_3 22)
The instantaneous anguiax acceler ation of, may be defined as
o= ho doa ' (3.2%)
T am0 At di o

An gu}w acceleration 18 exprcsved as rad. s‘

36 ROTATION WITH CONSTANT ANCULAR
, M»Emswmm |

~ The analogy between ucmsla tory motion and rotational motion can be undmstood by
congidering the rotational motion characterized by constant angula acceleration. Letthe .

angalar velodity of the body change by equal ATOUnLs 1 {-‘qaal umww of timw 1.2, the
body i3 movieg with constant angular as:wlmanon '

Hence _
dw __' . | T . Caaan
d? oL == constant L (324
do=odt D
I;ﬁegfﬁtiug on either sides. o - | _
[do=afdt 0620
Co-ot+l, B < 0]

where ¢, is the constant 'of integration
To evaluatu the constant of mic,grauon C, ket o =q. al1=0 (Initiad Condmons)

Then . - =

Hence©  o=0.+tat - | (3.28) -

To obtain the anguiar disp‘lacemem 8 of tm, body w1th reapcct ot OX axis al any instant
- of J;ne t we rewrite Egn. 3.28ina defment way as’

do

-dﬂ‘:mo_dwdctdt N 330y

—(h°+&t :sincecbfr-%? .' '('3__.29)'
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- Integrating _ o
j’dB:deHaItdt (3.31)

2 |
0=o. t+%t-—+C2 : (3.32)

-Where C, is the constant of integration. The constant of integration C, canbe evaluated
by considering §=0 at t =0. Then C,=0 '

~Hence
_ 2 _
Qirﬂot+%t- | (333).
“We can write
_de
ot
or -
do(d0) do .
= = :m£ simce Q—E (3.34)
| 0 d9 =0 da | S 333)
Integrating on cither sides '
afdd=[odo o (3.36)
. (1}2 ‘
of = ? + CS ) : (3.37)

Where C, is the constant of integration. Tt can be determined assuring the initial
conditions as when t =0 let0 =0, = . then

- 1
Cy=——=al (3.38)
@2 G)z
Hence of = ?‘ﬁ 2“ (3.39)_
ol=02+7 08 \ (3.40)

3.7 ANALOGIES BETWEEN TRANSLATIONAL AND
'~ ROTATIONAL KINEMATICS

There exists close analogy between the parameters characterizing rotational motion
_ with constant angular acceleration and those of translatory motion with constant -
' accelaration of a rigid body. This is lustrated in Table 1.




Table 1: Comparison of Parameters Characterizing Rotational Translational

Kinematics of a Rigid Body
Rotational Kinematics

Translational Kinematics

do dx
= Y= e

dt dt

do - dv
o= — a=—

dt dt
Am:jf’&dt Aa:ffadi
A8 = odt Ax = [ v d

For the special case of constant acceleration

o, = const. ' ‘a=const. -
0=, +ot v=v +a

1 1.
f=ot+—at’ x':'v(,t+5at2
@’ =0 +2 00 vi=v? i ax

W, +4 7 ' v, +Y
B=- 7 t X=- L

2

3.8 RELATION BETWEEN LINEAR AND ANGULAR -
KINEMATICS FORA PARTICLE IN CIRCULAR MOTION

When a rigid body rotates about a fixed axis, every particle in the body moves in a
circle. Hence we can describe the motion of such a particle cither as hnear vanable or
angular variablds. The relation between the linear and angular variables enables us to change
from one desctiption to the other as and when required and are useful in the study of
dynamics of particles executing rotattonal motion.

Consider a point P in the rigid body which is at a distance r from the origin of the
coordinate system as shown g, 3.7 When the body rotates about the fixed axis say OY
Perpendicular to the plane of the paper the particle P moves in a circle of radius r.

Fig. 3.7 Rotation of a rigid body about y-axis. s=1 9

Let the particle move through an angle §. 33.




Then -
=1 g . 541)
When the angle is very small say Ag then length of the are < A" is also very small and
the time At for the body to rotaic through the angic Ag is also smail, Then we can write

As=TA® (3.42)
As_ 48 (3.43)
At At _

When At -— O T (.’-?.4’3) can be written as
o _, @ (3.44)
dt Gt
V1o (3.45)

-

Eqn. (3. 45) relaies the fincar velociey of the particle in the rigid body with the angular

velocity of the particle in the rigid hody, _
Differentiating Eqn. (3.45) with respect to thme to we we get

dv _ do N
=1 (3.46)
dr de
dv ‘ - - ) . - -
Here m represents the magnitude of the tangenial component of acceleration of the

dwo : _ . N
paiticle and I represents the magnitude of the angular acceleration of the rotating body.
We can rewrite Tgn. (3.46) as
(3.47}

Egn. (3.47) indicates that the mugnﬂudb ofthe tangential component of linear cu,u,lemtxon
of a particle in circular motion is the product of the magnitude of the angular accdemtlon
-and the distance of the particle from the axis of totation,

a, —inL

The radial component of aceleration of a particle moving in a circudar path is given

oy
2
v .
alL T (348)
r
Since =@t
2, =07 (3.49

The tangenial and radial components of acceleration of any at b:unuy pomi P in rotating
body are shown in Fig 3.8

34




Rt T
Fig. 3.8 Non upiform rotation of a rigid bedy ubout a fixed axis through the point O.

Worked Exarﬁple-l;

‘ The angular velocity of a body is 5§ rad s at time t=0 and its angular acceleration 18
constant and equals to 4 rad s A fine OP in the body is horizontal at time t = O which
represents the axis of rotation. Find the angle made by OP with the horizontal after a time
{ = 5s. What is the angular velocity of the body at this tfime.

Solution:

The angular displacement

O=ot+1/2at?

Asperproblem @, =5rtad.s”

o = 4rads®

t=35s
Hence

0=5rads™ x 58 +—12-.4 rads? (5s)f

=75 rad = 11.93 rotations
The angular velocity of the body

o=0,+ot

=5rads' + 4 rad.s?5s

@=25rads™.
Worked Example-3:

A wheel spins at 6000 rev/min. and moves with constant angular acceleration of 2
rad ¢, Find the angular displacement after a time t = 3 sec.




" Solutjon:

| . ) _- ) We have

: at®
0= o t+—
y 2

n= E'O—quﬂ =100 rev/sec

- 60 . .
®; =2rxnrad.s’
®, =2007 rad.s™.

Hence

0=(200nrad.s* X 35+ ~1208 X3

' =6007 rad-+ 9 rad

- g Seox®

+9"=1884+9:1893rad. -
. Worked Exéinplé-?i:

A grind stone has _'c':ons'.tant-' acceleration of 5 rad s2as s_hown in Fig 3.9. Starting from
fest a line such as OP is horizontal. S l

- Fig3.9 Rotation 0f point P on the surface of a grind stoné. .

Find the angular displacement of the line OP and the. angular speed of the grind
. -stone after 5s. If the radi

us of the grind stone is 0.4 m calculate the linear speed of the
particle at the rim, - T N L
_Soluﬁo_n:

We havé




att=0,0, =0
Hence
: i 2 1 | 3 3 '
O=_—ot"=—X35rad.s"(58)" =62.5rad.
2 2 o
The angular velocity
w=0,+at
§=0+5rads? X 5s=25rad.s"
The linear velocity of the patticle at the rim of the grind-stone is 'V, then -

V=ro=04m)(2512dS?) =10ms

39 SUMMARY

j The rotational motion of a particle can be described by its angular acceleration. The

Angular Velocity (@ ) of the 1‘0tating body is given by d6/dt and its angular acceleration

ocby de /dt. In circolar motion the angular parameters are related to the translational
‘parameters as
O=sr a=ar
o=V

Rotational kinematic quantities obey relations analogous to those of translational
kinematics when g is constant. ' '

1
O=at+—at’
-2
a=o,+at

2
o’ =0, +200

3.10 MODEL ANSWERS

Check your Progress-1

One radian is the angle subtended at the centre of circle by an arc of length equat to the
" radius of the circle. '
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311 SAMPLE EXAMINATION QUESTIONS

L
I.

IVv.

5

6.

Apnswer the following questions in shout 30 Hies.

Dertve an expression for the angular displacement of a totating patticle possessing
constant angular acceleration. '

Derive expressions for angular velocity and angular acceleration in ierms of
transitional velocity and acceleration for a rotating particle,

Obtain an expression relating these two parameters for a rotating systeim.
Answer the following qucstions in sbout 19 Hnes,

Bring out the analogy between teanslational kinematics and rotational kinematics.
How is moment of inertia related 1o the angular momentums of the body?

Boive the following problems.

A wheel of 1m diameter starts from rest and aceelerates uniforrady to an anguiar
velocity of 60 rad in 10 sec. Find the angular acceleration and angle mrned through
during this time.

“(Ans. o= 6 rad 52,0 =300 rad s

A point on the rim of a wheel moves 4m when the wheel tums through an angle of
1/5 rad. Find the radius of the wheel. _
(Ans, 20m),

A wheel is initially rotating with an angular velocity of 5 tad s7. Afler 10 sec. its
angular velocity is found to be 15 rad s2. Tind the average anpular acceleration.
{Ams. 1rad s7)
4.A motor shaft is tarming at 500 rov/ses. When the metor s trned off, It stops after
50s. Pind the acceleration.
' {Ans. 62.8 rad 5%
A wheels starts from rest and in [0 sec reaches a speed of 500 rev/sec. Find ity
angular acceleration.
{Ans, 314 rad g2y,
A weight is falling with an acceleration of 60 mg? trom a pully of radius 0.5m Find
ithe angular acceleration of the wheel. : '
(Ans. 12 rad s2).
Four 5 kg masses are connected 0.5 m spokes to an axle as shown in Tig below. A

force of SON acts on a lever of 1m long to produce an angular acceleration oL Find
its magnitude.




0

= DON

m 529

Four $kg. masses connested by spokes o axle.

{503, 5 rad §%)

A solid cylindricai fly wheel has 5 cord wrapped arcund iis circamference from
whirh is suspended a weight as shows: in Fig. betow. Find the angular acceleration of
the 1y wheel if it has a radivs of 0.2m, a mass of 4.kg and {he weight has a mass of

{

A

SN

Ty

f;@
.

weight atiached to the cylindrieal axle.

{Ans. 40.85 rad 5%).

39
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43  TORQUE ACTING ON A PARTICLE

UNIT4 TORQUE AND ROTATIONAL MOTION
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41 AIMS AND OBJECTIVES

This Unit discusses the effect of the torque on rotating bodies and moment of inertia of
rotating bodies. In order to explain the concept (1) it is mathematically proved that the
time rate of change of angular momentum of a particle is equal to the torque; (2) the
moment of Inertia of rotating bodies about fixed axis is evaluated.

After going though this Unit you will be able (1) to define the torque, and moment of
inertia of rotating bodies; (2) evaluate the moment of mertia of a body roatating about any
given axis by using parallel axis and perpendicular axis theorems.

42 INTRODUCTION

The kinematics of rotating bodies have béen discussed in unit 3. The rotational motion
of extended objects can be described in terms of their angular acceleration. In this unit we

shall study the nature of forces responstble- for the rotation of bodies. Such a study is called
rotational dynamjcs._ '

. There exists a close analogy between translational kinematics and rotational kinematics.
In fransiational motion linear acceleration is associated 'w_ith a force. In rotational motion,




we can associate with angular acceleration a patam_etefmla.logo;is"tb’fﬁrce called torque..

Torque is not simply the force acting on rotating bodies. This is because if we apply some |

force on a revolving door, the angular acceleration of the door depends on where the force
is applied and how it is directed. ‘A force applied to the hinge line can not produce any
‘angular acceleration where as a- force applied perpendicular to the plane of the- door as its
outer edge produces maximum angular acceleration. ; :

The foice as shown in Fig. 4.1a acting on body (nut) causes rota‘uon of the body The
tendency to turn the nut depends upon both the magmtude of the force and length of is
lever arm (r) s .

fssrm—

(ﬂ)

- Fig. 4.1 Porce acting on a nut causes itto rotatc

The same turning ab111ty can be produced by a smaller force and a larger lever arm or a

large force and a smaller lever arm. It 15 well known that if we want to open the door by
applying force close to the hinge we have to apply large force. But small force is sufficient
to open the door when applied at a point far from the hinge. The. twisting ability of a force
is defined as torque. If the force is not acting perpendicular to the lever arm as shown in

Fig.4.1b then the perpendicular component of the force acts to produce a twist. The otherl
~ component simply pulls or pushes sideways on the nut without producing a Totation. o

Let us consider a force on a particle at a point P as shown_ n Fig 4.2.

T

"‘ .

" Fip:4.2.Force acting on & particle P cavusing it to rofate.

R O




Let r be the position vector of e pownt P.with respect to the neriia reference frame
whose oiigin 1s at O. 1 the particle undergoe: rotational motton duc to the force then the
torgue 1 acting on the particle with respect to the origin 0 is defined as

# - >
T=TXF - | S
Torque 1s a vector quantity. Tis magnitude 18 given by '
' . s A1
=1 Fsing S )

Where § is the angle between r and F. The direction of the tosque is noraal to the plane
contaming r and F. The sense is given by the right hand rule namely, if one vofates r inio F
through the smaller angle between them, with the ceuled fingers oF ihe right hand, then the
extended thumb gives the direciion of 7

The dimenstional foriola of torgue is ML*T* The unit of torque i #-m {Newiton-meiers),

The magnitude of the torque produced by a force F depends on the magnitde and
direction cf the force but also on the point of application of the force relative to the origin
r 1, zero and hence the torque is zero, We can rewrite Egn. (4.2) as

t={r, sin@)F =Fr, | (4.3)
or  z={FsinQf =rf (4.4

In the above equations 1 (=1, 82 9) represents the component r at right angles to the
fime of action F and T, (= Fsin8) represents component of F ai right angles to 1,

44  ANGULAR MOMENTUM OF A PARTICLE

L . o B » " - a - .

The analogue of linear momentum in rotational motiox is angular momentm. To define
angular momenium, consider a particle of mass m and linear momentum at p at position
t With respect to the origin O of an ifiertial reference frame shown in Fig. 4.3

(g

=

X

Fig. 4.3 Linear momentum acting on a particle P which 15 rofating about O

The angular momentum L of the particle with respect to the origin O is defined as

— - — .
L=rxp . | (4.5)




Angular momentam is a vector. its magnifude is given by.
L=rpsin 0 o e .46

PRl .

Where 0 is the angle between r and p. The direction of ' i is.normal to the plane containing, ;’

and p. The sense is given by the right hand rule namely, if one rotates p into E) threugh the
smalier angle between themn, with the uirled figures of the right hand, then the extended right -
thumb points to the direction of 1. ' '

For the Simple rotating system shown in Fig. 6.4. where the angle between r and pis 90°

P N S

Fig. 4.4 Simple rotating system

the magritude of angular momentum of the body of mass m attached to a rigid rod of
lzngthris given by ' :

L=1p A o @

Since p = mv we can rewrite Egn. (4.7} 45 . _ ' :
L=rmv ) & . ' o {4.8)
we lanow v =1 @ hence . _ (4.9}
L=(m) o ' | 49

Eqgn. 4.9 indicates that the magnitude of angular momentum of & body s equal to the
product of (me®) and the angular velocity @. Tn aralogy with p=mv, the quaniity o’ plays
the role of inertial mass. The quantiry mr® is called the moment of inertia of the revolving
mass. The importance of moment of inertia playing the role of inertial mass in rotational
motion can be well understood through the fotlowing experimental observation.

Consider two wheels of same mass as shown in fig. 4.5

. o P
T TITTIii Ty TiTFy7adovreres7
A B

Fig. 4.5 Rotation of twe wheels having equal masses but different moments of inertia

The wheel shown in Fig. 4.5b has the mass concentrated in a rim far from the axis of
rotation of the wheel. For the wheel shown in Fig 4.5a the mass is closer to the axis of
rotation. The general experience is that it s casy to set ilie wheel shown in Fig. 4.5a inio
rotation rather than the wheel shown in Fig 4.5b. The whee! shown in Fig 4.5b has more




a4

memd This indicates that rotational inertia depmds not only on mass but also on anoth\,l
parameter i.c. the average distance of the mass from rotation axis. The farihu the mass is
from its rotational axis, the larger is its rotational inertia..

The relation betwec_n torque and angular momentum cait be cle_rived as tfollows.
The force acting on a particle is given by '

: dt - ' SRR o
Taking vector plodux,t of r on both 51ch ot bqn (4 10) we ger

dp

-er—rX
o de

a1
- since IXT i'S thc-foi'que T

Geax® o S 412
Ta | R

 differentiating Eqn. 4;_5 with respect to time we get

:rx-—+}£xp = | R o (4.:13_): =
— . o sy
Since d—t':v andp =m'v, we can rewrite Eqn. (4.13) PR 9 \7

'_ﬂs_ﬂ‘x"—ﬂxm" R AT (414)

dt. . o dt

The Second ferm on the 11ght hand Slde ot Eqn (4 14) is: zero hecause vcctm product o ., o )

of two para]lel vcctors is zero. Hence Eqn 4 14 can be rewntten as

Usmg Eqn (4 12)mEqn (4 15) we get o C

_ ~ The above equaﬂon mdlcates that the time rate of change of angular momentum of a o
pamcle is equal to the torque. ac[mg on it. : _

- 4.5'. | ANGULAR MOMENTUM OF SYSTEM OF PARTICLES

Let us consider a system con31stmg 0f many; parncles The total angular momentum.of .
‘the System of particles I, about a ngen pomt is gwen by the vef‘tonal sum of angular




momenta of individaal particles of the system gbout the same point. -
KL, L,L,.. L arc the angular momenta of the individual paiticles about a_p oint then
the total angular momentum T of the system of particles about the same point will be

—_—

L=L,+L,+LyutLly | @
or a o - o '
L'*_ZI.La S L (4.18)

As time advances, the total angular momenturn of the system_about a fixed reference -
point may change. . o o

J—

This change. X arises from two sources. They are (1) torques exerted on the particles.

of the system by internal forces betweer the particles and (2) torqucs excried on the particles
of the system by external forees. According to Neweon's third law, the total internal torque -
becomes zero, since the torque resuiting from cach internal action-reaction force pair is
zero. (In the strong form of Newton's third law not only action and reaction are supposed -
to be equal and opposite but they are supposed to act along {he line joining the particles and
{he student can show in this case that the sum of internal forques is zero).
T, = (4.19)
dt _ _
‘Where z is the resultant external torque. That is, the time rate of change of the total
angular momentum of a system of p’an'ic_;lé_s about the origin of an inertial reference frame -
is equal to the sum of the external torgues acting ou the system. o
< and 7 are measured with respect to the origin of an inertial reference frame. Eqn.
4.19 does not hold good if fg and f are measured with respect to any other reference
point within the system except if the reference point is chosen as the cenlre of mass of the
system, even though (his point is not fixed ag the sy_st.em moves. This is another important.
property of the centre of mass. The general motion of a system of particles can be separated
; K _ .
. C . | F - dp . o ' .
into the translational motion of centre of mass | "o~ T | -and rotational motion about ifs .

centre of mass.

46 KINETIC ENERGY OF ROTATION MOMENT OF
INERTIA L L

_Considel" a rigid body rotating with angular speed ¢ about an axis fixed in a particulai
inertial reference frame shown in Fig. 4.6 ' - - :




Fig. 4.6 Rigid body fotaiing about z-axis

The body may be considered to be consistin g of a large number of particles of mass m,
m, .m, at distance 1, r,, ...t from the axis of rotation. Since the particles are rigidly
attached 1o the body, alf these particics have same angular velocity equal to the angular
velocity of the body itself. Each particle of mass m, moves with a velocity. v, and hence its
kinetic energy is given by '

k, :émlviz'usingv;lzfm, 20
1 2 3 ' - ] :

k, :Emlri M . o S (4.21)

The total Kinetic energy of the rotaling body is given by
k=l 22 1 5 A2 '
ﬁaml_r] @ -;-—2—11121“2 o +....+§-mnrﬂm _ o (4.22).'

I 2) | | .

kég[me )@' S (4.23)

L5 _ _

'2 - - " -. r .7 . . - . -
§mili' Is known as toial rotational fnertia of all the particles composing the bady. It

represents rotational inertia of (he body. It is also called moment of mnertia of the body.
Therefore o R S

T=Fm,? - @24

The r_homent of inertia has the dimensional formula as ML 2 and éxpres_sed inKg. m?In
- terms of rotational inertia, the kinetic energy of a rotating body can be expressed as

K=Y o - (425)

If we try to arrive at an expression for the angular_mdmentum of rigid body relating

about a fixed axis by a similar procedure we would get
BN o | |
L=Tg¢ . _ _ - (4259)

46 Where I is again equal tg I=Ym,r’




 The moment of ihertia of a body as given by Eqn 424 s applicable to bodies which are
composed of discrete point masses. For bodies possessing. contmuous distribution of matter
the summation 1n Egn. (4 24) must be replaced by Integration,

Ittespectwe of the shape of the body it is always possible to find a radial distance from

any given axis at which the mass of the body could be concentrated without altering the _

moment of inertia of the body about that axis. This distance is called radius of gyration of
“the body about that axis. If the radius of gyration of a-body about the axis of rotation is R,
then S o R ‘
| [=MR? ' co T 426)
and " - N : ' . o

Thus the radius of gyratlon Rofa body is the square root of the ratio of moment of”
inertia of the body to the mass . of the body.

Worked Example-1:

“Three masses of 5 kg, 10 kg and 15 kg are connected by hght rigid rods of equal 1ength

~of 5 m as shown'in Fig.4.7 Determine the moment of inertia of the system about an axis at
O perpendicular to the plane containing the Mmasses. Also deterr_mne the kmeuc energy of .
the system if its angular velocr[y is 5 rad.s, :

-.&\\ %
2

¢ Qt}kg
Q-
sm ' 0 5m ‘O"""‘".I‘

Fig. 4.7 Moment of mertla of a systern of three particles.

Solution

The moment of inertia of the system about
Z-axis 1 =[5 (5Y+10(5P+15 (5)%kg.m’
[5 (25)+10 (25)+15 (25)) kg.m
= 12542504375=750 kg.m?

The kinetic ene‘rgy of rotation-K = (1/2)1, @ . -

==X 7‘50kg rn2 (5 rad. s1)? = 9375 Joules
I =750 kg m?
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K=9375]

Worked Example-z :

- A disk of radius 0.1 m and mass 0.5 kg is rolling down an inclined plane of height
0.6m. Assuming that the disk started from rest from the top of the inclined plane. Find its.
translational vclocny and kinetic energy of rotation of the body by the time that disk reaches

the ground.

Consider an inclined plane as shown in Fig. 4.8

@ : _ :
Fig.4.8 Motion of spherical body on an inclined plane

Solution: -

According to the principle of conservation of energy the energy of the c‘hsk at _
A=Energy of the disk at B i.e.,

mgh =lmv2 4——I~I'c|)2
2 2

I .. 1.,
h=—vi4—v
STty
3/4vP=gh

) ' 12
v= [@(?f—o'ﬁ} =7.8)2ms™

The ffinetic energy of rotation when the disk reaches the ground—:—-(‘/z)' F ol _

11 (0.5x0.1)° [(w]_
20 2 [Len’,




=——(025 001|: (7 8) :|
©o1)

o ;0.9375.1 S

N

47 MOMENT OF INERTIA OF EXTENDED MASS =

' .~ The moment of inertia of regularly shaped body can be easily calculated. The
moments of inertia of a few sxmple but important bodies are given in 4.9. The value of Lis
given against each body in terms of the dimensions of the body. Since: I—MR2 the radius of

‘ ' gyratmn Ris easﬂy found from I and M and thls value is also shown in Flg 4.9

Z/5--_Mr2" : m
Me: o or

yz,Mr. N y/ﬁ

Fig 4.9 Moment of inertia of

1. Hoop about cyclmdncal axis -

2. Thin rod about an axis perpendlcular to 1ength

3. Solid sphere about an axis passing though its oentre
R e IR - 4. Disk about ani axis passing though its ‘centre :

5 Sohd cylmder about 1ts verucal axis

Te 111ustrate the method of evaluauen of moment of mertla of regularly shaped bodies, "
a few examples are given below _ _ e T




4.7.1 Moment of Inertia of a Wheel

Lét the wheel rotate about the axis passing through its centre as shown in Fig. 4.10 |

Fig.4.10 Wheel rotating about an axis passing LI:rfough its centre

The Continnous distribution of mass of the wheel concentrated um!mmly at the rim can
be divided into n mass elements of mass A m. Each mass element is at the same distance
from the axis of rotation. The moment of inertia of the body is given by '

.  I=YAmd . (4.28)

i=]

Since r, =1 is the same for cach element Am,

i=r’TAm, =1r'M . S (428a)
Where M represents the total mass of the wheel. Therefore the moment of inertia of the
wheel about the axis of rotation passing through its centre is given by
I=IvIy?

4.7.2, Moment of Inertia of a Bomogeneons Eﬁgﬁd Rod of Lengih sbout
an Axis Perpendicular to the Rod Through One End.

Let us consider an elemental length dx of the rod at a dssi‘ance ¥ rom the axis about
which the rod executes rotational motion as shown in Fig. 411
¥

P

47
gl

O “m%ﬁ L o

_ 3
L
I — - A o

=Y

Fig. 4.11 Moirent of inertia of a rigid 1od about an axis perpendicular to the rod throu gh one end

Let i represent the mass of unit length of the rod. Then mass of the element lcng{h of
50 the rod is ndx. The moment of inertia of rbe element is gwm by




(4.29)

Morncnt ot inertia of the md

3
I= ﬁ; uxzdx = u]ri—
[

as shown in Plg 4.12

since M=pL

1:% S | | (4.34)

Letus consider an annular cylinder of mass M, lcngth 1, havmg R, and R as tht, mtemal

e axtemal radii 1especl1ve1y Let d represent: thu density of the Cy]mdm C0n51de1 amass .y Ol




element as an infinitesimally thin cyhnder sbell of radius x, ihlckness dx and length Las
shown in Fig.4.13 : -

I

Flg 4 13 Moment of inertia of an annular cy]mder
~ The mass of the thin cylindrical sphere is given by

: - m=[rx (@] i - 35y
The moment of inertia of the cy]inder shell about the axis is

S L C =mx? =2aldx(ix)x> - - o o @36
| The moment of inertia of the annular cylinder about the axis is therefore given by
: I—j' mx —j' 21 Ldx® (dx) | (437 :
E e S “38)
s - . R2 |
_ : X : :
P I=2x1d ~4—} - (43%) -
’ S LT
R} RY] : |
[=2nLd— T - '
W 4J | | _ (4..40)
T _ i 1 2 2T 2 2 T ) : . :
N | : I=~2—n Ld[Rz +Rl _—_Rz '_Rl :’ -. (441)

The mass of the annular cy]jﬂdér :

s ."-M="(RfRJLd o @42).




_ bubstltutmg Eqn. 4 42in Eqn 441 we gct the moment of inertia of thc annular cyhnder
and is given by : :

EMERR) e

- ¥R =0, V_L_fe' have a solid cylinder then its moment of inertia about the aiis paséing | _

through the axis of the cylinder is given by

MR? |
1= 5 (4.44)
‘Check inlr Progress I |

The moment of inertia of an annutar cyhnder abﬁut an axis passing through the axis of .

the cylmderls 7
2. EM[R2+RJJ

i . . 4 2y
: 4 12

4 8 PARALLEL AXIS AND PERPENDICULAR AXIS
| THEOREMS

. 'Themoments. of inertia for bodies with simple Igcometry and high symmetry are relatively -

casy to calculate if the axis of rotation coincides with the axis of symmetry. If axis of

rotation does not coincide with the axis of symmetry, then the calculation of moment of .
inertia of the body about such an axis of rotation is not a simple process even if the body -
has high degree of symmetry. But making use of parallel axis and perpendicular axis theorem

it would be easier to evaluate the moment of inertia of the body about any axis. Let us
understand these theorems before we apply them to a specific case,

4.8.1 Parallel AXlS Theorem

F1 g.4.14 rcpresents a cross-section of the body which contains the center of mass C of .

the body. Let this crosssection coincide with the xy-plane. Let us suppose that we want

- the moment of inertia of the body about the z-axis. Consider a particle m at point P at a

- distance 1, from the origin of coordinates. Let C be at distance r_ from the origin of
coordmates The moment of inertia of the body with respect to the z-axis is gwen by

53



Fig 4.14 Paralle] axis theorem

et the distance of the pomt P from the centre of mass of the body ibe given by r, Let x ,
v, represent the coordinates of the centre of mass -

I — ):i mikxi n yi ) LS (445) |
The we can write LU ;
Cx=x+x | @46
e MBS e e (4 AD)

' substltulmg Eqns 4.46; and 4 47 mEqn (6 45) we get

1= Z (x +y )+Zm [x +y )+Z m; 2x x +Z m 2yy (451)

The second term in Eqn (4 51) replesents the moment of mema of the body about an

' cLXlS passing through the centre; of mass, of the body-about-and. parallel 1o the: z-axis. Fet it

be 1eprescnted by:1 . If the distance between the z-axis and the .axis: para]lel to-it: and
pa:gsmg thmugh the. centrc of mass of:the body is:lthem, o0 ERE

rr=1= X +yk (4.52)
As per the definition of the centre of mass of the body _
2amx=3m,y; =0 : (4.53)

‘ Using Eqns.(4.52) and (4.53) in Eqn.(4.51) we get
54 o - _ ' .




I—I TME L L ) _(454)

Eqn (4.54) represents the pala]lel anus =111e0ren1 It states that moment of inertia of a
body about any axis is given by the sum of *the moment of inertia of the body about an axis
“parallel to the given axis and passing through the centre ‘of mass of the body and the
product of the total mass of the body and the squzue of the perpendwulal distance between '

. the two axes.

Fxg 4.15 Perpendlcular axis theorem 1,

The moment of mema of the body about z—ax1s i$ gwen

I

miRi2

=250

e S T M
since Ry =X +¥;

I, = Eimi(x?wyiz)

SR i

Eqn (4 57) repres'ents the perpendlcular axis theorem It states that tﬁe . Sum of' the
moments of inertia a body about two mutuaily perpendicular axes is equal to the moment
about an axis which is pelpendmular :‘Qgt_l_l, ,:,qt_ _t_}__t__en__t_..._and_ pz_x__sgn:\lg through their point of
intersection. L ¢ -

JLetus cons1der an example tov:_ﬂlustmte the apphcablhty of the. parallel axis -and

£

to deteiming the'cmoment- of inertia o a sohd eyhnder about an"ﬂams petp " :‘dlcular to the
. axis of the cylinder and passmg thlough its centre as shown in Fig4.16 )
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:LY]lHdGI about the axis perpendicular to the s

e
(VAR =

¥

dx

-y

Flg (4 16) Momeut of inertia of a solid cylmder about an axis perpendlcular to the axis of the cylinder and
. passing thronigh its centre.

Let R be the radlus of the cyhnder 1 the length of the cylinder and M its total mass. Let
. XOX represent the s symmetry axis. Let YOY be the axis about which the moment ot inertia.

_ of the body is to be determined.

“Consider an elemental disc tthknCSS dx at a distance x from the centre of m_as’s O of the
body. : e ' :

The mass of the circula‘r disc is __ ) ._
nRz(dx)d ' ' o o _ (4 58)
Where d represents the density of the cylmdel The moment of merua ofa cucu]ar disc

. about any. dlameter i8 glven by

2' V2 4t 2 L o
Iﬁ{ _mR ngx)R | O (459)

.'.-Id

2

(Prove that the morment of inertia of a (,u'cular dlSL is - by applying perpendlcular

ax1s theorem and the fact that moment of inertia a cu'cular disc about an axis perpendlcular '

to the plane of the disc and passmg thnough 1ts centre, is

Applymg parallel ax1s lheorem the moment of inertia of the body (circular disc) about

_ OY is g1ven by

nR2 R
_4

I=

dx + (’.“CRZd d){)x (4 60)
Since the cylinder is the sum of such elemental strips the moment of inertia of the sohd

vmmetry_axm and passing through its centre
of mass is’ gwen by o - '




a8 [ma dxzd,{} T aey
a2 o - Lo T e
: - .+8f2.' TTITE O | S
I=nR%d j-——dx+ x 2dx] - (4.61)
: —er2. ~t12 ' '
T N2l S
1=nR%d [, +{ 3] T L 463)
: _ —e2] _ L
R o
[=7R%*d| =—T+—| : A
[4 _12}- e e 688
T=mR%f ~—+—| RN Y )
S ] T
- The mass of the solid cylinder M = nRZE.d.':
N L
=M=
[4 12} o~ R (1

49 WORK AND POWER IN ROTATIONAL MOTION

Cons_idcr aforce F' acting at the rim of pivoted wheel of radius R as shown inFig. 4.17

_As,"

: Fig 4.17 Force acﬁng at tﬁe.ri.m ofa pivoted wheel

Let the wheel rotatc through an angle AB If AE) is small the forcc actmg may be taken |
to be constant during the correspondingly small interval of time At

The work done by the force F is given by _ . e
AW =FAs S S 4D

since As = Ii_AB we have




AW =FR A0 | ) (468)
-Since 1 = FR we can rewrite (468)45, . AU
AW=t0 - o 469)
or R Y L
dW=twdd b (4.70)

The work done by the torgue acting t _‘_on__\g_t__‘body‘f_ is givenby _ |

ey | dw = f;;ftde

Werlo] =<(0,-6,)=16 @.71)

o Whew 6 is the angular dwpl'lcunem If we dLﬂurenuate Egn. (4. 7 1) w1th 1espec:1 to
time t we gei

; dw _do § _
% a @72)
- since
dw _ i
.. .. 7P the power we get Iy
i dt _ o =i

" Egn. 473 indicates that tiie instantaneous power developcd by an ageni cxu tmg a tmque
‘equals the product of the torque and the instantaneous. angular velocity, . ..

410" RELATIONBETWEEN TORQUE AND ANGULAR -
ACCELERATION OF A ROT. TING BODY

We 11avc already shown in 4 2‘ia that ‘rh llal m@mentum of a body about a given

EIXIS ”
ILelo (4.74)

Differentiating we get

dL_dI“*
Code dts

et JHONCE i -




Worked Example 3

A umform solid disk of mass 5 kg having a rad1us of 0. 5 mis mounted on a frictionless

| axle. Another small disk of mass 2kg and of radius of 0.2m is fastened to the large disk and

“a rope is wrapped around the smaller disk. A constant tension of S0 N is applied to the

rope. Find the angular acceleration of the system If the system starts from rest what is its
angular velocity after 10 sec? Fmd a]so the augular momentum

Solutmn.

The torqpe on the system 1s Fr, Since
1=Ia we have

the angular acceleration

Tt . Fr
I MR> mr’
2. 2
Where . M = Mass of larger disk
m = Mass of smaller disk
R = Radius of larger disk

r = Radius of smgller dlsk

F = Tension in the sttmg

Substltutmg the valueb of the parameters from the problem in the expresston for o we
get

(50N} (0.2m)
5(0:5)° 202y
2 2

a,:#m——ISrad 5~
0

The angular-velocity of the system after 10s if it starts from.rest position at t=0 1s given
by
n=0n,+ut
0= 0+1Srads xl[}s_ISOrad gt
Angulat momenium
L=In=(0. 665 kg 111‘) (150 rad.s™") = 99 75. kg m2 sl

- Worked Example 4: A uniform dlSk of Radius R—OS m and mass m = 1kg is mounted on’
an axis
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Fué, 418 Um!orm disk mounted on an axle.

_ supported in fixed frlcuonless bearings as shown in Fig. 4.18. A light cord is wxapped
around the rim of the wheel and a steady down ward pull T=10 N is exerted on the cord.
Find the angular acceleration of the wheel and the tangential acceleration of a point on the
rim. ' : ' I ' o

Solution:

The Torque about the central axis
t=TR=10N X035
=5 Nm

We can also express. the torque 1 in teuns of mornent of inertia of the fly wheel and
angular acceleration i.e.,

TwIa
MR *
— 2

a

2
_ (1kg) (;).5 m) o

=0.125kg Mot
_ 1 _~ 5SNm
0.125kgm " 0.125kgm?

The tangential acceleraiion af the point on the rim =

4rads?

a=Ro=4rads? xOSm
a-Zrm,2

4.11 SUMMARY

The twisting abﬂlty of force acting on a rigid body is called torque'c The angular
60 momeptum L of a rigid body rotating about an axis pupendu,ulal to the plane of the body -




is given by lo. Whue 1 is the moment of inertia and e is the angular velocity. The time

rate of change of angular momentim of a pamclc is equal to the torque acting on it. The

kinetic energy ol a rotating body is given by K =(1/2) I’ .0’

Parallel axis and perpendicular axis is theorerns are uscful in determining the moment
of Inertia of a body about any given axis. The parallel axis theorem states that the moment

~ . .of inertia of a body about an axis parallel to that axis and passing through the cenire of

mass of the body and the product of the total mass of the body and-the square of the
distance between the two axis.

The perpendicular axis theorem states that the momem of inertia of a body about an
axis perpendiculat 10 a planc of the body is given by the swm of the moments of inertia of
the body about twe mutually perpendicular axes in the plane of ‘the hody which pass thr ough
the-origin of the coordinate system and throngh whose inter beCUOll point the pcapendu,ular
axis passes. :

412 MODEL ANSWERS

Check your ngress I

The moment of inertia of an annular cylinder about an axis. pdssmg the ouOh the axis of :

the t,ylmdcr is 11, M( R +R%)

413 SAMPLE EXAMINA’HUV QUESTION%

- L Answer the Foliowing Questwns in about 30 hnes

1. Derive an expression for the moment of me,rlﬂ of an dmluldr cylinder about an axis

. passing through the symmetry axis of the cylinder.

.[\._)

~ about any axis.
L 'Answer the chllowmg Questlon in ahout 1{} lines.

1 Derwe an cxpleasmn for the kmenc cnmgy of a rotating body.

2. DBI‘IVL, an CXpleblOll relating wmk and powu of an rotating body with the torque
" acting on it. : :

3 Derive an expression 1'elati1ig torqué and angular acceleration of ‘a rotating body.

- IR | Se]ve the Following Pmblem

oL Consider a body consisting of 1wo sperical masses of - 10 kg cach conneclcd by a '

light rod of 1 m length. Find the m oment of inertia of the body about an axis normal
to it and passing through the centre of the system.

2. . The specd ofa body of mass 20kg moving along a cirele of rddu% 1 5 M. increases at
the rate of 0.5M/s find the torque on it. -

State and expiain the parallel axis. and prependicular axis theorems. Explain with an -
example how these laws arc useful 10 Obtam the momml of inertia of rigid body_
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A Sphear of mass 0.1 kg having a diaméter of 0.01M rotates without slipping with a
velocity of 0.05M/sec calculate the KE of the rotation _
) [5x10-7].

- A disc of mass 2kg rolls without slipping on a horizontal plane with a velocity of

AM/S. Find the KE. |
ST 247]

Calculate the rotational KE of the carth due to spinning of fhie earth arround it$ axis
given that Mass of the earth is 6x10% Kg, radius of the earth 6.4 x 10° Meters.
- ' [2.6x107]}

A cireular disc of mass 100 kg having a radius of 1M is momented axially and made
to rotate. Cailculate kinetic energy which executing 120 rot/min 5
' ' ' 193491]




UNIT. 5 CONSERVATION OF ANGULAR
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_'_'5.'1. AIMS AND OBJECTIVES

This Unit mtmduces the prm01p1e ef conselvatlon of angular momenlum In order to

make you unde1stand the principle it is shown that the resultant torque acting on asystem . .

of particles is zero and that-the total angular momentum of the system remains constant

n'respectlve of the charges of angular momenta of individual partlcles composing the system.

- After going through this Unit you will be able to understand the prmc1ple undeﬂymg
the feats of Aerobata dl‘ld ice skaters

5.2 INTRODUCTION

In th1s Unit we introduce the concept of angular momentum the conselvanon of angu-
lar momentum and the concept of 101que These are pa11;1culal1y nnporlant in the ueatmem
of rigid bodles _ : S

s, 3 CONSERVATION OF ANGULAR MOMENTUM

We know that the tlme rate of change of the total angular. momentm of a system of _'
particles about a fixed point in an memal reference frame is equal to the sum of the external :

. Lorques acting on the system
Hence

T - o 5.1)

(5.2)
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'Hencé. _ _
L =constant S BACR)

When the resultant external torque a(,tmg, on 4 system is zero, thf: totdl vector angular
momcnmm of the system remains constam T hlb i3 known as the pnuple of the conservation.
of angulal momentum.

This dpp]les to both a system of pamcles and rigid bodies. F ara system of a parllcles
ihe total angular momcntum L. about some pomt is given by ' :

L=L,+ Lo+ L. | Y S X0

When the resultant external torque lq ZE10 We hclve as per the p1 1nc1plc of consurvatton
—of angulal momentur

ZL—consTant o _ e S B '(5-5)_
Eqn. 5.5 indicates that the fmgulal momenta of the individual pamdas of the system.

may chaiige but their vcclm sum remains constant i in the obsence of a net external torque.

- In the case of 11g1d body rotating about an asis, say z-axis, that is fixed in an memdl
reference flﬂmb we may write ' :

L,=1w o ; ' (5.6)

‘Hence L, presents the angular momentum of the body along the rotation axis and I
represernt the moment of inertia of the body about z-axis. If there is any redistribution of
the mass of the body then there oceurs'a change in the moment of inertiz of the body. If the
. net external torque acting on the body is zero then as a result of change in I there must
‘.0ccur a compensating: change in the- angular velocity @ of the body s0 as o keep the
'dnguldr momentum of the system constant as per the principle of consetvation of angular -
imomentum. That is { and o, represents the merent of inertia and angular velocity of the -

rigid body initiatly and after s some time due to redistribuiion of the parts of the body if I and
- O Tepresents the moment of inertia and angu]dr velocity of the. ugld body, then

Lo, —lﬂ)- constant L -~ {5.7)

Egn.5.7 IL{JI’BSBIHS the pim(:lp]e of conscrvahon of angular 1n0menmm apph(,able
10 ugad bOd]BS in rotattonal monon

| 'Worked Examp_[eul :

L01151de1 a star as a‘uniform spheu, ot mass M. It has an angular velocity o, As time

goes on its radius deczeases nom i, to 1 Find the augu]ar velocﬁy of the star when its
1ad1u'§ s, '

Solution :

S As per the pnnmpk of conservation of angular mowentum, if the angul:ar velouty of
the star when its radius is r_is o, then ' '

_qujo = Ifmf




" For an uil_ifoi‘m sphere of radius ﬂle mo_ment of ;iné_ltia

TV
'I;ZMI._
5
;'zl 2
.I_zMIo 2Mrf
T s s

Subsﬁtﬁting for I, and 1 in the formulé_ B

2ZMr oy _ 2Mr, o¢

The abové result indicates the star rotates faster as it collapses.
Worked Example-2:

A horizontal platfoim in the shape of a cylinderical disk rotates in a horizontal plane -
about a frictionless axis as shown in fig.5.1. The platform has a mass of 200 kg and a radius
of 4m. A man whose mass is S0kg walks slowly from the rim of the platform towards the
center. If the angular velocity of the platform and the man is 5 rad/sec when the man is at

the rim. Calculate the angu[ar velocity when the man reaches a pomt Wthh islm trom the -
. centre. _ _

Fig. 5.1 Rotation of borizontat platform

SO]llth]l :

The moment of mema of the platform about the ax15 of rotation

. [K‘I

=-MRZ —200kg(4m) _1600 kgm

P‘ ) ') o o ![
The mltlal moments ot 1nert1a 01 lhe man about i‘hc axis ot 1otat10n when he is at the
- rim=l =mR* : S : o

fS(.)kg (4 m)2=$00 kg m?* ' 65




The total momcnt of inertia of the system when the man is at the rim .
I—I+I =1600+800 = 2400 kg m* s
When the man is at r = m his moment of inertia changes to
' I =m?=50kg (1 m)>=50 kg m* o
~ The moment of inertia of the rotating systemn when the man is at } m from its centre
1H, = 1600+50 = 1650 kg m*
Since the angulal momentm is conserved and

0, = Srad/sec we have

o =10,
ie., 1650(1) 2400x5
o:) = 2400x5 ~7— rad /sec.
1650 11

-~ The angulal velocity of the system when the man 1s ata dlstance of | m from the
centre of the rotating tahle is 7%, rad/sec. '

Worked Exampl e-3:

A 5 kg disk witha radius of gyratlon of 0.5m and rotating with an angu]ar velocu:y of -
120 rpm engages with another disk of weight 10kg whose radius of gyrations is 1m. -
~ This disk is rotating initially in the samc direction as the first with an angular velocity of

60 rpm, Fmd the hnal angular vclouty of both the disks. *

o Solution :

~ Moment of inertia of S
Skedisk=1I,=5kg (0 50 =125kg m®

- Moment of inertia of R
10 kg disk =1, =10 kg (1)* = 10'kg m*

' ' ' 120 .
Angular velecity of 5 kg disk = -76-6— X270 = 4 rads™

60
Angular velocity of 10 kg dlSk‘"ﬁ"aXQTC 27 rads

. Applying the prmmple of conselvatlou of angular momenturn to the system before_
and after engagement, we have ' '

I-lml{rlzmz(l.[+12)m
Lo, +Le,] 125x4nt102n

L+, 104125

2157 . S ‘ 1. -
=" =2.221=2.22mx ~—60.]
T A

® = 66.6rpm.
66 | -




54 APPLECATEON OF THE PRINCPLE OF CONSERVATION
- OF ANGULAR MOMENTUM

In day o day life we come across with many situations where the principle of conservation
of angular nomentum is applicable. This law is useful to explain certain inten esting features
of rotating objects. For ¢xample a rapidly spinning -builet 1s shown in Fig.5.2a resists
wobbling. If it were to wobble, then the direction of angular momentum vector should
change. Since torques due to small deflecting forces acting on the bullet cannot produce
appreciable changes in the angular momentum, the bullet remains oriented in a particular
direction and hence no wobbling motion. Fig.5.2b shows a sk:epmg top. It will not wobble
and fail until it spin rate becomes' very sma}l

Fig. 5.2a Spinning projectife b) Spinniag top ;

A gyrostat also works on the prineiple of conservation of angular momenium. The

- gyrostat consists of a heavy circular disc which spins with very high frequency about its
symmetry axis. The axle of the disc is mounted on gimbals such that the disk along with
axle can turn freely about any of the three mutnally perpendicular axis. Hence no external

- torques can act on the spinning disc and in space. Tts angular momentum remam*; constant. |

Therefore the spmnmg disc maintains it’s orientation in space

‘Fig. 5.3 Gytostat

A havigétiOnal gyro' is an air craft, relies on th_is fact. The wheel is kept spinning by
directing an air steam at the périphery of the wheel. The direction of the wheel's axle

remains fixed in space while the planc tarns, banks and rolls about it. Thus regardless of

extemal wsﬂolhty the pilot always has a fixed. rctelcnu: direction avaﬂable to ,um

_ Acrobats Ice skatets, divers, ballet dancers et{: -make use of the prmcxple of conservation
~ of angular momentum to perform feats. A dramatic illustration of the: application of the
pririciple of conservation of angular momentrn can be seen in an ice skater’s spinning
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motion. (‘o start with an ice skater swings into a2 mrn, then stands on the foe of one skate,
rotating slowly about that point. The ice skater constituies 2 torque-free system since, the
contact between the skate toe and the ice 1s essentially frictionless. The skater usually
bcgms the spin with arms and one leg extended and the torso horizontal as s,how'l in Fig.

5.4a
. .
I
AR\ -
TTFRTITI I T I T TITTI AT iTT T
(a) o {p)

Fig. 54 a) Intia] position of a skater b} Final position of a skater

- This position makes most of the mass of the skater’s body placed at maximu distance
from the axis of rotation and thus maximizing the moment of inertia. While spinning about
the reference axis, the skater slowly changes position of the body to that shows in Fi ig.
* 5.4b. At this position the bulk of the skater’s mass is close to the axis of rotation and hence
the moment of inertia is greatly reduced. As per the principle of conservation of angular
momentura the product T o must remain constal, Since 1 decreases o should increase.
hus skilled skaters can achieve rotatinal velocities so large that they appear blurred o the
observer,

- Letus consider an acrobat wh has just left a swing as shown in Fig. 5.5 with arms and
legs extended and with a small clockwise angulat momentam. When the acrobat pulis his
arms and Jégs in., his moment of inertia I become smaller, Since I ¢ should be constant,
the angular velocity of the acrobat increases and as a result he can easily take turn upside
or down performing a feat,

Fig. 5.5 Acrobat leaving the swing K
. . Letus consider the motion of a diver as shown in Fig. 5.6 Let ®, be the angular velocity

of the diver about a horizontal axis passing through the centre of mass at the instant the
diver leaves the diving pad so that he would rotate through half a turn before he strikes
-’68 water. If the diver likes to make one and a ha.lf turn somersault before he strikes’ watet, he.




has to tnplc hm angulzu speed. Since there are no cxtemal forces acting on. him except
gravity {and gravity exerts no torque about lns centre of mass) the angular momentum of
the diver IIhlSt remain constant. ' ' ' '

- Fig. 5.6 Motion of a diver

_ “That is I W, = ={n . Since tig diver should change his momeit of inertia aoerlt the .
hotizontal axis passing through the centre of mass the initial valce of To to a vatue of 1=l /-
3. This fie does by pulling his arms and legs close to the centre of mass of the body. This
tesull indicates that the greater r his iwitial angular velocity and more he can reduce his |
rotational inertia (skill of the diver), the greater would be the number of revol wns he ca.n

L malie, before he touches the waters 1., in.a giver interval of time.

_ - 'The rotational kinetic energy the dwel changes as he rotaies through Since I <L the
- rolaugnal kmptlc energy of the diver whﬂe exﬁcumlg the somels.dult will be gie'tter than

that mlti’i]ly he had ‘at the instant 01 Teaving the dwmg pad, ic, ¥ Im AN @ The )

~ increase in rotational kinetic energy is suppmad by the dwm who does: Wm_k when he pu]ls
-the paits of his body topether. : : : _
Another example of the apphcatmn of the prmc1ple of consewatlon of angulai momentum
' 1% ﬂlaslrﬁted in Fig. 5.7 : -

//,/!U 77 /:,w
Flg 57 MBUOI‘ ot aman with a wheel on.a t'l.nl table -

~ Herte aman is standing on atarn 1 table s that no torques can be rlansmﬂed to h1m about
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avettical axis, If the man at rest holds a spinﬂiiig wheel with its angular momentum pointing
vertically, the man+the wheel system has a total vertical angular momentam cqual to L
wheel. If he tumns the axis of the wheel away from the vertical, then the vertical component

of the angular momentum of the wheel decreases. Its z-component will be L Cos @ .
Where 0 represents the angle of the wheels axis with respect to the vertical, As per the

principal of conseration of angular momentugm, the total value of I, must remain constant.

Hence the man and the turntable begin to rotate making up for the reduced vertical -

component of the wheel’s angular mementum. When the wheel is returned to its original
direction, the rotation of the man and the turn table ceases. As.long as no external torque
acts on the system, the obscrvations are trueirrespectiveof the way how the 7-Componeny
of the angular momentm of the wheel is changed. For exampic ihe man on the mitially
stationary turn table can stop the spinning wheel with his hand. limmediately the man and
the turn table will turn so that L, will be unchanged. By keeping the wheel axis vertically
if the man uses his free hand (0 start wheel to spin, both the man and the turn table comes

- to rest when the wheel atiains its original spinning specd.

5.5 APPLICATION OF THE PRINCIPLE OF CONSERVATION
~ OF ANGULAR MOMENTUM TO MICROSCOPIC AND
 MACROSCOPIC SYSTEMS

The principle of conservation of angular momentum is also applicable to systems

'involving of sub-atomic particles {microscopic systems) that we come across in atomic

and nuclear physics. Tn atomic collision processes this principle is highly useful in
undesstanding the interaction process. It is well known that Newtonian mechanics does not
hold good in the atomic and nuclear domain, but the applicability of the law of conservation

_ of angular momentum in this domain indicates (hat this principle is more fondamental than

the Newtonian principles. .

We have seen the law of conservation of angular momentum holds good for a system of
particles. Given if'the system consists of bodies with finite dimensions and the bodies have
spin, the conservation of angular mofnentum still holds good provided wé include in total
angular moment the angular momentun] ass ociated with their spin. In atomic and nuclear
pirysics we deal with clementary particles like electrons, protons, neutrons, mesons, baryons
ctc. which pesses angular momentum associated with their spin motion and also due to

their orbital motion about some external point. When we apply the law of conservation -

total angular momentum of the system. We should include the spin angular momentum
also. = '

The principle of conservation of angular momentum is also applicable to Macroscopic
systern such as the motion of planets, satellites ete. In applying this principle it is necessary
that we should take into account the intringic spin motion of these bodies. The conservation
of angular momentum plays akey role in the evaluation of theories put forward regarding

- the origin of solar system, contraction of gaint stars ete. For ex ample let us understand the

phenomenon involved in the evaluation of stars where the principle of conservation of

angular momentm is taken care off,

Stars are formed by self-gravitation of clouds of dust and gas'in interestellar space. An'y
small anguiar velocity possessed by the systein of dust cloud, owing to the slow rotation of ..
the entire galaxy incredses tremendously as the star shrinks from 2 diffuse extended close
o a relatively small dense object. This is because the moment of inertia of the system




decreases and to satisfy the pn’ﬁciple of conservation of. a_nguiar 'momentum_, the angular

velocity increases proportionately,

The process of gravitional contraction heats the star to the point of luminescence and
- beyond, eventually raising the intemnal temperature. As the temperature thus increase the -

self sustaining nuclear reaction begins to take place, -

5.6 SUMMARY

- The total angular momentum of the syStem'"remains constant when the resuitant torquc :

. acting on a system of particles is zero. This is known as principle of conservation of angular
- momentum. Acrobats, ice skatcrs, divers, ballet dancers etc. Use the principle of conservation

of angular mome_n'tl_nn in performing the feats. =

- 5.7_-SAMPLE EXAMINATION QUESTIONS,
L Answer the Following in 30 lines.

I Explain the PﬁnCiple'bfconservation of angular momentum! Gi_vé some applications
of this principle. S . _ _ S

I Solve the Following Problems. N

1. A wheel of 1 m diameter starts from test and accelerates uniformly to an angular

velocity of 60 rad s in 10 sec. Find the angular acceleration and angle turned through
during ‘this time. - ' - : . o

2. Apoint on the rim of a wheel moves

_ 4 m wen th wheel tuzns through an angle of 1/
5 rad. Findthe radius of the wheel, - R Lo

3. A wheel is initially rotating with an angular velocity of 5 rad s*. After 10 sec. its

angular velocity is found to be 15 rad s2. Find the average angular acceleration. . .

(Ans. 1 rad.s? :

4. A motor shaft is turning a_i 500 rev/sec. When the motor is turned off. Tt stops after

50s. Find the dace¢leration. - (Ans. 62.8 rad 5?)

5. A wheel s'taﬁ.s from rest and in 10 sec reaches a speed of 500 rev/sec. Find {ts angular
acceleration.. S ... (Ans.314rads?)

6. A _wéight is falling with an acceleration of 60 ms™ from a pulley of i‘adiﬂs U.S_m.‘_Find
" the angular acceleration of the wheel. S - (Ans:12rads?

7. Fours k’g'mass are émme‘cted by 0.5 m spokes to an axle as shown in Fig Iil-1. A

(Ans. o =6rad 5% @=3001ad.)

force of 50N acts on a lever of 1m long to produce an angular acceleration o . Find-

its magnitude. -




8.

10.
11,

T2

. F=50N

—

Sko

. Bkg

Four 5 kg mssess connected by spokes to the axel.

{Ans. 5 rad®).

A so]id' cylindrical wheel has a cord wrapped around its circumference from: which
is suspended a weight as shown below. Find the angular acceleration of the fly wheel
if it has a radius of 0.2m, a mass of 4 ke and the weight has a mass of 10kg.-

4 Ty \

é 7 3
sy F
AT
my
W: .
o | Mgy |
Weight attached to the cylindrical axle. - {Ans 40.85 rads?)

Consider abody consisting of two spherical mass of 10 kg each connected by alight
tod of Im length. Find the moment of inertiz of the body about an axis normal to it
and passing through the centre of the system. | : . (Ans:Skgm?)

~ A uniformyof rod of leagth 1 m and mass 0.6 kg is free to rotate about one end of o

a frictionless pivol. A point mass of 0.01 kg is connected to the lower end of the rod.
Find the moment of inertia of the system about the axis passing through the pivot
and perpendicular to the plane of the system. - ' “(Ans. 0.31 kg m?).

A wagon wheel is free to rotate about a horizontal asis through o as shown below, A
force of 50 N 1s applied to spoke at P which s af the distance of 0.5 m from the point
0. OP is making an angle 25° with the horizontal axis-and the force is in the plane of
the wheel making an angle of 55° with the horizontal, Find the torque acting on'the -
wheel. . ' B
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| Wagon wheel rotating about a horizontal axle. - K -  (AnsT =12)). .

12. A rifle bullet wit a mass of 0.01 kg is fired with a velocity of 500 ms™. It strikes the
rim of a wheel tangentially. The wheel is initially at rest. It has a radius of 0.5 m and
amass of 4kg and is in the form of a solid cylinder. If the bullet embeds itself in the
r1m of the wheel, tmd the angular velocity of the wheel after the impact.
(Ans. 5 rad sty

13. Four particles are located at the corners of a polygon as shew in the figure below.
Assuming that the particles are connected by lght rigid rods. Calculate the moment -
of inertia of the system about O. If the system rotates about Z-axis with an angular

~velocity of 5 rad s, calculate the kinetic energy of the system. It m 5 kg and m, = 10_ -
kg and a=I1m and b 2m, calculate the moment of mertla of the systcm

| . o o | | .%m?

m

Four pmﬁcies at the corners_' of a pofygon. . '  {Ans. 1=90 ke m2, k=1125J). 73
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14.

15,

‘16.

17.

18.

An electric drill motor produces a 50N m torque. It is attached to 1 m diameter
sanding disk with a moment of inertia of 0.05 kg m?®. Find the tangential velocity of
a point on the rim of the initially stationary dle 0.05s after the motor is turned on.
(Ans 25 ms™")

A man stands at the centre of a turn table holding hlS arms extended horizontally

with 0.5 kg weight in each hand. He is set rotating about a vertical axis with an

angular velocity of 1 revolution per sec. Find the angular velocity of the system

when the man drops his hands downwards. The moment of inertia of the man may be
assumed constant 20 kg m?: The ori iginal dlstance of the weights from the axisis I m

-and their final dlstance 18 0.5m m

(Ans @ = 2, 47 rad s_l)

An ice skaier whose 1mt1&1 inoment of inertia is S ko m’, is revolving about hlmvelf
with an angular velocity of rotation per second. After sometime if the moment of
inertia of the ice skater reduces to 1 kg m? find his angular veloc1ty.

{Ansm=10mrad s B

A star in the form of dust cloud has a radius of 10%m. Tts angular velocity is 1

rotation per heur Fmd the anguﬁar velocity of the star when it condenses to a radius”
of 5x 108 m

{Ans 1.11 x 10° rot &)

Suppose the earth suddenly contract so that its moment of inertia became one-third

_ its present value. How long would be then the present 24 hir. day. (Ans 8 hours per

day).

58 GLOSSARY

Frec-fall ¢ Abody dropped to the ground from a height with zero velocity

falis to the ground under uniform acceleration. Such a fail is
said to be a free-fall, :

Rigid body o DA body is said to be rigid if ail the pdrtwiecs of the body undergo

the same uaﬂs!dtlon as the body itself when subjected to motion,

Wobbling motion : A body undergoing a change in its orientation as it moves is

said to posses a wobbling motion,

Spif rmotion - Rotation of a body about an axis passing through its centre as

it moves round 'another axis.

periphery _ . Outer surface ef an object.
Soniczfsault _ ' . Fall in which one turns heels over “head before landmg onone’s
' feet, '
- Subatomic particles - : Elementary particles like proton, eleciron, neutron, meson etc.
- Luminescence -: Emission of light energy by a body
Nuclear reaction D A feﬁc;tipn'involving atomic nuclei.

P




Vector angular : Angular momentm is a vector. Addition of angular -
momeantum - momenta is o be done vectorially.
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UNIT-6 MOTION OF PLANETS AND SATELLITES
| ‘ KEPLERS LAWS :

Contents

6.1 Anns and Obtectlves

6.2 Introduction :

6.3 Motion of Planets and Satelhtes General Descnptlon

6.4 Motion of Planets Explanation Based on Newtons Law. of Grav1tat10n and

Conservation Laws - Derivation of Kepler s Laws
6.4.1 Kepler s Ist law ‘

6.4.2 Kepler's 2nd Taw
© 6:4.3 Kepler's Third Law
6.5 Motion of Satelhtes
6.6 Summary _
6.7 Sample Examination Questions.

6.1 AIMS AND OBJECTIVES

- This unit explams the motion of planets and satellites. The motion of planets is explained -
by applying Kepler’s laws to it (both qualitatively and quanlitatively). The orbital velocity
of a satellite is evaluated quantitatively. After going through this unit you will be able to
(1} derive the Kepler’s laws of planetary motion from conservanon laws; (2) evaluate the
velomty of an orbiting satelhte close to the earth. :

6.2 INTRODUCTION

' In this unit the motion of planets and satelhtes is discussed on the basis of kepler’s
Laws. With the help of kepler 5 laws the orbital velocities of the earth sateHlite is evaluated _

6.3 MOTION OF PLANETS AND SATELLITES-GENERAL
- 'DESCRIPTION .

The universe is a dynamic system Lonsmtmg of palaxies, stars, planetary systems ete
-which are in 4 state of motion, There is no system within the universe which is at rest. Tt is
the quest of man to gain an insight into his swrroundings. Astronomy is abranch of science
that has been developed dealing with motion of cellestial bodies. Earliest efforts were
directed first to understand our solar system, Ptolemy belonging to 2nd century B.C.
proposed geocentric theory in which he considered earth as stationary at the centre of the

. universe with the sun, moon, planets and stars-all revolving about the earth in comp]ex
- orbits. : _

Nicolaus COpE:lIllCUS assumed Earth asa plant like Venus, Mars and Jupiter. He proposed
heliocentric theory wherein earth was considered a planet rotating on its axis and revolving
about the sun which is considered to be stationary. The rotation of the earth about its axis
was assumed to account for the apparent daily motion of the sun, moon and stars. These -
Le]lesnal bodles are 80 far away, for any motlon o’r the carth to show an observable ehfm ge - 78




in their relative pdsitions’.' The other.fplanéts are also assumed to have motion around the
sun similar to that of the earth as shown in Fig.6.1. '

}'_"ig.: 6.1 Copernican view of the solar system.’

Proper understanding of the dynamic natore of the solar system came into existence due
to the untiring efforts of Tycho Brahe and Johannes Kepler. Tycho Brake collected data on
planetary position for a period of 20 years and kepler made a systematic analysis of the
data. Kepler made a careful study of motions of mars. He tried to fit the different recorded
positions of planet to concentric circular orbits for mass and the earth around the sn. Although -
the observations did not fit to a circular orbit, he noted that mars seemed to move faster
‘when its distance from the sun was less than the average and to move more slowly when it

- was a little farther away. Kepler tried an ellipse with the sun at one of its foci and found that
the data fitted well to the trajcctory witin the limits of observational error. This analysis led
Kepler to discovery that planet’s move in elliptical orbits. After analysing further the data
of Tycho Brahe, Kepler announced thiee laws regarding the motion of planets round the
- i . o o .

1. The path of a planet is ellipse, with the sun at one focus as shown in Fig.6.2 a

@ W
' ~ Tig. 6.2 (a) Path of a planet P, S is sun. : o
-(b) Radius vecior sweeps equal areas in equal intervals of time.

Copernicus concept of circular orbits for the planets was ruled out with this law. Tt may.
~ be said here that the orbits depart only slightly from circularity, particularly in the case of
venus, earth and neptune. o o o
2. A straight-lire joining a planct to the sun sweeps out equal areas in equal times as
show in Fig. 6.2b. This law implies that the planets do not move at constant speed. The
- speed is maximum when the planet is closest to the sun and a mininum when it is
79 farthest from the sun. . ' :




B
N,

C3. The square of the penod d1v1ded by the cube of the mean d1stance from the sum is the "' S
- same quantlty for all planets. - : : :

2
L T
ie, -

‘=constant . _ S S '-'(6.1) o |
ThJS can be seen from Table 6.1 S | ' R
' Table 6.1 Measured characterlsucs of ﬂ1e planets

Planet ~  Mean distance  Period
- - betweenthe - B
- planet and-sun - L
T o T ) .
. - (1061(]11) o © (Years) ., _Tj‘fl‘g.;_. -
T Mercury . 579 - 0241 | 1.243
2, Venus. 108.1 - 0615 1252
3 Barth -~ 1495 C1e00 - T 1247
4. Mas 2278 . 181 1249
50 Jupiter 7718 11862 1246 .
6. . Satum 14260 - - - 20458 1247
7. Uranus | 2869.0 84015 . 1245
8. Neptune 44960 164790 1246
9. Pluto 58990 . 247700 1246

The motion of the planets round the sun in eﬂlptlcal orbits based on Keplers’ laws is shown
in Flg 6.3 ' -

IFig._6I.3 Soiar System " .. 80"
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"The moon is the natural satellite of the earth. It revolves round the earth with a period of
27.3 days. Recent advances in science and technology and major break-throughs in space
travel led to the introduction of artificial satellites in fixed orbits round the ecarth. The
planet jupiter has 12 moons. The motion of these satellites either nataral or artificial, is
governed by the laws of motion and Newton's law of universal grawtaaon

6.4 MOTION OF PLANETS-EXPLANATION BASED ON :
NEWTON’S LAW OF GRAVITATION AND CONSERVATION
LAWS - DERIVATION OF KEPLER’S LAW

The Universal law of gravitation together with the conservation laws governing motion
of objects provides a complete description of the motion of planets and satellites. Each
planet in the solar system may be considered to rotate about the sun independently of the
others. This is because the sun is a few million times as massive as each of the four planets
close to him. The average distance between any two of these planets is comparable to the
separation of a planet from the sun, Hence the perturbing effect of these planets of each
other should be small in comparison with the effect of the sun by a facior of about 106 The
perturbing effect of Jupiter on earth is only 10* times the influence of sun on earth. -

The first law is known as law of orbit. The second law is knowa as the Taw of areas. The
third 1aw is known as faw of periods,. Tha kepler’s laws can be derived from Newton’s laws
and the law of universal gravitation. '

Let a planet of gravitalional mass ‘m’ be moving undel the gravitational attractions of
sun, sun being at the origin. '

.~ This force of attraction is given by,
GMm —
r

F= -

(62)

Fig. 6.4

Whe;e G is the gravitational constant, M is the mass of the sum, r is the distance of the

planet from the sun and/ T is mwst vector along r.

' According to polar coordinates, _ L '
Bem d_z__rgfzzi.'mgg L -
a \de) | rarll @) R )

Where 3 is unit vector along § and perpendicular f Since gravitational force of

attractjon is radial, transverse acceleration of the particle is zero. Hence




d9
. I dt dt '
. on intergration, -

, 40 - |
r’ 7 = constant (sayp)

Then the equation 6.3 can be wrilten as,

With the knowledge of these expressions we_c'z‘m pé'(;‘vc the kepler’s laws. .

T 64l Kepler’s Ist Law:

- © GMm ™ . - . : S
since F=—-—=—71 which is also equal to

d’r - (dBT r S
—y I = 13 -
dt dt A

1t r_n_l dt® dt
or y? jdf Lt
Let r___l _@_:L%
po a8 ptde
dr dr d8
and —_—
o dt dg dt
1 d :
= - 7 _"'H-_‘.(O ) 0]:51-—9-—
W 0 . dt
SRS U VT Y
w do S _ dt
- Cdp
pd@

o dr d"-du ddu(@}
 Similarly Gz de I

ey
(65)

- {6.6)

(6.8)
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__ 2 zdz LB :E_ - . | :
=-p M e { o TF PIJ] | o (6.9)
Substituting these valucs, the equation (6.8) cna be written as -
;v pp!

d6?

—GMp = —pu’ (6.10)

Dividing with p®u? and rearranging the terms, the equ.610 can be rewritten as

dp, p=320 6.11)
de* _p2 '
The solution of this equation can be written as
| .~ GM
p=—=Acosg+—- S : {6.12)
" _ p? | |
. P
. Where A is the constant Multiplying with O on both sides
. 1
. piA 2/GM :
[+ DA (g P/ (6.13)
M S |
This can be compared to 1+e cos@ = N (6.14)
2 A
: p pA S |
. Wh l==— ande= _ 6.15) .
o GM - GM o | o13)

Here both e & 1 determine the shape of the path. Thiscan be an equanon of ellipse or a
circle or a parabola.

Singce ellipse and circle are only closed figures it follows that the plamlets must move
in ellipse about the sun with Sun at one of its foci. The above equations represents an

2 _
A _ -
ellipse with —*—g v, <1 where 1 is the semilatus rectum of the elliptical orbit. If e=o Motion

will be circular,
6.4.2 Kepler’s 2nd Law:
- The area d-A swept out by [ in turning throu gh'angle d6 will be .

1 r’ ' ' - '
dA =—r rd6=—do
5 7 _. (6.16)

If dg is the angle turned time dt, then

‘23




dA 'i"2 dé p
do2 a2
Which is constant. This is keplers sf’cond ldW

6.4.3 Keplex”s 3rd Law:

In case pf an€llipse, the relation between qemlldtus rectum ‘1", semi major axis ‘a” and
semi minor axis ‘b’ is : : . C

t b2 2 . . :
1m=:q.=£%5 . o | {6.17)
So the poriod of the planet T = s cllipse _ xab - ©18)
O the pertad o Hhe piane Areal velocity  p/2 - (6.18)
5 4’}'[28.2]32 . . o
oo T'= ~ Taking Squares o : _ ' {(6.19)
4n’a’p’a _ 4n’a’ -

T? or = ‘
. GMp* .~ GM | (6:20)
Thatis T2 a? - = N ’ (6.21)

This is kepler’s third law.
Worked Example -1:

A typical satellite of the earth moves in an orbit of 5 x 10°m above the earth. The radius
of the earth is 6,37 x 10° m. Determin¢ the period of the satellite. The mass of the carth 13
:398::;102‘”%{(}667:vc10“Nmzk02 o

As shown in the Figure the distance betwcen the centre of the eafth and the satellite is
r=R+h .
=6.37 x 10°m+5 x 10°'m
=6.87 x 10°m

Satéllite moving round the earth,

The period of the satellite T 1s given by

T2'[ﬂﬂ_) - -
' : ' : o -84




2 - cone¥ o :
g 2] ] (6‘?17"10)3 27 = 5.67x10° sec.
7 ) 6.67x107"x5.98x10% e

6.5 MOTION OF SATELLITES

We are living in space age. We are all familiar with sateBite communication Sysiems,
interplanetary space travel establishment of space station etc. When space vehicle takes off
from the ground to orbit the earth as a satellite, its initial take off direction is vertically
upwards. As the rocket gains height control fins are set to make it trn slowly towards a
horizontal trajectory. To find the velocity. that a space vehicle should acquire to circle the

Fig 6.5 Launching. of projectile;s from the top of a tower..

Ttis assumed that projectile are launched horizontally from the top of a tower of several
kilopléters height. When the initial velocity is low the projectile takes a parabolic path
indicated by A, At high initial velocity the trajectory would be B. But at very high velocities
the projectilé falling toward the earth takes the path of a circle of radius r. This velocity is
called orbital velocity. At still higher initial velocities such as D the projectile may follow

. an elliptical path or even escape from the earth’s gravitational field. When the satellite just
takes a circular orbit, then the force on such a satellite will be directed toward the centre of
the carth as shown in Fig 6.6 ' : L

Q.
o Fig. 6.6 Direction of the force acting on the saté]lite. Centre of the earl‘.h_.

When the satellite takes a circular path than the required céntripetal_force i8 prox?ided
- by gravity. Hence the centripetal force F, =T, gravitational force.
85 . s - . f '-




2
Hence Vv =
r

(6 23)

Eq.6 23 represents the orbital ve10c1ty of the satellite. This. equation holds good for any
satellite moving in a circular orbit around any astlonomlca] ‘body through out universe. If -
the satellite is revolving round the earth is close to its surface then we can replace r by R,
the radius of the earth. Under these (,ondmons the cenmpetal force is iust mg where gis

acceleration due to gra\nty chcc

Here R= 6370 km and g=9.8ms?
Now G M =gR*
Using Eq 6.25 in Eq.6. 24 we get .

: _' o 172
v= & ’

- earth.

Worked Example-2

(6.24)

. (6:25)

. (626)

The above- equauon represents the Orbltal veloclty of a satc]hte revolvmg 10und the

.._(6;22)__ B

o

‘i -

A satellite orbits the earth 1000 ki above the surface. Find its orbital speed given the
radius of the carth as 6.37 x 10° m, mass of the carth as 598 x 10?’4 and the gravitational

constant G as 6.673 x 10" N m? kg

_ The orbital velocity. of the sate]hte is glven by _
GM : GM '

V= \
T R+h \_ .

. {6;6673 x107"'x5.98x10% r

6.37x10° +1x10°)

o [6.673x10’3 ]”’ _ [6.673_x10’ r

7.37x10° 737

Worked Exampl'e- -3

One of jupiter’s 12 moons (Buropa) takes'3-.5 daysto.
- -orbit with a radivs of 7 x 10° i, The earths moon completes an orbit once in 27,3 days. The

-rnpléte an ap proximalely circular

orbital radius of the earth’s moon is 4.01 x 10*m. Find the mass of the jupiter given the -

mass of the eatth, 5.98 x20%kg

n
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_ R
C onsujeung the meon rcvolvmg 10und the pldnbt in circular orbit we have the

- gravitational force of dttramon is equal to the centrifugal force i.e.

GMm mv _m{2mr )
(J ey

- =Y =
r. Y v\ T

 Let M, M, M, and M o respesent the masses of the earth’s moon, jupitar and jupitar’s
moon wspuctwuly Let I, and T, 1c,prc,sent the radii of earth’s moow 01b1t and jupitar’s

maon orbit respectively.

Then

GN[emem.___ 1ne:m ?'Tcrcm ’ : ’ ’ | : . . .
. el e

e em E1L

GM. M My 2nr, i
2 T. ’

Ji

I, T

jm jm

G

D1V1dmg Eq. (3) by Eq. 2, we get

2 3
ME ij Tom

.. N2 % 3
~{ 27.3days 7x10"m M
3.5days ) \ 4.01x10%m |
Mj = (7.8)% (1.74564)? x 5.98 x 10% ke

Mj = (60.84) (5.3194) x 5. 98 % 107 kg
Mj=1935x 107 kg .

| Worked Example -4

A satellite at a distance of 7 x 10°m from the earth takes 90 minvtes to complete

one rotation. If this satellite is (0 be placed such that it remains stationary when viewed by

an observer on earth find the distance of the satellite from the centre of the carth.

A fixed satellite must orbit the earth in an cquitorial plane every 24 hours travelling
west to east. Then it turns about the earth in the same sense and at the same rate as earth
spins about its axis. Usmg Kelpler’s third law, we have

18]

R =7 x 10°m, T =90 x 60 s, T,=24 x60 x 603
_ | o
R} =(R, )| %
®)|%]

R3 - 24x60%60
Ra= (7 0)3[ 90x60 }




R} _;'(343)10“;@16[5488310”-] oo e

=3/5488x10°m ~1.76x10"m .

6.6 SUMMARY

Johannes Kepler proposed the Jaws govemmg the moUon of planets 10und the sun.
1. The path of a planet is an e]hpse with sun at one of its foci. '

2. The radius vector_]mnmg the sun and The p_Ianet sweeps equal areas in equal intervals of -
time. - : _ : :

3. The square of the period of any planet ahout the sun is plOpOl'[IOIldl to the centre of the
planets mean distance from the sun.

A satellite is a body revolving round a planet 1he 0rb1tal vclocuy of sate]hte is gwen |

by o
_ [GMTQ

V= ——

T

Where M is the mass, 1 the radius of the satelhite.

6.7 SAMPLE EXAMINATION QUESTIONS |
L Answer the Following Questions in About 30 Lines.

L. Discuss briefly the basm developments in science that lead to a pmper understandmg L
of the motion of planets in our selm system

2. Prove that the path traeed by a planel round 1he sun is e]hpueal from enelgy_ B
considerations of the system. : : - S

) _ Show how Newton’s Taw of glawtatlon and eonsewanon laws governing motmn are
useful in proving the second and third laws of Kep]er

I Answer the Following Questmns n About 10 Lines.
1. State Kepler s laws of planetary motion,

2. Whatis a satellite? Show that for a satellite movmg elose to the earth orbital vcloeﬂ;y _'
s given by \r-(gR~l1)”2 '

EIL Solve the Fellowmg Preblems'

.

1. . Oneof the satelhtes of a planet revo]ves 10und it once in 5 days. The radius of the L
_ orbitof the moon is 51(106 ki, Deterrmne the mass of the planet.  (Ans: 39.67x .
' - 10%%kg) -

20 Determme the period of mercury for which the seni - major axis of the orbit traced
S 'by it round the sun is 5. 79 x 10" m. The mass of the sun is 1.97 x 10%° kg. _
' (Ans 7.64x 108 see)_ :

30 An art1f1c1al satellitc i is to be placed in an 01b1t about the earth in the plane of 1ts o8
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equator so that it appears stationary to an observer on earth. Find the radius of the
orbit. . _
{(4.22 x 10'm)

A satellite is placed in an orbit of the moon at an altitude of 100 km above the
moon’s surface. Determine the orbital velocity of the satellite and all its period. The
mass of the moon is 7.355 x 102 kg and the radius of the moon is 1.1738 x 10°m.

' : (Ans: 1.634x10° ms™" 1.964 hrs)

The period of rotation of one of the moons of jupiter in 1.53 x 10° sec. The radius of
the moon’s orbit is 5 times the radius of the planet juppiter. Determine the density of
jupiter. '

(Ans: 1050 kg/m?)

The distance between the planet mars and sun is 1.524 times larger than the distance
of the earth from the sun. Determinc the period of mars round the sun.
(Ans: 1.878 years)

Determine the period of a satelite revolving round the earth from a height of 900 km.
(Ans: 196 s)
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7.3 AEMS AND @BJE(,TIVBS

‘This unit discugses ihe Lonceim of gl&vﬂdnon&l field and gmvitdtlon_ﬂ potential of a
bady at a gl\’t‘fl point.

i cxplains that the existence of g gravitational field is due to the afiraction between any
two bedies., and the graviational potential due 10 the point in gravitational ficld. Afier
going thtow_h [hlS uait you will beable to (1) evaluate the binding emlgy of a ﬂ.ysaem 01
particles;

(2) Jearn that the gmv:tauonal tHeld strength dccz :ases as the distance INCIease

1.2 ENTR@BUCTE@N

Tt this unit wo shall discuss the concept of Gravitational field and gravitational potental.
By using the concept of Newtons universal law of or’wmauon (17th Century) ‘potential
energy mn a gravitational field.

7.3 GRAVITATIONAL FIELD: FIELD STRENGTH

Rewton’s Universal law_of gravitation envisages altraction between any (wo masses.
This is due tothe fact that each mass exerts a force on the other. This may be considered to
bc due fo direct mteraction between the two mass particles 3.¢. action at a distance eventhough
the particles are notin contact with each other. The attraction between any two mass particles
can also be ezxplained via the field concept which regards a mass particle as modifying the
space arond it in some way and sefting up a gravitational ficld. This ficld acts on any mass

particie placed in it by exerting a force on it. The field concept is more conceptual than

action af a distance. Hence the force of attraction between any two masses can be explained

~through the existence of gravitational field. To do this we have to {irst determine the field

established by a given distribution of mass particles and then caleulate the _LUI.U’ that this
'_ﬁdu exerts on another reass particle in It.

S0
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The field concept associated with a mass particle may be given & quantative embodiment
by defining a field sirength at any point as the gravitaiional force that a unit mass would

-experience if placed af that point. The field strength is a vector quantity and the direction

of {ield strength is the same as that of the force.

Let us now cxamine the gravitational field associated with earth. Whenever 2 hody is
brought in the vicinity of the earth, a force is exerted on it. The direction of this force is
toward the centre of the carth. Its magnitude s given by mg. We can now associate with
each point near the earth a vector g which is the acceleration fhat 2 body would experience
if it were released at this point. -

g defines the gravitational field strength

According to Newton’s Unpiversal Iaw of gravitation

F = GMm/r’ a2
Substituting for F from equation 7.2 in cquation 7.1 we get
[=F/m=0Mn" _ (1.3)

‘The gravitational field around the earth is shown schemetacaliy in Fig. 7.1. The arrows
shew the direction of the field as every where radially inward. The seperation of the lines
show that the field is strongest at the surface. Forevery point at the same distance from the
cenire the field mtenblLy I has ihe same magmtude As the distance increases the field
suength dccmase

Fig. 7.1 Gravitational field around a spherical mass M.

The gr av1tat10na1 field is a vector field. Since the gravitational field due to a glven mass
does not change with time it is called stationary field.

The field concept j 18 more conceptual and usefl than the action at a distance concept. It
was first Faraday who used the ficld concept to describe the forees between moving electric
charges. It was Albert Finstein who utilised the fiedd concept to explain the phenomenon of
gravitaion in developmo his guleral theory of relatwlty :




7.4 POTENTIAL ENERGY IN A GRAVITATIONAL MELD -~
GRAVITATIONAL POTENTIAL

Consider a particie of mass m sitnaied ar some point A acted upon by the gravitational
field due to mass M situaied at the point O as shown in Figure 7.2

g

e
rﬁ . cﬁg" 8

Figure 7.2 Motion of a pariicle in a gravitatinpal field

The centre of the gravitational field due to the mass M hesatthe pomt { itseli. The tuta[
erergy of this svstem is constant. When the mass i 1S ai a distancer ¢ , from a centre O, 1t
pogessess soine Kinetic energy and some poteniial energy. o obiain an expression for the
potential energy of the particle m let us evaluate the work done 'on the mass m. 1o move it
from A to B along the path AR, '

The work done i moving ihe masg n along the palﬂAB through a distance ds 18 gm}ﬂ

-

oy
dw=5F5=FScosfi ) R : D _ 74
As per the figure 7.2 ‘
dr—dasCos® . | | S ay)
Hence dw = Fdr R S : {7.6)

. The total work done in moving the mass m from A to B is given by

.m:jBme'_- N B @7)

The tOtdl work dong on the :system depfunds only on [he posmom of [hb particle A and

B and not on the path traced by the particle. The work done in moving the particle from A

0 B results in the form of a change in the potential energy of the particle. If the potential
eneigy of the particle ai A is U, and at Bis U, then

~w=Uy-U=-["Far gy

~ Since the {orce F is the gravitional force of amacrmn we' can’ write -
' F=-GMm/r* _ - (7.9
~ Hence ' ' a '

gy




~w=Uy=U, = -GMm /2 ICATY
' A

—WzGMme ar (7.11)
I'
S T T
—-W= CMm —_——— o oL :
Jﬂ [TB TAJ : 712

The potentizt[ energy of a parﬁcle at soms point P in a gravitational field can be given by
the work done in moving the particle from some reference point to the point under

consideration. Let the reference point A be at oo ‘"hea = oy iy =t

Henbb cquation 7.12 can be written as B N :
U =GMmr | {7.13)

' o
U, -U,, =U, -o= —GMmfi_fgj (7.13a)

The minus sign indicates that the potential energy is negetive at any finite distance. The
potential energy is zero af infinity and decrease as the separation distance decreases. This
incticates that the gravitational force cxerted on the particle by the earth is attractive. As the
particle moves from infinity to x, the work done by the 01av1lauonal force on the particle is
positive indicating U(l) to be negetive.

Equation 7.13 indicates that the potential enmgy of the particles M and m is a
characieristic of the system. The potential energy is a poperty of the system as a whole.
Either M moves or m moves as the potential energy of the system is changing. Usually if M
is large {earth] we speak of the potential energy of toass m given by the cquation 7.13. This
is because whon the potential energy changes it is reflected in a change in the kinetic
energy of the larger mass M which is practically zero. A change in the potential energy of
the system is reflected in a change in the kinetic encigy of the lighter mass. Tt is in this
Sense we speak of the potenﬁal cnergy of smail mass m as given by 7.13.

The potential energy of unit mass in a gravitational field is deﬁned as gravitational
potential. The gravitational gotential V is given by :

V=U/m=-GM/r : (7.14)

The gravitational potential of a particle dupunds on thu mass M 1c,:~,p0nslblc, for the
gravilatiorial field and the distaunce of the particle from the centre of the gravitational field.
Like. gravitational field strength the gravitational potential also describes the nature of
gravitational field. But there is a subtle difference between these two parameters. The
gravitational ficld intensify is a vector and the gravitational potential is a scalar, -

The gravitational force can be obtained from the potential energy. For a spherically

~ symmetric. potential energy function.

-dU __ (-GMm/r)
dr dr
-GMm

B N (AT

F= (7.15)
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As usual the minus sign md1catcs that the force is attractlvo dnectcd mward along a
radius oppos1to to the rad1a1 dlsplacemont vector

75 POTENTIAL ENERGY OF MANY PARTICLE SYSTEMS

Letus cons1clor two particles scparated bya chslance I. Thelr potsnuai energy is given by

Ucm' -W,, o I | (717)

' Inthe above equauon W, represents the work done by the grawtailonal foroe in bnngmg-_r

the particles from infinite separation to seperation r. L
- Letus consider a system of 3 particles of mass m,, m, and m,. -

Let the intial distance of separation between any two of the particles be mﬁnlty Letus
now calcanjate the work done in brmglng threo partlcles to the conﬁguratlon shown in Flg
7.3. ‘

Fig 7.3 Conﬁgurat:on of m1 m2 m3 brought from mﬁmty

The work done by the pravitational force in bringing the m, and rn2 from mﬁmtc-

separation to the separation r, is given by

" Gm,m
“f _ 1 2
. 12 —

(7 18)

s

Let the mass m, be brought from mﬁmty to the sepalauon Iy from m, and L, from m, -

The work done by the gravitational force exerted by m, on m3 i8 given by

' GM M, . :
W= ' (7.19
C WestR | 1.19)
‘Similarly the work done by the gravitational force exerted by m, on m, is given by
Wp=—22 0 o
_ Ry, _ _

The total work done in assemb]mg the system as shown in ﬁgure 7 3 is gwen by the
total potenual energy of the system.

, Gm,m Gm M, Gm m
~-W=U 12 ¥ 3 23
Lia - s Irs

(7.21)

94



Eq. 7.2 indicates that the work done in assembling a system to a particolar configuration
depends only en the configuration and not on the way how the configuration is achieved
from and injtial infinite separation. Hence (he potential energy must be associated with the

‘system as a whole and not with any one or two particles.

‘The cnergy required to isolaic the masses of the systen where the separation bctwccr_t
cach particle is infinity is given by the guantity

Gm m, N Crnymy, N Gm,m,

: (7.22)
Ity T3 Ly3

and this is called the binding encrgy holding the particles in the configuration shown in
Fig. 7.3 ' '

- Worked Example: 1

For example ket us calculate the biading energy of the earth-sun system. For simplicity
let us neglect the influence of other planets and satellites on (e motion of earth round the
sun. The work done against the gravitational force to bring the earth and sun from an

infinile separation to a separation R, is

_ GM M
TEs T R

N AN
Using M,=6 x 10* Kg M, = 198 x 6 x 10%kg.and R__ = 150 x 1(’ m
We get '

W~ -6673x10 x6x10%x 198 x 107
£ 150 x 10"
=5281 x T0P3 T _
The minus sign indicates the fbrce i3 aitractive and hence the work is done by gravitational

- force. The same amount of work is required to be done by an cutside agent to separate

these bodies to infinite distance when the earth-sun system will be rest. Since the earth is

- moving round the sun it has kinetic caergy which will be haif the magnitude of the potential

energy of'the earth-sun system. Hence only half of the work W is required to break the
system. Assuming that the earth-sun system will be at rest after break up, the elfective
binding encrgy is given by.2 64 x 107,

"The gravitational potential energy is associgted with the configusation of the system of
mass particles held together by gravitational force. The gravilational potentiad energy is
stored in the gravitational field of the syster of particles. A change in the configuration of
the system of particles or in the gravitational field results in the chan ge in the potential
energy of the system. ' ‘ ' |

7.6 ENERGY CONSIDERATION IN THE MOTION OF
PLANETS AND SATELLITES ) :

. Let us consider the motion of body of mass m say that of planet or satellite about a
masstve body of mass M say sun in the case of planets and planet in the case of satellite.
Let us also consider that the mass M is at resi in an Inertial reference frame {(sun in the case




of planetary qystem and earth in the case ot moon and artificial satellites). Let Lhe small
body m be moving about M in a circular orbit of radius r as shown in Fig.7. 4

Fig.1.4 Mouon of satellite (planet} of ‘Mass m moving round a planet (eun) of mass M.

'Ihe potential energy of the system 1s given by

X = (1/2)me’r* o - (7.23)-
The kinetic energy of the system B '
GM/t =’ : (7.24)
Since the mass M is at rest |
K-(1/2)GMm/t | '_ (129
£g.7.24 can be written as ' |
E=K + U= % GMm/t-GMm/r -+ - . (7.26)
The total energy E of the system is ' '
E=-GMm/2r | - S (7.27)
. or . : '
U, =-GMm/r

Fquaﬂon 726 indicates that the total encrgy is cons1slant and negative. The k1ne1c energy
Can never be negative. At the most it becomes zeio. The potential energy is always negative
becommg zero at infinite separatio. These aspects are ilustrated in Fig.7.5

»

L

0 _
A

Fig.7.5 K.1J and E vegsus r for a body of mass m moving in a ci_réular orbit around amass M

The total enexgy of the system being negative indicates that the system is found - %
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77 SUMMARY \

The aitraction between any two bodies can be explained as due to the existence of
gravitational field, the gravitational field strength I of 2 body of mass M at dny point r is
given by [=GM/A?. The gravitational field strength decreases as the distance increases. The
gravitation potential at any point is given by V=GM/r. The binding energy of a system of
particles is equal to the amount of energy required to isolate the particie of the system.

7.8 SAMPLE EXAMINATION QUESTIONS

L Answer the Following Quesﬁans in About 30 Lines.
1.  Derive an-expression for the bin di_i‘ig energy for a system of particles.

Show that the total energy of a system of particles is constant taking the hound
system like earth and sun.

II.  Solve the Fo]_lo_.wing Problems

1. Three patticles of mass m, =10 kg m, =20 kg and m, =30kg aré at the comers of a
right angled trian glc of bldcb 3m and Sm. Determine the binding energy of the system.
: {Ans: 11.1 x 10

2. Deiermine the gravitational field sn'ength of sun at 5 x 10° km from ifs centre. The
mass of the sun is 198 x 10* kg, :
' ' (Am 264 % 10BN kg)

3. Determine the gravitational potential due to earth at a dlstance of 10* km from the
centre 01 the carth. The mass of the carth is 6 x 10% kg.

4. An artificial sateflite of mass 100 kg is revolving round the earlh at a distance of
104km from the earth. Determine the binding energy of the qyslem The mass of the
earth is 6 x 10 kg,

(Ans: 3.125x10%)

5. What will be the velocity of the projection of a body so that it Lcaches oa helght
cqual to the turce three radius of the earth {9230M/Se]

6.  Calcuolate the gravitational potential energy of the system of three masses each having
a masa of 10kg and sitvated at the corners of a square of each side of length 0.25M.

40043 G{1245 )]
7.9  GLOSSARY -
Telescope © Instroiment used lor observing distant ob‘iects
Relativity Theory . Abranch of Physics dealing with the motion of paliu.,lus with
: velocities comparable to that of the velocity of light.
Quantom Theory © A branch .of Physics dua?‘rg with the motion of 1 'mc,msa,opu,
particles.




Browaian motion

Ceantripelal acceleration
Yadivs veclor

Kinetic energy
Polential energy

b I .
Binding eneigy

. Zig zag motion of atoms and molecules of a gas or liquid.

Acceleration of a rotating body divected toward the cenire of
the orbit.

The line joining the particle in circular motion and the cenire
ol the orbit.

Fuergy possessed by a bedy by virtue of its rootion.

Energy possessed by a body by virtue of its position.

Vpergy required to hind a sysicmn of particles from seperation.
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8.1 AIMS AND OBJECTWES |

ThlS unit dm,usses the lerm colhqmn CrOSS- secuon and the evaluation of it in different
situations.

The terim “Collision Cross SBLEOH 15 explamcd quanmatweiy

After going through this unit you will be able to explain collision cross sectton as ihe
probability with which a particular collisior can take place.

8.2 INTRODUCTION

A nuclear reaction may takes place whenever an incident particle coliides with atlarget

particle. 'Fhe natare of collision between nuclear particles can be described by the impact
parameter. In defining the impact paramcler we can consider the target particle to be at
rest. But in practice we cannot define that track of the incident particle or the location. of
the target paiticle precisely. Tt is not possible to isolate the incident particie and the target

particle and study the collision process particularly when the particles involved are atoms

and subatomic patticles. The collision process has to be dealt with in a statistical way. To
study nuclear reactions in detail it is necessary to havesd quantitative measure of the

probability of a given nuclear reaction. The quantity most often employed is the colliston.

cross-scction. Let us now study how cross-section for a nuclear reaction can be cstimated
and its impartance in the understaing of nuclear reaction processes.

8.3 COLLISION CROSS - SECTION

Before we go in to estimate the cross-section for atomic collisions let us analyse
inferaction between macroscopic particles and cstimate the corresponding collision cross-

section. Consider random firing of bullets from amachz.  gun on to a barn where a number -

of plates of area ¢ are hung in a randoin manner. Let the number of plates be n and the
rate at which bullets strike the barn be R . The rate at which the plat@s are: b10ken is given
by




- R=Rfonjya =~ T 5 )
Here ‘o n° represents the total area of all plates. S o
o Nowo=RARn . - . = S @82
o can be determined by measuring RAR andn - | o L
o . represents the cross-section for the event consisting of the impact of a bullet on a _' _
- plate, . _ : o - B :
- If we éon,sider a more restricted event like the bullet breaking the plate into 10 pieces
then the rate R at which events of this type occur is much less than the rate R at which ‘
- each plate is hit. If o || represents the cross-séction for this type of event to occur then
o I Gm=R10A’_'Ron..- o ' - . .. : (8.3)
'c's . 18 obviously not equal to the geometrical arca of the plate but will be much less
“than that G ,, is a measure of the probability of occurance of the event of a plate breaking
into 10 pieces. ' _ - . -
* Depending upon the nature of the event we can assign a corresponding cross-section for
the event to occur. None of these cross-sections necessarily has anything to do with the
~ geometrical area of the plate, The cross-section simply represents the probability for the.
particular event to take place. The gencral relation tor events of type - s take place is given

by. -
Y RA ~) o
G = L . - : ) 3}
o s R, e -~ | (8.3.&)
- Where R represents the number evenis of type s and O is the cross section for such
- ¢vents. | : ' : S

- If N is the niumerical density of nuclei (mumber of nuclei per cubic meter) in a thin sheet
of target material of thickness t, the number of nuclei per unit area of tarpet material is
given by Ni. ' - :
-~ the rate at which the projectiles strike unit and of the target "
" We can write ' " : '

- If R represents the nuniber of collisions per square meter per second and Ro represents

| R=R (Nbg ”_*-N:;_' (84
The collision Cross-section - ¢ - can be expresseéd as : ' 3
o =R/R Nt | - . (8.5)

o can be measured if we know R, R, N and t. The cross-secion for collision is defined
- as-the number of collisions per unit volume per second for unit incident flux and unit
nuclear density. Cross-sections are commonly expressed in barns. - '
' . lbamn=10"%m> o
Check your Progress 1~

What is the unit of a cross-section?

ATOMIC COLLISIONS .

a

84 COLLISION CROSS-SECTIONS - APPLICATION TO

lb:é In nuclear physics we generally have situatiolns where the térget_matf:ﬁals are bombarded




by.nuclear partlcles acceleralcd 10 lngh energies in order to study the parﬂcle mteractmns
‘or reaction processes. By measuring the rate at which:a particular. event takes place the -
cross-section for that particular event mdy be assigned. For example let us consider a thin -
foil of alluminium AP’ bombarded by deutrons (1 H* ). Many events may take place
depending upon factors line energy. These events may be (1) elastic scattering of deutrons. . -
into the forward hémisphere, (2) elestic scattering of the deutrons into the backward
hemisphere (3 inelastic scattering of deytron between the angle 30° and 60° with dlrectlon-

of the mudent bedm and 4 the nuclear reactions of the type.
1) BAT H 5 Me¥ +2He
i) LA+ H '—»lsAIZ" +H'
111) A l‘7 +1H2 —>MSl28 +.n'
iv) LA 12” +, H2 —>uNa +2He +1H‘

Ea(,h of the above events has 1ts owu cross -section ox . Say 0' csa, o (d or.)

G (d,p) o (d,n), o (d, o p) and are called cross-sections for elastic scattenng, cross-section -

for inelastic scattering, Cross-section for absorpnon -and cross-section. for particular type
of nuclear reaction ete. To determine the cross-section experimentaly, usually the number

of events of a given kind is counted. The cross-section for a patticular process is determined .

| using the Eq 8.5, The collision cross—sectmn corresponding to the eftect of all poss1ble

processess is called the fotal cross sect;lon Cy. It is g1ven by the sum of the cross sectlon for
all possible reactions. : _ : . ‘

A rough estimate of the cross section for nuclear reactlons can be obtalned as fo]lows

- The radius of a nucleus can be exprt,ssed as

r=1. 1A“'3x 0¥%m o A | E (._8-6). N
WhereA1s the mass number | o ' S -
o= = (L. 1) AmxlO 30 e

tor a nuclues of mtennedmte mass A 125, Hence.

G= n(l 1?2 (125)2’3 x10% m
=0.95x10%m?
s or= =(0.95 barns

Eventhough it is simple 1o con31der the cross-section as target area and get a rough' :

" estimate of its magmtude by calcalating the geometrical cross-section, it will not represent
~ the true meaning of cross- section pertaining to a nuclear rection process. The experimental

meaning of the cross-section comes from its use as a measure of the number of nuclear

events which oceur under a given set of conditions. Nuclear ctoss-sections are found to
have values ranging from a small fraction of a bamn to hundreds of thousands of barns and
these values many at times differ greatly from the geometrical cross- sections. A given

‘nucleus may have different cross-sections for different nucle.. ractions and values represent” -
_the relative probabﬂmcs of those reactions. Under certain special conditions the scattering
. Cross-section and geometncal cross-section can be related directly. The measured valies.

N ot scattenng cross -sections may beused to determine the radms of the nucleus ot the target
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material. The elastic scattering of neutrons with energies greater than 10 Mev is an example
of one such reactions. For intermediate nuclei (A z 125) the total cross-seciion is given by.

G, =2m’ - - (8.8)
o, can be determingd by transmission measurements and hence r can be determined.

The results of an experimental study of a nuclear reactioit can be expressed in terms of
the number of processes that fake place under a given set of experimental conditions. We

- may also express the results of a nucler reactions in ferms. of the cross-section for the

reaction. The advantage of the use of the cross-section is that its value is independent of the
flux of incident particles and density of the material used as targets. When g, isknown it
is possible to predict the number of reactions that will take place when a sample of the
nuclide 1s exposed te a known flux of those particles for a given length of time. This kind
of information is necessary in many practial problems like manufacture of artificial radic
nuclides. Hence cross-sections are a valuable form of nuclear data. _
Cross-sections always depend on the energy of the incident particie, often exhibiting
sharp peaks as the energy 1s varied. This indicates that at certain specified energies certain
types reactions are more likely to take place than at other energies. The cross-section as a

function of the energy of well collimated neutron beam as they pass through cadium is
presented in Fig.8.1 C '

Fig. 8.1 Cross section versus energy of neutron beam, target being cadmium

The processes to which the cross-section - o - in Fig. 8.1 refers are processes like elastic
scattering, inelastic scattering or absorption leading to the removal of neutrons from the
collimated beam. The member shown at the peaks represent the type of cadinm isotope
responsible for that peak. The sirong peak labeled “113” that occurs at 0.17 ev energy of
neutron beam is caused by the reaction.

2Cd s nloed” ry (8.9

- Here y represents gama ray. This reaction for which ¢ is 7600 barns is responsible for
the very large absorbing power of cadium for slow neutrons. It is because of this high
absorbing power cadium rods are used to control chatn reaction in a nuclear reactor.




: The discussion presented above indicates the applicability of nuclear cross-sections in
" many partical situations and heace important in the study of nuclear reactions.

' Worked Example - 1

o particles from a polo_rﬁ_um source are allowed to Strike_ a gold foil 4 x 107 m thick.
About 1 in 6.17x10° are scattered backward. The number of gold atoms per unit volume in
the foil is 5.9 x 10%/m* Determine the cross-section for backward scattering.

The fraction of o - particles scattered=Nt ¢z '

. b 8 -3 7

=39 x10"m™ M.0x107m

0.17 ( X - }1
1

T 6.16x10° x5, 9x}023y‘4nw‘7

= 4.9 barns.

_69x1028

Worked Example -2

A gold foil.of 0.0005 m thick is irradicated for 16 minstes with a beam of thermal
newtrons with a flux of 10% neutrons/m? sec. The nuclide Au'® with a half Hfe of 2.7 days
i& nroduced by the reaction Au™ (n, o ) Aw'®®, The danmty uf gold is 19.3x10° kg/m’ and

the cross-section for the reaction is 98.6x10% m?, Determine the number of at oms of Au' -

producad per square meter of the foil

The ¢ross-scction for the nuclesr reaction is given by 9.~ RNt
_ o ]

Where R represents the poiaber of collisions per Souaru mefer per sec R, is the ftux of
projectiles. N is the number of atoms per unit voluine and t the thickness of the target.
Ax per date given in the pmblcm
=987 x 10%m* R = 10" neutrons/m? - sec
t=0.0005 m. o

6.02 x10% x19.3 x 10°
197 x 10°

No. of atoms per unit volume =

=5.9 % 10% / unit vol.
LR=R, Nto
R=10"x509x 102 x 98.7x10% x 0.0005
R=02912x 104 |
Total number of Au'® produces  [=0.29x 10" x 10 x 60
Whea irradicaied by neutron flux for 10 minttes [ =1.75 x 10" atoms

85 SUMMARY

The collision cross-section defings the probabitity with which a particular collision can
take place. The collision cross-section for nuclear reaction is expressed as
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:R:.'
R Nt

Where R represents the col]1510n rale per unit area and R represents the rate at whmh .
" projectiles strlke the target per un1t area N and t represent the nuclear density anrl thrckness_
of the target ' : -

8. 6 MODEL ANSWERS

Check your Progress 1

Cross sectrcn are expressed in barns wh1ch 8 equal to 1028 1112 -

87 SAMPLE EXAMINATION QUESTIONS

. I _Answer the Fo]lowmg Questlons in Ahout 30 Lmes

1. Explain the tenn “Co]]1s1on Cross-Section”. Derive an expresswr for cross’ sectlon :
o for atomlc colhs1ons s L _

o _ 2 'Dlscuss the 1rnportance of CLOSs- secnon in the stt.dy nuclear reactions,
a II - Answer the Followmg Questlon in About 10 Lmes |
| ._ - Define co]l1son c1oss—sect10n and unpact parameter
' lII _'Solve the Followmg Problems _ " ._
1. A beasn of fast neutrons n:nports ona5.0mg sarnplc of Cu®

A pOSSlbﬂlty may exist that a copper nucleus may captute a neutron to form Cg%

- which is radioactive and decays to Zn® which is stable. From a study of the electron
emission of the copper sample it is found that 4.6x10" neutron captures occur each
second. The intensity of the reutron beam striking the target is 1.1 x 1013 neutrons/

' .rn2 sec. Determme the neutron capture cross sectiori in bams for the process involved.

- > ' (Ans on, capture 90 barns)‘

2. A beam of slow neutrons stnkes an alummmm foﬂ Some neutrons are captured by _
' the: alurmnum which becomes radloac‘nve and delays by ennttmg an’ electron as per
the fo]lowmg reactron R . :

Cem "‘131(%l —9'28S128

o If the neutron ﬂux 183.0x 10° 1‘5/1112 sec. and the transmutanons takmg place are42x

- 10"/m? determine the nuclear surface dens1ty of the target if the cross section for the.
o above reactlon is 0 23 barms CETE L
' : - T (Ans 6 08 X l[)23 atoms!mz) '

3. A mtroget molecule rnovmg in the X- dll‘f:CthIl with a velocny of 800 ms 1rnalv:es a
- head on colhsron w1th an oxygen molecule :




Atter eolhsmn the~n1t10gen molecule comes to a dead stop Detel mines the 1n1t1a1
~and final veloemes of the oxygen molecule. The mass ot mtmget moleeule is 28
a.mau. and the mass-of oxygen is 32 a. m 1.

(Ans V 50 1ns1 V—750 ms 1)

8.8 -~ GLOSSARY -

Nuclear redaction

‘ Nuclear foree

Compound Nucleus

‘ . Mode1at01 Malulal
Fission -

lev (Electron Volt)

A nuclear reaction mvolves the Imelactmn of a nuelear pamcle
with an atom leading to a: product particle and product nucleus.
Theproduct particle may be the incident particle ora new partlcle
The product nucleus Conversation of moreentum and energy hold
good for the nuclem reaction.

Itisa short range attractive 1mce responsﬂjle 101 bmdm g nuehdes
inside the nucleus

A compovnd nucleus founs when the mcldem pdrucle iy absorbed
by the target nucleus. This takes place. in all nuclear 1eaet10ns
The compound nucleus decays in a short time of the order of 10 8
sec into product nucleus and ploduet particle.”

Matel ial used i i a huclear reactor to:slow down the fast newtrons:

Dlsmtegt dt101‘l of hedvy nuelel when bombareded by neutrons into
hagments Wlth the rele'lse ot energy and nuelear pamdes

eg. . +92U23’~+515b +ﬂyt 4, He +( )+4

Amount of ener gy requir ed 10 rise the poten‘tlal ot an eleeuon by
1 volt. It 1s equal to- 1 6x10‘9I
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UNIT-9 SIMPLE HARMONIC MOTION' e
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91 AIMS AND OBJECTIVES

This unit d1seusses the eharactersncs of sunple hannomc motion. In order to make you_ _
understand the concept and its chatacteristics. The potential energy of a particle undergoing -

_ Harmonic motion is evaluated quantitatively and the equation of a simple harmonic oscillator

- - and its solution treated analytically. After going through this unit you will understand that

the resultant rnot1on of two simple harmonic motions will have the shape of a straight lme_-

- or circle or an ellipse. The shape of the resultant curve depends upon thelr trequenas '

phase d]fference and amphtudes of the harmomc motmn

.92 INTRODUCTION

_ Any type of motion whlch repeats 1tse]f at equal intervals of time is called a penodlc .
~_motion or harmonic motion. Motion of planets round thé Sun and of the Moon round the

- carth are examples of periodic motion. If a. particle in penod1c motion moves to and fro
-gver the same path, it is called oscillatory motion. We have innumerable examples of

- oscillalory motion in our daily life. The motion of the hoh of a snnple pendulum or the = -
motion of weight attached to-a vertical sprmg and pulled down are examples of oscﬂ]atory‘ '

- motion. These are examples of mechanical oscillations. We also ‘have other types. of

- oscillations. Radio waves and visible light are oseﬂlatory magnehc and electnc held vectors '
- We also have oscﬂlanons of atoms in molecules ' - :

_9 3 HARMONIC MOTION

As ment1oned earher any repetmve motlon is (,a]lod harmomc motmn Thetlme requued S e
SRR § SR

- tol one. oscﬂlauon of to complete one eyele is called time penod (T)




: '_The_ number of oscillations p.er- unit time is called f_te’que_ncy ()

f=m 9.1y
e __()

In MKS's ystem the unit of trequen(,y is cycle per second or Hertz (not Hertz per second).

' Let us consider the case of mechanical oscillatory motion. Let a particle oscillate between

- fixed hmlts along a stra1ght line as shown in Fig. 9.1

| S ——
8 0 . m A_

Fig. 9.1 A particle of mass ‘m’ oscillating belweenA and B

- The position at wh1ch the net force actmg on the parucle is zero 15 the equﬂlbrmm-

. position.

The velocity and acceleratmn of the partlcle and-the force actmg on it vary penodlcally
in magnitude and direction:

The potential energy function of a pamcle unde:gomg harmonic mouon is minimum at
its equalibrium posmon where the net force is zero. '

The force acting on (he partlcle at any posmons is denvablc frorn a pmentlal energy -

| function (U) and is given by

dU o S _ o
FE | | | 0y
- The force is a restoring force in the sense that it always tends to accelerate the pamcle
in the direction of its equﬂlbrmm position.
The total meclianical energy for the oscﬂlatmg pamcle : : :
E=K+U - _ | o w&
Where K is kmetlc energy and U is potential energy. The total energy E remainis constant |

if no non-conservative force such as frictional forces act.

112

: Onc torm of potentml energy Uas a funcnon of xis plotted in Flg 92

. .ugq.-

el

]
l . - e, :
e bt S

F1g 92 Potentlal energy Uasa functmn of dlstance b4 from equﬂ1bnum position for harmomc motion

" The slope ot the curve at any point gwes numenca]ly the tmce ac,tmg at that point

(smceF_fﬂ)' '




Atithe equ111br1um posmou 0, the slope is zero. This j js as it should be, since the force B

-is zero at the equilibrim posmon

Let total energy be E and let the 01d1nate Lonespondmg to 11115 enelgy cut thu potennal

energy curve at A and B. Then the ahscissae corresponding to A and B (x, and x,)arcthe

limits and the particle cannot go beyond these limits. This is seen as follows: .

Suppose the particle is at some point C where x> X Then the Poteniial e'ncfgy
corresponding to this point is greater than the total energy E. :

This would mean (from Eqn: 9.3) that kinetic energy is negatwe which is physmally .

1mp0381hle The Hmiting positions X and Xh are determined by the total energy E and
different energies will correspond lo different ]mmng points. These limiting points are
called turning points because at these points the particle comes fo rest-and then turns back

to travel along the path along which it has come. Fullhet in the most general case X and X,

need not necessarily be equdl
. Check your Progress 1

A Herizisa unit of_

9.4 THE SIMPLE HARMONIC OSCILLATOR

- In -ﬂlt‘, previous section. we treated U in general without giving a specific 'functi()nal
form to it. In this sectmn we cons1del a pdm(,ulm case wh1ch 18 ot great nnportame in
- physics. - /. :

Let an oscﬂlatmg pamde be Subw(,ted toa potemml Wthh is a funcnon of x i‘wun by

'U(x):_zkxg ) o o (974)_ o

- where k is a consant -

dU

() dx_ S (95)

The particle i 1n this case is called a mnple hcumomc Oscﬂlatm and '[hb motlon 1s Laﬂed

simple harmonic motion:

The potentlal ene1gy curve in this case is %yinlneﬂ'ic about the y- axis This is obvious

from the form of U(x) Eqa. (9.4). The 11m1ung posmons are equally d1stant from the -

equ111b11um pmmon ie, (x *)\h)

The potential enelgv function as glvcn By Eqn (9 4) is the polenml of an 1dea1 spung of '

force constant k compressed or cxtcnded by a distance x.

A body of mass m attached to.an ideal $pring. and free 0 move over a iuctlonless
horizontal surface is an example of simple halmonu, oscillator, :

A simple pcndulum with a bmd]] an gie of oscillation an eleuucal uruut comprising an
induictance L and a LddeltaIlLL C are other exampl_e of simple hannonic oscillators.

. Itis possible to analyse many complicated motions as combinations of individual simple
halmmm, motions. Hence a detailed study of slmple harmonic motion is basic for the
undcrslandmg of many. phcn omena m both L]&&bltd] dnd quamum phymcs

113



9.5 EQUATION OF A SIMPLE HARMONIC MOTION
(ANALYTI(‘ AL TREATMENT)

Let s go back to Eqn. (9.5) and apply Newtpn’s sccOnd law to it. -

q

_ . d7x
e, p = mass X acceleration = m ﬁtl

d*x
m— = —kx
o dt? _

2

d°x  k , :
st —x=0 - (9.6)
di” . m ' - , -

This is the differential equation governing the simple harmonic motion,

To find the position of the particle at & given time, we must know x as tunction of time
which satisties Eqn (9.6)

- Let us try a general solution of the type

x=ACos(ot+8) \ - ©.7)

Here A, @ and & are constants whosc physical significance will become clear shortly.
- d*x S | ' X
Then e *ACos(0t+8) =—a’A O (9.8)

Comparing Eqns. (9.6) and (9.8) we find that if we choose the constant such that

» k

o =— N ' '. (9.9
m . _

then x=A Cos (01 +§) 1s a solunon of an 9.61.c., the equation of a mmple harmomu
oscillator. '

95,1 Physical Significance of
Let the digplacement at some time t be x

X, :A Cos{ot +8)

It the time is incrcased by E" and. if the corresponding displacement is X, then

:ACds[m[t+2£)+6]
N

= A Cos [mt+27c+6] '

=A Cos [oo_t.+ 6]




' 2 R
That is the function repeats 1tbe1f after atisne P therefme is is the period of the motion

: '1 But since

e N 1}

wehave - .- T=—3=2n 1[ o
] _ o - Vk

All motions given by Eqa. (9.6) ha’vé the same period ef oscillation and is deterrhined' )
-only by the mass of the vibrating pam(,le cllld thé force constant (k) 'Th trequency of.

oscillation.

11 /L - O S
f=r = | 2751 =i s
T 2Vm (D St -1
9. 5 2 Physncal Swmficance of A

The ma.xunum dlsplacement flOIIl the equﬂlbnum pusition is given by the maxnnum
value of A cos (ot +08). Since the maximum value that a cosine function can take is one,

we have {A= =(x__.) Which is the amplitude of the miotion. As a cosine function varies between -

the Yimits of + 1 and - [ the displacement X vafies between the limits of + A and -A. It is

possible to have motions of various amphtudes as solution to the Bgn. (9. 8) but aIl of them

have the same frequency.

Ttis 1mp01tdnt to note that the fruquency of a slmple harmomc SO]UtiOIl 18 mdependent'

of the amplitude of the motion.

953 Significance of § -

The qucmm;y of (mt+8) is called the phase of the motion and detelmlne the state of
motion, Two motions may have the sa.me amph‘rude and frt:quem,y but may differ in phase.
- If §=0; x =A cos ot. Displacement at t=0 is maximum and is equal to A

I . d=—-—x Acqs[m:c--——) A sin px

Dlsplacemcnt att= O is zero i.c C., (A—O)

The Quantity 5 is. called 1110 phase constant [hus we see that the amplitude. A and
plldse constant are dstermmed by the Amtlal poqmon dlld speed of the parﬂcle

- 9. 6 VARIATION WITH TIME OF THE BASIC QUANTITIES
- OF SIMPLE HARMONIC MOT!ON

) IDISpl_dCbl‘ﬂGIlT.ZX .A’co‘s (cnt+6)'- X =A R N Y

THAaX

(iiy . - Velpcity V=—=-0A[Sin(at+3)] - L (9.12)
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Magnitude of :MAX oA
R TV | o
(ii) Acceleration a BPTEE ACos(ot+8) - - (9.13)
" Magnitude of ZMAX ol A

i 1

' (iv) Potential energy = U = Sk = EkAzCosz(mHﬁ.) o C(9.14)
- 1 2
TJMAX = '"Z"I(A

~ (v) The potential energy varies between zero and th'e maximum value.

(vi) Kinetic cnerpy : K= Sy

=%mm2A2sml(mt+a)e%mzsmg(ba—t-aua) (k=0 (915
Kppax = ~kA?
CUMAX T

pos

The kinetic e—nérgy varies between zero and ﬂl_e maximum \(alue.
(vii) Total mechanical energy E=K +U = Y kA® Cos’ (@t +8) + -2-,kA2 Sin’ (0t +8)

E=_kA” - o 019

Thus the. totaT mechamcdl e,nergy is constant At the maximum dlspla(,ement kmetlc
energy is zero but potential enelgy is maximum [(172) KA?]

At the equilibrium pomtlon potentlal energy is zero but kinctic energy is maximum [(1/
2)KA2] . :

At other positions kinetic energy and 'potential encrgy will 'llave values dcpendmg upon
the position but their sum i$ always equal to [(1/2) KAZ]. An important point fo nole is that
the totalenergy is proportional to the square of the amplitude of the motion.

The variation with time of the above quantities is shown in Fig. 9.3 The variation of |
potential and kineic energy with dlsplacement is shown if F r1g 94.




ay a, L/ __1_?‘-.&’___‘

Fig 9.3 Time Variation of () acceleranon (b) velocuty (c) displacement and (d) energy of sunple harmonlc
oscilator. The broken kine Tepresent kinetic energy (k) ancl solid line ﬁepresents the potentlal energy(U)

93 Kosanes < huay

. _ __‘
R 3
Fig.9.4 Energies of a mmple harmounic oscillators

The boken line represents the kmeuc energy K (x) [(1!2)mv2] and the solid represents the
-potennal energy U (x) = [1/2 Kx?% .

~Physical vanable . Atmaximum . Al equﬂibrium
displacement - .- S position
1. Displacement : _ (%) Maximum (A) - Zero
2. Velocity () Zero . Maxioum{pA)
3. Acceleration o - (@ M_aximu'm (ol A) Zero
4. Potential éhergy - (U) (1/2) KA Zero
5. Kinetic energy o - (K)Zero (172 KA?
6. Total mechanical _ - _ . o
-energy . S (B) (122 KA2 (1/2) KA?

The physical content of Eqn (9.8) can be expressed in words as follows :

Simple harmonic motion is the motion of a particle whose acceleratlon is always :
proportional to its displacement from a fixed point and is directed towards that point. As-
has been impressed earlier this is 2 mechanical example of Simple harmonic motion. But 117
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- phenomenon is called oscﬂlatory d1scharge of a. condenser This is an example of electrlcal -
-oscillations. |

itis important to note that any physmﬂ quannty (not neeessanly only dmplaeement) whose

variation with time is expressible by an equation of the type (9. 6) w111 execute sample

_ harmomc oscillation. -

As an example consider an electne circuit contammg an mductance (Lyand a capacﬂance_
() (Fig. 9.5). .

Flg 95 Osml]atory dlscharge of a conclenSer .

Suppoae the condenser has been char gedtoa partlculal value and is dlschargmg thmugh

fhe mducatance The differential equatlon governing the dlscharge is the fo]lowmg
2y

~dQ+Q_

a*> LC

Where Qis the charge at any mstant
. We see at once that the above equatmn 1s of the torm (9 6) w1th

s

=0

Q-ox
d | L.—)'(1)'2. I
okt
y

:'o_r_fre ue[.le‘ f =
~LC b Y . 21&}

@ =

- ———

The condenser pets charged and- discharged penodu,ally w1th the above frequency. This

-.9.7 SIMPLE HARMONIC MOTION AND UNIFORM

CIRCULAR MOTION.

(A Geometncal Interprectatmn of Simple Harmomc Motmn)

Imaging a pem‘t P10 move with uniform angular veleeity @ona c1rcle of radius A. Let
the origin of co-ordinates be the centre of the e1rele The x-axis will be one of the d1ameters

U F96)
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: Flg 9.6 Simple harmomc mouon as the pro_yecnou of i umtorm cocular mohon on a diameter,

Imoally at time t=0, let the posmon of the pomt be P and lei the radms make an angle .

& with the x-axis. Let N_be the projection of P on the X-axis. After atime tlet the posmou '
be P, and let the pro_]ecnon be N,.

Ilﬂm theaoglesweptmaometls— ot -
(i) The displacement of N, from 0=ON, = OP, cos P’ﬁ()_ljI
- =Acos (cot+6) : _ I
(i_i) Velocity of N =x component ot the velocﬂy ot P‘ |
o ,-vSm(mt+8) ' |

. _But the umform c1rcular motlon ‘we know v= Ao
R Magmtude of the velocﬂy of N =0 A Sm (c) t+ 6)
o (111) Acce1e1 ation ot N X component ot the acceleration of P. But

_ L2 L
The acceleration of P= YE = (oZA. towards the cen'tre.

' Magmtude of the acceleraﬂon of N = 0-32 A cos ((o t+ 6)

: The diréctions of the Val‘IOUS quantmes are shown in hg 9. 7

: -a Cosﬁ
’ Fl@, 9.7 Du‘echona and mabmtudes ot displacement, velocity and accelzration, ot a Slmple Harmomc .

Motion (B=m t+ 5}

As the pomt P executes umlmm circular motion, the pI'O_]ﬁCtIOIl N executes ato and ho
motlon w:th the lumtmg posmons ON'and ON" (ON" ON A) R “9_




_ | ~ Comparing the expressmns for the dmp]aeement, velocu:y and acceleratlon of N obtamed -
-above with the corresponding expressions in section 9.6 Eqns. 9. 11,9.12 and 9.13. We see -

- at once that the motion of N is simple harmonic. Instead of the pm]ecnon on the x-axis if '

120 -~ the y-d1rect10 Let us assume the frequenc1es of both to be the same.

- we.had taken the pro;ection in the y-axis we would have obtamed an equatlon _

y= ASm(cnt+8) Aeos(cot+6 11;/2) _ _
ThlS is also a Simple Harmomc Motmn d]ffermg in phase from the earher one by4 .

. Hencethe pr0]ecl;10n ofa umform circular motlon on one Of the dlameters is simple harmonic

motion. . _
_ Th:s can be demonstrated ina sunple manner as tollows

" Fig. 9.8 Projecton of a ﬁdlnton a wheel.movn.lg with odnstant anguler Velocity
1. Wheel with handle 2. Shaclow from a light du‘ectly Overhead

Place a wheel 1elat1ve to a distant source of hght such that its shadow ona plance forms

~ astraight line as shown in Fig 9.8. The shadow of an extensmn ﬁxed to the circumference

- of the wheel will represent a projection of a point on the wheel in the plane of the shadow.
When the wheel rotates with constant velocity the shadow of the. extension will oscillate '
back and forth along the linear shadow of the wheel executing Slmple Harmonic Oscillations.

“The circle over which P moves (in Flg 9. 6) is ca]led the reference circle and the pomt P
is called the reference point. We see that - '

(i) The radms of 'ghe reference cucle is equal to t‘1e amplltude of the Sunple I—Iatmomc 3

MOthll and

(11) The angular velocny of the reference pomt 15 @ where @ = 21’If and f 1s the frequency
- of the Snnple Hannomc Mouon -

'_ 9, 8. COMBINATION OF TWQO SIMPLE HARMON!C

MOTIONS AT RIGHT ANGLES TO EACH OTHER

C0n31der two Slmpie Harmomc Motwns one’ a]ong the x- du'ecuon and the other along "

Ve




They can be represented as

X=Acos ({mt+8)

y=Beos (0t+3,) o | .7y

Case (i) If the phase constants are the same, (8, =8, =§)
We have % = A C08 (Gt +5)

y=Beos (ot48)

y B
X A

ot y={BIAX

“hig is the equation 10 a straight line wilh slope BfA. Hence the moition 18 Linear along

o '!m & whusc slope is determined by the ratio of the amplitudes. if in addition the amplimdes
are egual (A=D) the motion xS along  Hne equally inclined (making an angle of 45°) 1o
gither axis.

case (i1} If the phase constants differ by /2 be(3, - §, = 7/2)
We have  x=A 08 {0t+5))

y=Boos (@t+s,)

or y=8cos (0t+d, —ni2)
afF ¥ =1 Sin(pt-+§,)
2

Lot T |2 £ Y

.?_LUL\ ((‘JL T‘Si;

yz

L =gos’ (c0t+5

B.;

~

SN A

e
AT B
Here %, oconrs when y=0 and vice versa. The motion will be along an ellipse. If in
addiiion the amplitudes aie equal (A = 1) the resulting inotion 1s circular,
(o) x+y = A2 _
In the most general case all possible combinations of vwo Simple Harmonic Motions of
the same frequency and at right angles to each other will correspond to elhpucal waths The
circle and siraight a line are special cases of an ellipse.

The ratio of the amplitudes B/A and the difference is phase between the two (8, - 8,)
will deicrmine the shape and orientation of the ellipse. The ditection of actual motion
{whether ¢ clockwise or anti clockwise) witl depend upor which cemponont lsads in phase.
It the frequescies of the compoencenis are also different we get different patterns for the path
fraced oul by the point. ' '

iz




These patteme are called Lissajou’s figures. Given the amplitede and frequency of each
cormponent of vibration and the phase relation between them, the resuiting ﬁgme can be
geometuca]ly construeted Some of these ﬁgures are shown in F1g 9, 9

" Fig. 9.9 Lissajou’s figures
(A) Frequencies equal =
i " {B) Frequencies in the ratio 2 : 1
A simple way to demonstrate these ﬁgures is by means of an oscﬂloscope as shown in F;g 910

» T S e

' Fig. 9.10 Block disgrani of a C.R.0. -
1. Fluorescent screen. 2. Audlo Osclllator, X, Y - Plates:
In this electl ons are deflected by gach of two electric ﬁelds at nght angles to each other

(X-plates and Y-plates). The two Simple Harmonic Motions in the form of electrical
oscillations are fed to the X and Y plates respectively of the oscilloscope. It is possible to

. “vary the amplitude and phase. By doing this electrons can be made to trace out various

patterns (Lissajou’s figures) on a flourescent screen. (Fig.9. 10)

_ These patteins. can also be produced mechanically by swinging a pendulum whose o
oscillations are not confined to one vertical Pplace.

Combination of two Snnple Harmonic Motions of the same frequency at nght angles to
each other are very 1mportant in the study of polanzed hght ' : :

" Worked Example 1:

172

Abodyis v1braung w1th snnple halmomc motion of amphtude (0.15 metre and frequency -

'4 Hz. Compute (a) the maximum value of the velouty and acceleration (b).the velocity and

acceleration when the displacement is 0.09 metre (¢) the Ume required to move from the-

' 'equﬂlbnum posmon toa pomt 0.12 metre dlstant from 1t

Solution
_ x= A cos (ot + 5) B
In the present case A=0. 15 metre ® = 21: f-n X 4
"-8 @ radlans/sec2 e




x=0.15 Cos (8wt + )

2) *_;,*M };X - oA =377 metre/Sec.
By = 0°A =(8m) x15 =94.7 metrefsec”
"B}  Displacement x =_0.09 metre
0.00 = (.15 cos (w1 +8)
Cos (.mt +06)=0.8
T (o1+5) =0.8 |
Magnitude of velocity = @A Sin (mt +8)=3T77Tx028 =301 m/sec.
Maguitude of acceleration = ¢4 Cos (wt +S) = 94,7 x 0.6 = 56.80 m/sec”.

_ ¢) Let the time at which the body is at the equilibrium position (x=0) be t and the time
at which it i at distance of 0.12 m. from the cquilibrium position be t,.

Them Cos (8nt, +8) = 0; (8L, +8) = 90" = 0.5m
| o 0.12 N oo
Cos (8xri, +8) = 01s 0.8 (8mi, +0) =36=02x

(1, -t,)= 95’- = 0.038 sec.

Time requited to move from the equilibrium position to 2 point 0.12m from it 0.038 sec.

- Worked Example 2 :

Ina Simple harmonic rotion it the.displacémént. is one half the amplitude. Show that

the potential energy is 1/4 (E) and (he kinetic energy 3/4(E) where E is the total energy. .

"~ Solation ;-
Letx=A Cos (ot+9)
Velocity v =- @ A Sin (ot +5)

when the displacement(x)is £y then Cos (ot +8) = 7

s

and Sin (01 +8) = >

mA\/g

\
Velocity=v=

' 1., 1. {AY KA?
Potential cnergy_:-z-kix2 = Ek(;) = g
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2 - : ' 3
,}i (Kéi—J = éE Since E is the total energy and is equalto g _ k4
| - | - A

_ - kY
Kinetic encrgy:_—;-lllvz = %ma)‘*A X ?[ ;kAZ LSincg 02 =— J

m
=§ lkA'? _—_S_E
412 4

Worked Exampie 3:

Electrons in an oscilloscope are deflected by two mutually perpendicular electric fields,
in such a manner that the displacement at any itme t is given by

x=A Cos ot; y = ACos (ot +38):

Describe the path of the electron and dciu‘mme its cquation when (d) &= (b) §=30°
and (n) 3 90“ '

'J

Solution: Cosmt :}FSﬁ] ot = 1——-—
_ A A

%: Cos(®t+8) = Cos 0t.Cos - Sin ot Sin

2

1 —i?.s ind

N |
.'.\/1—"—9.51'315:1(:0115—1
A A a

Sqaring and rearranging we getx*+y>-2xy Cos §=A2sin® §
@ §=0°Cosg=l,Sing=0

| X4y 2xy=0y(x-y =0 i.e x=y
It is a straight line bisecting the angle between the x and y axes.

()  5=30"Cosd = l@smﬁ =%

«/—A2

: 2
~x* -2x
y 4

4x* 14y’ D43 xy- = AZ
- Itis anellipse. . |
(c) §=90° Cos 5=0, Sin §=1 - x+y’=A?




Itis a cifcle of radius A.
{Worked Exa:mple 4:

When 1kg of mass. is hung from a sprmg of lf:ngth 3 meters the spring streaches 1o
40cms. Now the mass is pulled down to 10 cm and left free without taking the mass of the

* spring into consideration find the (a) sprmg consiant (b) period of oscillation, (e) frequency .
~ (d) phase angle. : :

Ans:- _ -
Mass of L kg* - =98N _
Due to the stretch in the spring =40 cm =04M
L B X
a) Force constk - _ =ﬂu245NM
b) Period of oscillato T=om -t
riod of oscillatio T =27 ——
0 oscillation | | 545
:—2_-n—=1.27 Sec
49
¢) F s ' | f;i;i—0787osc1llaUms/Sec
9 Tredueny T 2T
d) Ift=o -  x=-10cm. |

(ie) Cos(ot+38) 'z_‘_-l
~Cose=-lord=m

Worked Example : S

Fora body moving in SHM the maximum speed is 0.5 M/Sec. Tts natura] frequency

~18 1.66 oscillations/Sec. Find (a) its Amplitude of oscillation. (b) maximum
acceleration, . T L
" Ans: ' - R \
(@) Maximum speed S = oA =0.5 M/Sec
- Namral frequency =1’ :1.66;3&11@0,13/334
", Amphtude of oscﬂlatmn A = 1 7 =0.048 Metels
X
(b) 'Mamlmum Acceleration —-mﬁA =2 anA

=2n(1L66)F [0.048]
=321 M/Sec?

- 99 SUMMARY P

The potential encrgy function of a simple harmonic oscillator is. of the form U=5kX2__'
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Where k is 2 constant and X is the displacement, The solution of the _equatioh is given by
' x=A Cos(nt+9) | |

A represents the amplitude, o the angular velocity § the phase of the motion. At _
the position of maximum displacment kinetic energy is zero but the potential energy is -
maximum. At equillibrium position the potential energy is Zero but the kinetic energy is
maximum. When two simple harmonic motions at right angles to each other are combined
the resultani motion will be along a curve whose shape will depend upon their frequencies,
phase diffetence and amplitudes of simple harmonic motions, The different figures are
called lisajow’s figures. Straight Hnes circles and elfipse are special case of these figures.

9.16 MODEL ANSWERS

Check your Pragreés 1

A Herlz is a unit of Irequency and is equal to namber of cycles per second.

S.11 SAMPLE EXAMINATION QUESTIONS

L Answer the Following Questions in About 30 Lines.

1.  Formulate the differeniial cqualwn governing simple harmonic motion and obtain
its solution. . : '

2. How dothe following quantities vary with time in the case of simple harmonic motion?
() Displacement (b) Velocitly (c) Acceleration (d) Potential Energy (e) Kinetic Energy.
Depict the variations glaphlcally

3. Discuss the resultant effect of combining two simple harmonic motions of the same
ﬁequency acting ai right angles to each other. -

T Answer the Following Questions in About 10 Lines.
I, Distinguish betweén harmonic motion and stmple harmonic motion.
2. Bxplain the physical significance of A, @ and & in the equaﬁon x=Acos (ot+ 8)

3. Assuming that o nonconservative forces act, show that the total mechanical energy

of a Simple harmonic Oscillator is constant and is propomonal to the square of the
amplitude of motmn

4. [xplain the correspondence beiween uniform circular motion and Simple harmonic
motion. '

5. What are Lissajou’s tigures?
v Solve the Following Problems

1. (a)Write an equation for the position ot a pa:tu,le of mass m = 15 gms. moving ’ilong
the X-axis at any time t if it is executing simple harmonic motion. Let its
equilibrium position be at x| = 10cm and the amplitude of motion be 5 cms. It




takes 2 secs for 1hc pdmde to go. thl ough a cornplete a,yc,le of the motlon

(b)Wnte an equanon for the imce that must act on the partlcle 10 cause ﬂ"lb monon '

{c) For what valucs of ‘X’ does the pamcle have maximm velouty?

(d)P01 what values of “x’ does the particle have ma}umum acccleratlon'7
~ Ans. (a8) x=10+ 5 sin 1t (b)F = - s1n mt
{c) 10 cms. (d) 3.15 cms

The balance wheel of a watch v1brates w1th an angular amplitude of radians and w1th
- aperiod of 0.5 sec. Find 9a) the maximum angular velocity (b) the angular velocity |
when the dlbpl&c&mﬁnl is half of 1is qmphtude (c,) the angul‘tr a(,c,elelanon when its.

d1splacement is 45°
~ [(Ans. (a) 40 rad/sec. (b) 34 radfsec (c) rad/secﬁ)]

The scale m‘ a spring balance wadmg hom 7610 to 32 lhs is 6 in long A body

suspended from the halance is observed 1o oscﬂlate vertically at 1 5 wb/sec ‘Whatis

the weight of I.he body ?

'[(Ans. 23 1bs.)_]_ o

~ The di’splacement equation of a particle executing simple harmonic motion is
x-O 01Sin 7 (t+0.005) meters. Calculate (a) amphtude (b) pcﬂodlc tune and (c)
maximum velocity.

[(a) 0.01M (b) 0 028ec (L) 3. 14MIS]

A pamclc of mass ' 5 gm, execuung SHM has amplitude of 8cm. If 11 makes 16
v1brat10ns per sec, calculate, 1ts max. velocny and energy al mean posmon
[ M/scc 0.161] oulcs]

|
The dlslacement of a parucle cxecuung snnple haunomc motmn is g1ven by

x=0.1Cos T (t+ ) Calculate the maxunum vclocr[y and maximum acceleratlon of

the parl;lcle
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- UNIT-19 DAMPED HARMONIC OSCILLATIONS
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16.1 AIMS AND OBJECTIVES

This unit discusses the effect of damping force on the motion of a simple harmonic
oscillator.

This unit explains the effect of damping force on the motion of the harmonic oscillator
qualitatively and quantitatively and the phenomena ‘Resonance’. After going through this
unit you will be able to evaluate the pertod of oscillation of compound penduium and
torsional pendnjum. -

16.2 INTRODUCTION

An ideal simple harmonic oscillator was discussed in the unit 9. We saw that the amplitnde (A}
remained constant throughout. Thus 2 pendulum or 2 mass on a spring would oscillate idefinitely
with the same amplitude. But we know that in actual practice this does not happen. After sometime
the oscillations dic down. This is due to fiictional forces acting on the oscillator,

19.3 DAMPED HARMONIC OSCILLATOR

Let us Consider a Harmonic oscillator

When frictional forces act, the motion of the oscillator is darﬁpﬁd. The frictional force is due to
air resistance and depends on the velocity, Usually it is proportiona: to the negative of velocity, i.c.,
bi, where b is a postitive constant. Hence the resultant force is the sum of the restoring force and
the damping force

. —

Resultant force —_ kx -hy
' dx
=-Kx-b—-

dt

{ - 3
L. Velocity v = o
I o dt

By Newton’s second law resultant force”
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2

_ . dx
F = mass x acceleration =m —
ot
2
Kb 4
B 1) dt2
&
—+b XKy =0 ' (1
PR _ (i0.1)

The method of fnding the solution is given at the end of this unit.
if' b is smali the solution of this equation can be shown to be

}{:Ac:q{ ?m]CosfmiJrS) | {10.2)
e :
Where o=20F = J-= [ 2 (10.3)
¥m 2m '

If we set b=0 i the above equations (1.e. when there is no damping)
o= 1/_—— which i the frequency of vndamped motion, and x=A Cos (o't+5) which is
the solution for an undamped oscillator
© The effect of friction is (o alter both the frequency and amplitude.

S S : - (bt
i. The freguency is reduced since a<s from hqn.. 103 - 7
The ampltde decreases with time, It is glven by A as we can se¢ from Egn. 10, 3

Tie imterval (o during which the zmplitude drops to 1/e of its initial value is called the
meai life time of the oscillation. If the friction is so great ihat (b/2m)*> I{{ then & becomes

~ imaginary as can be seen from Egn. 10. 3. In this case the motion is not oscillatory and is
said to be Ov:.,j damped’,

It (hiZmy*=— the motion just fails to be oscillatory and is said to be critically damped.

In damped monon ihe energy of the oscillator is gradually dissipated by friction. Fig 10.1
. shows damped harmonic moticn plotted against time. An chmic resistance (R) in an L-C
cirenit plays a similar role to that of friction in mechanical oscillations.

2 B

—t

A 2m

Fig. 10).1 damped barmonic motion.




v

Fig. 10.2 LCR Clrcult

In the. I_)CR circuit shown in Pig 10.2 l.he dlfferentlal equatlou govemmg the variation of
charge (Q).is :
#9,430,0_,
dt2 . dt c

(104)
The cquatlon 1s of the same form as Eqn 10 1 w1th followmg correspondence
Q—>xm—>L b—)RanclK—)-é— o |

Therefore the solutlon of l‘.hlS by analogy w1th the solutlon for a mechamcal oscﬂlators
is o _ o

Q Q [ §:|Cos(mt+d) _ s . S (10.5)
- Where o'=2af= ___[__) Lo o : S (10.6)

LC
: Check your Progres 1

What 1s meant by mean hre lime ot the damped oscﬂlatlon‘? -.

104 FORCED OSCILLATIONS AND RESONANCE

We have so far conSIdered natural oscﬂlatlons (both mechamcal aud electnca]) w1th_.
and without dampmgs - -

Let us now sec wha.t happcns if an oscﬂlatory extemal force acts oL the body The
external force is called the drlvmg force Let the angular frequency of the dnvmg force be

. So that the dnvmg force is glvcn by F, €08 & tand B, = -2 f

- In the most general case where dampmg is also present the net torce actmg on the
pamclc is : : : -

—'Kxﬁb%+P‘°chsro;t. E

' ' ' . - [a%k
By Newton s second law the m,t force must equal to{ [ ) H
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- Equating the two and rearrangmg the terms we get_
m¥+bE+Kx F coscaet L - o : (I_Qi'_?)
T'he solutlon of thls equatron can be shown to be S

F | - T
KzES'_n{m"t_a}'. S

Whére_G:’\/m?(mg-m2)+b2’_m§. o 09)

mdes=cge g1y

The systern vibrates with the driving frequency (m ) and not wrth its namral frequency -
(@) asisclear from Eqn (10.8). Such oscillations are called forced Oscﬂlanons In musical

instruments like Violin, Sitar or Veena sounds produced by the vibrating string are amplified
by coupling it to 4 sound board which is a hollow wooden chamber containing air. The air
inside vibrates with whatever frequency that is produced in the string though the natural
frequency of the air filled chamber may be quite different. Thls is an example of forced
vibrations.

- Letus first consrder the srmple case where there is no damping (1. e. b-O)

‘Then we see from Eqn.(10.9) that G=m(a *a 2 (10 11).

Ifthe drfrerence beiween o, and o is large, Gis large and F JG is small,
ie. The amphtude of the resultant motion (F /G in Eqn.(10.8) ; is sma]l)

As the ditving frequency o approaches the natural frequency ® G becomes sma]ler
and smaller and appmaehes Zero (see Bqn.10.11).

The amplitude {F /G) approaehes infinity,

In actual practise there is always some damping present.. I-Ience the amphrude becomes
very large but remains finite. Thereis a particular driving frequency for which the amplitude
i3 maximum. This condition is called Resonance and the particular value of the driving
rrequency at whrch resonance occurs 15’ ea]led Resonant trequency

z A 1 A

'-0. 2 A B !'0 1-2 i'l. 16 1-3 Z

Fig 10.3 Amphtude for forced hannomc motion as a function of the driving frequeney
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Fig.10.3 is a plot of driving frequency (x-axis) versus amplitude of the resultant vibration,
(Y-axls) for four different values of b. For curve (1) b=0, and there is no damping. -

‘The vatue of b i increasgs through the curve (2) (3) and (4) dampmg being maximum for ‘
curve (4). The natural frequen(,y in the absence of damping is shown by a vertical line.

" We notice that the resonant peak corresponding to maximum amplitude moves nearer
- and nearer the vertical line(for which o fo -—1) as b becomes smaller and smaller, we sec'
that - _ _ - - :

(1) the resonant frequenéy is in geneyal di.ffcrcnt f'rom'.tht} undmnpéd natural frequcnc_y. '

(ii) For small damping the resuliant frequency is close to the uudar :ped natural fréquency
In most cases of i interest the damping is small enough so that we can take thc resonant
frequency to be the same as the natural undamped frequency :

“We come across forced Oscillations and Resonance in electrical circuits also Ifan -
LCR circuit contains a smusmda]ly varying emf, glven by :

-E=E_coes o t(as shown in Fig 10. 4)
- The dlffcrentlal equauon of the ¢ircuit is gwen by
d2Q ) _ .
. dtz RE-I-E—E m COS(Ot — )

Thls equation is - similar to Eqn. (10.7)' and by analogy wi't_h" ‘
Eqns.(10. 8)(109)and(10 10) we canwn_tedown o ' . -

Q=%Sih(m,‘t—4}) ~ V- : .(10-1'3:).
’ e NG . o
whete G= [mgL_E) +R2m3 . | . . ._ (1014)
R | o
, and cosp==2= - (1015).

 Fig.10.4 L.CR Circuit subject to an impressed sinusoidally varying emf.




10 S ANGULAR HARMONIC MOTION

Suppose a body pivoted about an axis expenences a restoring torque proportlonal 1o
anagulas displacement 8 is given by

1=K8 whlleKisaeonstant e ' - (10.16)

This relationship is similar to the one we had for henar d1splacement
F = - Kx which gave rise to linear SHM.

In place of restoring force F we have restoring torque and in place of linear dlsplacement
(x) we have angular displacement 8. Thete is a correspondence between linear motion(or
translational motion in a siraight line and angular motion (or Rotational motlon about a
fixed axes as shown in the Table below.

Linear Motion in a straight line. . Angular motion about a fixed axis
1. Linear displacement x . Angular displacement 0

oL L ko o 48
2. Linear Velocity V= o Angulm velocity @=—— it

Px ( L Y
3. Linear acceleration a=F - . Angular acceleration a=?
4. MassM - ' .- Rotational inertia or I

Moment of merita

d%x A %
- 5. Force F=m? : -Torque, ‘c=IEt-i—

Equatien 10.16 can be rewriiten as

da%
I—-=-kb
az -
2 K, g K :
2 =-19=-0% When - @’ =T (10. 17)

Tlns equanon for angular motion is of the same tmm as the equauon for lincar harmomc
motion (Equation 9.8). ' : : :

- The equation 10.17 is the equation for angular harmonic motion.

The period of oscillation -

T=""x=2711— ) _ - o _
T== .""K . - (10.18)

10.6 'THE TORSIONAL PENDULUM

Teta disc be suspended by a wire attaehed to the centre of the d1sk and let the wu:e be' '

fixed securely to a solid support as shown in Fig. 10 5

r
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Fig 10 5A torsmnal pendulum

' At the equﬂlbnum posmon a radial ling is drawn from its centre ‘0’ to M[ Xf the dlSC is

'_ rotated in a horizontal plane to the radial position N the wire gets twisied. The twisted wire -

wilt exert a torque on the disc trying to restore it to the equilibrium position M. T_lus'_

restormg torque is propomonal to the angular. dlsplacement offor small twists.

1——K8 . .
Here K is a constant dependmg upon the elastlc propemes of the wire and is ca]lod

torsional constant. It is the couple required to produce a twist of one radian. The above
o condmon is the same as Eqn. (10) which is the condition for angular SHM. ' '

Tn analogy with the solution for linear SHM‘ We can write down the s_olut;on.
0=0,cosf@T+8) - - . (1019
T L T
Time peﬂod_T = — =27 K where 0, is the amplitude

An'arrangem'ent like the above one is called a torsional pendtlluﬁl Here K refers to the

' torsional constant of the wire and I refers to the rational inertia or moment of mtenua of the
- ‘oscillating disc about a vertical axis passing through 0.

By noting down the. time period of oscﬂlanon (T) o.f a tors:onal pendulum we can

_ detemnne expeﬂmentally

i the torsional constant of a gwen wire 1f the rotatlonal merua of the dlsc about vorucal
: axis is known or : : : - '

'(ii) The rotational mtcria of the disC‘aboUt the vertical axis if the torsxonal constant of

‘the wire known. It is not necessary that the oscillating body should be a mrcular disc.

" It could be of any shape All that we need to know is 1ts rotatlonal mema about the
axis. -

) 10 7 THE COMPOUND PENDULUM

Suppose a ng1d body is p1voted S0 lhat it can swmg in a verucal plane about an ams :

. 134j | ..-_pa§smg through 0 as shown in fig.10. 6




Fig. 10.6 A physlcal pendulum or compound pendulum

'I'hls is called a phystcal pendulum ora compound pendulum K
~ The equ1l1bnum position is that in which the centre of mass of the body (G) Tes verucaliy

below. The distance between 0 and G is d and the rotational inertia of the body about an-

axis through the pivot is I and the mass of the body is.-M.’

When the body is displaed from its equﬂlbnum positiona restoring torque tries to restore
. it to its equilibrium position. In this case the restoring torque is provided by the tangentlal
* component (Mg Sin g) of the force. of grav1ty acting-at G

“The restormg torque =—(Mg Sln B)d

For small angular d13p1acements 8, Sin g > e _ _ -
=-Mgd 0 =-K@ by putting K=Mgd - B O (10.20)

This is the condition for angular S H M (Eqn 10 16) |

Condmon (10.20) is valid only for small angles or small amplitudes. For larger amphtudes
© is proportional to Sin g and the motion will not be simple harmonic.” _

Consxder a pomt mass (m) suspended at the end of a wel ghtless smng of length 1
. I ml2 M=m:d= 1 '

T = ZR\/T
K

This is the penod of a- SImple pendulum for small amplitudes. Hence sunple pendulurn

is a special case of the physical pendulum. It is possible to find an equivalent simple

pendulum whose penod is equal to that of a given physical pendulom.
Y s the length of the equlvalent snnple pendulum

:27'1 ’?:21{ 'Mgd | (0

= R
l ~2; /m R |
Mgd mgl & - aezn B
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=t

Md

‘Hence as far as its period of v1brat10n 18 concerned the mass of a physical pendulummay

'be considered to be concentrated at a point whose distance from the point of support is

ot
- . This pomt shown'as C in ﬁ gure is calied the centre of Oscillation.
1t can be shown that if the pendulum is plvof;ed about new axis through C its period
remains unchanged and point O becomes the new centre of oscillation. The point of support
also known as centre of suspension and the centre of oscillation are inter changeable and

are said to be congjugate to one another. Notice that the centre of oscillation and the length

- of the equivalent simple pendulum depend upon the location of the piovot. This is obvious

from Eqn. {10.22) wheref ,depends on ¢ .which inturn depends on the position of the point

of suppoit.

" Check your Progres's-z -

In a compeund pendutum the point of support and the cer'tre of oscﬂlatmn are said to be
conjugate t6 one another why?

W()]rked Example |

A spring has a force constant of 2.5N. pér metre. A mass of 0.025 kg. is hung on the
lower end. Examine the type of motion for the following values of Lhc damping force
constant, _

(i) 1 N.sec. per metre (i) 0.5 N.scc. per metre (iii) 0.1 N.sec. per metre. If the moum 15
oscﬂlatory ﬁnd the frequcncy of oscillation.

Solutlon_ : . Force constant = k = 2.5 N.per metre
" mass= 0.025 kg,
(1) Damping force constant = b = I N.sec. per metre
y )

2 2k -2
L—w—] =400Sec — =100 Sec
Zm : m

=)
\2m m
Hence the motion is over damped. ' - -~
- 7 2
{(i1) b=0.5 N.sec per metre [___ | =1008ec?| — | =2
2m . Zm m
'lhe motion is ¢ rltlcally damped

k
(i) b=0.2 N sec per metre [——J =165ec” (zi) <
m

o . k(0
The motion is oscillatory ; Arguolar frequency © = 1![— 2 :
- m m




—-J_ 9 175ec“

Worked Example 2:

If in case (iii) of the above example the spnng is sub]ected to an ‘external penochc force

F_of 0.125N. having a nequcncy corresponding t0 o, as 8 radlans per second. Find the
' d1splacment of the mass from its equilibrium posmon at any time t. :

Solation :

F.a =0.125 N. d)e =8 rad. per sec. b = 02 N.sec per meﬁ‘e_.

G= \/(m(o —K) +b o, =183 .

- be
1:05_5*—“

b ~0.512 radians

Fe —=Sin(ot- 6)
X= O 061 Sin (8t 0 512)
Worked Example 3 |

A uniform rod of length 1 metre is mounted $o0 as o rotate abot a honzon‘ta] axis
perpendicular to the rod and at a distance ‘x” from the centre of mass. Find the value of x
for which the period is a minimum. - - -

Sohution:

Moment of inertia of a rod of mass M and of lcngthI about an axis through the centre of -

‘mass aud perpcndlculax to the 10d

2
. M] = — Since I = 1l metre
12 : 12

Moment of incttia about a paral!cl axis through 0 which is at a distance of ‘x’ from G is

M
- +Mx (by the theorem of paraliel axis)

Ve
(byequatwn 1071) =27 —+MX .
12x AR

' dT
If the pcrlod is 10 be a minimum then T =0

- Differentiating the expression for T we obtain -
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x? = i x=0.29 Meters |
_ 12

- Tristance from centre of llld.SS 0 29 metre

' Wm ked anmple 4

A solid cylinder having mass of 5 kg with 12cm diameter is suspend like a:torsion
pendulum by a wire passmﬂr through its centcr Iis perlod of oscﬂlanon is 4 sec. Fmd
torsional content of the wire. B : Lo

- MR? | L
Moment of Inertia of the cylinder I= ; ='gx5(0,06).2- - =9x10? kg M?

4n°1  47*x9x1073

TZ. 42
= 2 2x107 meter N/Radlan

Torsinal contant of the wire K =

Worked Example 5:

‘A disc with 10.18 cm radus is oscillating on its cdge Its pcnod of oscﬂlanon 15 0.784 S.
Find the acceleration due to gravity at that place ' '

The moment of of the disc about an axis
Passing through its centre is .
I= ~12-MR2 +MR? = gmm2

Then the period of oscillation is

oo el

. 6nlR
ng=
T*

= 950.4 cmeec S [R 10]8cm T=0.784 Sec]

Annexure-1 : Damped Harmonic Oscﬂlafor - So[utlon of the leferenual Equatlon

‘The differential c:quahon governing the motion ofa damped hdrmon'c DSCI].IBIOI‘ is given
by equatlon 10.1 . '

d2 dx ' | | - |

This is a hnear homegeneous second- order differential equatlon w1th constant
coefficients. This can be solved as follows: ' :

Let x=ce - - o G0AY)
Where C and P are constants, - '

: 2 o
= ~cpe?t ancl = P2C e
(lt d[




_r Coedo i - g
- Substiwting these values of -d?'and'-éty in-equation 10.A.1

we get mp2+bp+K=0

.._=—b% b% ~4mK by b” LS
S PE ) 2 m 4m m

Substituting the value of p we obtain the most general solution as

_ 2 Z |
bl \/LJLHD Gk,
‘ m  4m . \‘m A’

(10.A3)

iWhere & D are constant]

_ .
If the damping force is small compared to the restoring 10} ce t‘]en gl— < %
Tl

E

2 T
- . b K. . . . .
ihe guantity 1!;—2— ~ is imaginary and can be writlten as-

' 2
jX_.b _ wherej:«/:
Sym gyt

We can write equation 10.A.3

b‘“'- ..
~g——¢ - —-——t
- 2m Ce M Am?

- e;i (Cedot 4 pemiety. - (10.A4.4)

m

Where we have put 7 =0 ' _ (10.A.5) .
Making use of Eluer’s theorm (¢ = cos0 £ j Sing) and writing for ¢JoT,, (Cos't+ jSin a't)

_ . L o '
We can write equation 10.A.4 as x=¢ EEE[(C + D) Cosw't
+J(C-D)Sin ']

Letting (C+D) =A Cos 5 and j'(D-.C‘)-:A Sing -
We get xmcxp WL[A\,OSOCOQ{L\ t- A §iné Sin o t] '

y=Aexp (- btf2m) Cos (o't+5)
Foreed osciflations of a Damped oscillator. Solution of the Differential equalnm
The differential equation governing the motion of 2 damped harmonic oscillator subjected 139




to an external oscillating driving force of angular frequency o, is given by equation 10.7
. 2
§~—+bd—+Kx I, Cosmt
d*dt
Let x=A'Cos wgt + Bsin ot

dx _
d_’t( — o, ACosm,t+n,BCosawt

2 .
dx )
F= - mg A Cos Wal— (.L}EZB Sin el

2

. Cdx X
Substituting for x, e amd“*2 in the above equation, we get

~m 02[A Cos .t + BSin o.t]+ blo.B Cos ot
[+ [ c 1] e

— A Sin mct]
+K(A Cosat + B sin @ t)= F, Cosmt

Combing the sine and cosine terms we get

[[K -1 d)% )A_+ meB}Cosmet

+ [—_ WebA +(K - méog)B}Sin wgt

=Fe Cos gt

Equating coefficients of sine and cosie terms on both sides

(k - meJA +o.bB=F,
—@zhA + [k - mmng =0

Fc(k —~.11.1co§) B- E,m.b
(k - mmg)z +wlb® ’ (k —mmg)l + o2b?

If we write ]f%{ =,

A Fom{o? mg') = Fw,b
2( ) )2+(02b2 mz(mg—m§)2+d)§b2

writing A = Cos 5 and B= Sin 5 we get x=C cos(m.et— 5)

A=

Where c= \/—+B2_F/\/m )+m b2
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“and Tand =a_)eblm(m,2 - mg)

10.8 SUMMARY

The frequency and amphtude of a bnnple hannonic oscﬂator w111 be altered by the
effect of a damping force. If an oscillating external force acts on a body it vibrates with the
frequency of the driving force. These are forced oscillations. As the frequency of the driving
force approaches the natural frequency of the body TESONANCe OCCurs, At reso‘nance the

[ .
amplitude becomes very large The perlod of oscﬂlatlon of atormonal pendulum T= 21:\/;

- and the period of oscillation of a compeund pendulum

I ' .
T=2n{—— Whetc I is the moment of inertia of a body, k Torsional constant of the

Mgd

‘supporting wire, m mass of the body d 1s the dlstance of the centre of mass of the bndy "

from the point of support.

10.9 MODEL ANSWER_S B

Check your Progress-1

The interval during which the amplitude drops to 1/e of its initial value,-

Check your ngress-z '

In a corhpound nendulum'the point of support and the center of oscillation are conjugate -

- because they are inter changeable. The compound pendulum nscﬂlates with same period
when suspended from center of oscillation. :

10.10 SAMPLE EXAMINATION QUESTIONS

L Answer the Following Questions in About 30 Lines.

1.  Foradamped harmonic oscillator deuve the condition for the resultam; motion to be

osmllately How are the amplitude and frequency affected?

2. Wnte down the differential equation tm arigular harmonic motion. Demve expresswns
for the time period of (a) a torsional pendulum (b} a phys1cal pendulum

o Answer the Followmg Questions in About 10 Lines.

1. D1st1ngulsh between over damped, ermcally damped. and osc111at0ry motions of a'

damped harmonic oscﬂlauons

"2, Explain what is meant by resonant frequency. It is exactly equal to the undamped

natural flequency’? If not when is it closer to the nndamped natural frequency?

3. . The point of support and centre of oscﬂaltlon for a. physwal pendulum are conjugate' _ '_ .
to one another Explam
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solve the Foliowing Problems

A solid sphere of mass 2.0 kg. and diameter 0.30 meire is suspulded on a wire. Find
the period of angular oscillation for small displacements if the torque constant of the
wire is 6.0 x 10 N-m/radian. (Rotational inertia of a solid sphere , of nass M and
radius R about a dlametel is (2/5) MR? . :

(Ans 2.0 Sec)

A unu‘orm rod of ](,nﬂth 1.5 metre swmgs freely 1 in a vértical pla,m, dbOllt a hOI‘lZOm&I-
© - axis at one end tmd its time period of oscillatiofi.

[Ans. 2.0 sec]

A condenser of capacitance 5 ¥ is discharged through a 0.5 resistance and an

inductance of 2 mH. calculate the frequency. _
[15 921.—12]




~ BLOCK - VI

WAVES IN ELASTIC MEDIA







UNIT-11 PROGRESSIVE WAVES
Contents o |

11.1 Aims and Objectives
11.2 Introduction

117 Types of Waves

1t .
11
11
1L
1]

Transverse Waves

Longitudinal Waves

Traveﬂjng -Waves

Variation of Displacement with Distance
Variation of Displacement with Time

_ Velocity. of Transverse Waves in a String
§1.- 1 Wave Equation for a Streched String
11,72 Plane Wave Solution of the Wave Equation

S

1. General Wave Equation

11. The Super Position Principle
11. Interfecence of Waves

11. Standing Waves '

11. Beats '

11. 1V Summary

11+ Sample Examination Question.

11.1 AIMS AND OBJECTIVES

Thr -mit introduces the concept of wave motion. In order to make you understand the

concey: different types of waves are explained qualitatively and quantitatively and the
equati - of a wave 18 worked out. It, explains the principle of superposition of waves and
interfe  ace. Principle of superposition is explained qualitatively. After going through this
unit you will be able to evalvate the velocity of a transverse wave travelling in a string and
the principle of superposition and interference of waves.

11.2 INTRODUCTION

We now consider waves in deformable elastic media. These are called mechanical waves.
Ordinary sound is an example of mechanical wave. The mechanism of the motion of
mechanical wave is as follows: Supposc some portion of the clastic medim 18 displaced
from its normal position and oscillates about its equilibrium pasition. The distarbance is
then transmitted from one layer to the next one because of the elastic propertics of the
medium. This tayer then starts oscitlating. In this manner the disturbatce is transmiued
from layer to layer in succession and the disturbance progresses. The medium itself does
‘not move as a whole. Various parts of the medium csciliate about their respective cquilibrivim
itself does not move as a whole. Various parts of the medim oscillate about their respective
equilibtium positions. Since the transmission of disturbance is due to the elastic properties
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explained.

of the medim it follows that a material medium is necessary for the propagation of
mechanical waves. It is well known that sound which is propagated in the furm of mechanical
waves cannot be heard if the medim is vaccuum.

The speed of the wave through the medim is determined by (i) the elastic propeities of
the medium and (ii) its inertia. We emphasise that a material medium is necessary only for
mechanical waves. For example light waves are not mechanical in pature because the
disturbance that travels is not due to a motion of material particle but due to oscillating
electric and magnetic fields. They can be transmitted even through vacuum. Here the
principle of superposition of two or more waves and the propeities of standing waves is

b

11.3 TYPES OF WAVES

W"Lves canbe dassmed into transverse or longltudmal Their charactenstma are cxfained

below.
11.3.1 Transverse Waves

In this type of wave motion the motion of the particles of matter are perpendicular to the
direction of prop'agation of the wave. When one end of a vertical string is set into Oscillation
a wave travels down the string as shown in fig. 11,1 Here the particles of the string vibrate
perpendicnlar to the string whereas the wave travels along the string. Thus this is an example
of transverse wave. In the case of light waves oscillations of the electric and magnetic

fields are perpendicular to the direction of propagation. Heace hgh[ waves though not

mechanical are transverse in nature.

€

| % | jﬂ ﬁ

z

=

==

F1g 11.1 In transverse wave the matenial (thread) particles v1bre% in the perpendicular direction fo that of the
propagation of the wave direction. :

11.3.2 Longitudinal Waves

In th1s type of wave motion, the motion of partlcles .eonveymg the wave is in the same
direction as that of wave propagation.
~ As an example consider the oscillations of a vertical sprmg set into oscillations up and
down. Here the coil vibrates back and forth in the direction in which the dlsturbance travels.
ThlS is shown in F1g 11 2
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Fig. 11.2 In longitudinal wave materis] {spring) particle vibrate along the direction of the wave propagation.

Sound waves in a gas are longitudinal waves. Many aspects of wave motion and their
general preperties are common to both lengitudinal and transverse waves (for e.z.,
Superpositien Principle, Interference, diffraction). .

There is one aspect of wave motion which is peculiar only to transerse waves and that is
polarization. Longitudinal waves cannot be pelarized. Sometimes we copie across waves
which are neither purely transverse nor purely longitudinal. Bat they can he resclved into
‘Transverse Components’ and ‘Longitadinal Components™.

11.3.3Travelling Waves

Letus consider a transverse pulse travelling along a string sretched in the x-direction.
At the instant of time ¢ = U, Jet the shape of the swring be reprecented by the equation.
¥ = f(x) | (11.1)
Here v represents the transverse displacement of the stiing at the position x and f(x) is
some function of 1. This is shown o Fig. 11.3{a)
Atlater time ¢ the pulse hasadvanced withont changing its shape. The distance travelled
by the wave is vt where, v is the magnitude of the wave velozity which we assume to be
- Constant. '
The eguation of the curve at time t is

y=fxy ' (11.2)
This shown in Fig. 11.3 (b) ' B

E

e e

+#h i

L)

Fig. 11.3(a), (b) Transverse pulsc travelling along a siring.
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~This equation is of the same form as Egn. (11.1) because the wave form remains the
same. : : -

But as we can see from the Fig. 11.3

=x.vt

Ly=f(x - vy _ ' {113}
A wave trave]]mg to ihe left will be rbplesented by the equation _

y=I{x+w) C (114

The above equations 1epresent the general equations to waves Jt any shape.

Although 1o fix out ideas we had chosen transverse waves on 3 siring, the treatment is
quite general and is valid for any type of wave including longitodinal waves.

We will now consider a wave of particular shape which is of great importarnce in Physics.
The wave shape at time t=0 is given by the -

9= (9= g Sin :;—“x 3 o (11.5)
The wave shape is a sine curve, Thé maximum displacement (y )i is the amplitude of the
sine curve. - : _
The significance of the constant (y_) will become clear soon.

Let the wave travel to the right with a velocity V
Then the equation of the wave shape at time tis given by

yzf(ku'it)zym Sinz—ﬁ(x—vt)l:ym SinZn(%—%) ' (11.6)

The above equation represents the dependance of the transverse displacement with (3)
distance (x) and (ii) time (t).

11.3.4 Variation of Dlsplacement with Distance

Here we want to know lhe displacement of the various particles of the stnnp at a particular
time t. .

If we treat t as constant in Eqn (11 6) ancl plot y as a function of x the curve will be a
sine curve as shown Plg i14 :

Fig.i1.4 Sine curve

Let the displacement at a point x, be y,
Then y, =y, Sin —-(x-vp
The displacement y, ata point (x1+1y will be

y, -ym Sm (xl-m vt)




=¥m Sm%(’ir"‘)ﬂﬁ since the amptitude will be same after every
wavelength. ' '

The displacement is the same as at x,

Simil atly we can see that the dlsp]a(,ement at distanccs (x,+2%), (x + 33 ) will also be
the same as y, :

Thus 3 represents the distance between adjacent points which are in the same phase
and is called the wavelentgl.

The time required for lhe wave to travel a distance equal to the wavelengﬂl 2 1s the
period T :

VT S (11.7)
Substituting this in Eqn. (11.6) we get

y=ym3m2x(;,—f) K o (11.8)

11.3.5 Variation of Displacement with Time (t)

Here we fix our atiention on a particular particle at a distance say x from the end of the
string. Let the displacement at time t bey,

ity
L, osp om0
Theny, =y_Sin [ A J

The displacement at a time (t+T) is

' , x (4 +T
=y SinlZn=—| 11—
Y, =¥ ﬂ[?L [ T H

. t
=¥ Sin 27{%"%) =¥

- The displacement is the same as at time t. Sumlar]y we can see that the dlsplaccment at
times (1, +27), (t,+3T) will also bc the same (y,).

That is the displacements of a paltl\,ulal particle will be the same at time intervals
separated by T, 2T, 37,..

In other words the pamcle will oscillate witha time period T. Th1s 18 true of all paiticles,
all of them oscillating with the same period T. That is, as the wave travels along the string

each particle of the string moves up and down at right angles 1o thc direction of wave
motion.

As we can see from Fig. 11.4 when patticle at a is in the equﬂlbmum position, particle
- at b has maximum displacement in the positive direction and particle at ¢ is in equilibrium
~ position, particie al d has maximum displacement in the negative dncctlon and 80 on.
We say different particles are in different phases of vibration. Pdmcles at a and e arc in
the same phase similarly particles at b and f, ¢ and g etc. As already mentioned distance
between these points (which are in the same ph ase) is the wavelength

we define two quantities

. 2w i
1) Wave number k= o and
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=y,

. . o A
ii) Velocity YT

Thus -
In terms of these quantities Egn. 11.8 becomes
¥ =y Sin (kx - wt) | | | (1.9
Let us find out the velocity and acceleration of a particular particle of the string situated
at a point x.

L d
Velocity v = E{«ymm Cos (kk - @t)

{We use parﬁal differentitation since x is to be regarded as a constant. We are fixing our
attention on 3 particular value of x. Note that velocity of the particle u is not the same as
the velocity of the wave)

' 2
: ..o d
Acceleration of the particle a= ?y
=~y m®° Sin (x - 0
=-yo? : (11.10)

i.e., Acceleration is proportational to the displacement (y) and is i)pposite]_y directed.

This as we know is the characteristic of a §.H.M.

Hence for the particular casc of a sinusoidal wave representéd by Eqn, (11.9) the different
particles execute S.H.M’s about their equilibrium positions all of them with the same

frequency. However they will differ in phase, the difference in phase depending up on the
posttion of the particles.

114 VELOCITY OF TRANSVERSE WAVE IN A STRING

If we know the characterstics of the medium we can caleulate the speed of the wave in

the medium. As an example we will caléulate the speed of the transverse wave travelling in -
a stretched string. :

Lt us consider a wave proceeding from lett to fight in [he Qirmg with speed v. Let the
teusion of the string be E

As we know the string as a whole does not move and it is only the wave pulse that
moves along the stitng. But the situation will be the same if we imagine the whole string to

‘be maved to the right with the speed v. The wave pulse will remain fixed in space and the

particle of the siring successively pass through the pulse.

Consider a small section of .lhe'pu‘i.,e of length 5&& Let it form an arc of a circle of radius
R.If p is the mass per unit length of the string the mass of the element of the string pA¢ -

The tension in the string which is tangential can be resolved into verticle and horizonal

~ components as shown in Fig. 11.5




Fig. 11.5 Determination of wave velocily by cunsideriug the force on the elemental length Al of the string.

The horizontal components F Cos o being equal and oppositely dlrected cancel.

The vertical components F sin ¢ act in the same duectmn The total vemeal force
: 21:.‘ Sln 9 P . K

For small values of  we can ap'proximate Sin 6 .With G

Al

A2
The total veltlcal force =2 Fsin g=2 F o= 2F ( ] FE

This is the force giving rise to the centnpetal acceleratlon of the strmg partlcles directed -

towards O. ) _ : .
‘Butthe centnpetal force actmg 0N 2Mass (pAl) movmg in cucle of radlus R w1th veloc1ty
is- :
pAlv?
R
Equating the two expressions for the force we get
O pAL_ s |
R R
F
1l

Thus we see that the ve10c1ty depends upon the two factors tension and mass per unit .

length. These are quantities that are detemuned by the elast1c1ty and inertia of the medium
(as was mentioned in Section 11.1

The correctness of the form of Eqn. (11 11) can also be’ venﬂed from d1amensmna1
" consideration. :

" Dimensions of the LHS of Eqn. (11. 11)
Dimensions of velocity =LT* '
Dimensions of Tension F=MLT?
Dimensions of mass per unit length=ML"

MLT >

" F 2 Ll
- Dimensions of VT L2 =1

Dimensions of the RHS of Eqn. 1111
Dimensions of velocity - LT '
‘Thus djnlensions of LHS and RHS are equal.

afEe S (1111)-
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11.4.1Wave Equation For a Strectched String

We shall now derive the differential equation of a travelling wave in a string. Let the X i
axis be the equilibrium posmon of the string, The dlstorted shape of the strmg is shown in
Fig. 11 6a

Fig 116 (a,b)

The displacement is assumed to be very small. Consider an element of length Al shown
magnifiedin Fig. 11.6 (b). We resolve the tensmn (F) at each end into x-and y components

Components
Resultant X eomponent of the tension =F Cos 6, - F Cos 6y
~ Resultant y component of the tension = F Sin ¢, - F Sin §,

If the angles (6, and 6, ) are small the resultant x component will be zero
Further for small angles, Sin ¢ = Tan 0
‘Hence the resultant Y component = (FSin0, -F5in8yy = (Flan &) -Flan 0z ) '

=FA(tan )

= FA(Q—X]( since tzi‘n 0= ﬁl)
dx oL Cdx

dy
here A( ax ) means dtfference in slope between the ends of the elcmcnt

Let the mass per unit length of the string be p and Iet us approximate the length by its
.components. Mass of the elément = pax

We apply newton’s Law (Force=mass x acceleration)




ax? e
&y _pdy . - | -
ax® Fd e o aum

This is the differential equation of wave motion. _
11.4.2Plane Wave Solution Of The Wave Kquation

 Any plane wave disturbance which moves with a constant velocity (v)inthe x duecuou
has the form ¢ (x-vt). We will now show that the plane wave rrp;uscmed by
y= g (Xx-vi) _ o (11.13)
is.a solution of the wave Eqn. (11.12) - ' e : : )
let(x -viy=u '
then .

4y B 4% du

ST gy du dx

&y _d'w

QX'_d_Qf_gﬁ_'ﬁvﬁ_@/., du_.\'_. ) ; : |
dt . du di dy L dt - (11.14) -
dz 1% dz@ . . . L

substltutmg Eqn. (ll 13) and (11.14) in the wave Eqn 11,12 we get ’

a2 " dag _ . . . . ) .
=-_V . ._ o : .

aw’ Fog? o o _ . :

That:s vz\[‘g . ' o (11.16)

This is just the expression for velocity of 2 fransverse wave in a string that we had
obtamed earlier. (Equ... {I1.11). We can see that y=@x -vy) is also a solution of the wave
equatlon (11.12)

Asa partu,ulal form of the funclmn we had
y=y_ Sin (!\x ~wt)
Let us now check that thisis a solution of ]:qu (11.12)
- we have

2=k g Sin(kx—ot)




116 THE SUPER POSITION PRINCIPLE

dzy
F= -2 Y Sm(kx mx)

' :Substltutmg in Eqn (11 12) we get

-kzy Sln(kx mt)--—m YSm(kx o)

N 11 5 GENERAL WAVE EQUATION

o We have so far consuiered the parucular case of the wave equatmn of a one dLmensmnal o
~ waveina strmg But this can be generahsed to mclude all types of waves travellmg in three:

dlmensmns _
Ifa quant:ty u whlch isa funcuon of the spaee of the space cood:mates (x y, Z) and time

v satlsﬁes an equatlon of the type.

dzU dU dU 1d2U
.2 ot '
"d_}__E_ dy’ dz2 v

‘then th:s is a wave equal:lon and V is the veloelty of the wave. An example is the

. electronagenetlc wave equation (derived from Maxwell’s equanons) In this case U is the

Electric Vector(E) or the magnenc veetor (H) The Velocxty of the wave turns out 1o be the

veloc1ty of hght in vacum,

.J.

If two or more waves traverse the same space, then pamde will expenence dlsplac,ements | _

- due to-the different waves. The resultant d1sp1acement of a particle at a given time will just
" be. the vector sum of the displacements due to the mdmdua] waves. In other words each
“wave will produce its effect as if the other waves were net present This is called the

- "Principle of Superposmon ' :

It is every important to note that this prmc1p1e holds only when the equatlons governing
the wave. motion are hnear The pnnc1p1e does not hold whenever non linear effects are

present

In the case of elast]c ‘media 1f we are w1thm elastle lnmts Hooke $ law is vahd That is, |
the deformation is proportional to the restoring force. This is expressed mathematically by

Coa hneau equation. Hence Superpesumn principie holds. But if we go beyond the elastic -

limits Hooks law is ot valid ‘and the Superposition principle does not hold good. For - '-

'electromagnem waves the mathemiatical relations between electnc and- magneuc ﬁelds-

o _'are linear. Hence they obey the Superposmon prm01p1e

In the case of shack waves the Superposm(m pnnmple does not hold good because the -

S equanons govemmg the wave propagatlon arce quadratlc in natore.
15 : | R |




The lmportanee of th1s principle is, that when it holds any comphcated wave motlon. _
can be analysed as a combination of simple waves. Fourier; aFiench mathematician showed-
that any periodic motion can be representated as a combination of SHM’s. ThlS givesus.a |
~very useful analytical method of studying comphcated periodic IIlOtIOIlS by the. teehmque e

know as Founm analysis.

11.7 INTERFE_RENCE OF WAVES

- Superimposing two or mme wave trains 1eads to Interference of waves. Let us consider -

two one dimensional waves travelling in the same direction. We assume the waves to travel .

with the same speed, 10 be of the same frequency and amplitude bul dltfermg in phase. The_
equations of the two waves may be expreSsed as -

yi=ASin(kx-ot-q) e -(1117)_'

y, =A Sin (kx-o 1) L I ¢ DT )}
In the two equations we have used the same values for A, k and because amplitudes,
- velocities and hequenues of both the waves are the same. =

The resultant wave is 1eptesented by the equauon

y=¥y +'y2 = A[sin(kx-ot —gp) +sin (kx- o)l)]

=A 2sm(kx mt-——p)(:osg '
_ 2 2
z(.ZAcos%]s'm(kx.—'(ot—%) : V. . -‘ o | . (1119
Thus the resultant wave corresponds to anew wave which |

1) is also sinusoidal - _
~ ii) has the same frequency (o ) as the origina_l waves

iii)has an amplitude (2 AGOS;_FJ

| iv)differs in phase by —2- [rom lhe ougmal waves

We how eonsldcl two extreme cases :

CaseT:q=0.The two waves are said to be in phase every whcre The resultant amphtude
is 2A The waves interfere eonstmetlvely The resultant wave at a parl:lcular time 1s as
shown in Fig.(a) 11.7(a)

Case 2: =180. The waves are said to be out oi phase everywhere. The 1esu1tant amphtude _

18 zero (since 2A cos 0/2 =0, since e =180) ,
- The waves interfere destrur.twely The situation is as shown in Fig, 11 7 ()

Even if the amplitudes of the two original waves are not equal it can be shown that we
- will still get & sinusoidal wave. The resultant amplitude will be :

1) The sum of the amphtudes of the two waves (A, + A)) when ¢ =0 _
2) The dlftetenee between the amplitudes (A, - A)) of the two waves when o= =180
These are as shown in F[g 11 7 (e) and 11 7((1) :




b N g N
w : i)

Big. 11.7 (&), (b}, (©), (&)

" Thus we see that the resuitant amplitude is determined not only by the amplitudes of the
mdividual waves but also the phase difference between the mdnmual waves. The
phenomenon of intetference of waves is of zmpo;tﬁnr‘e in hgh‘i

11.8 SMNMNG WAVES

Let us consider a one dnnen.smnal wave (like the one trr_weing in 2 st*‘mg} that gets
reflected from a point, This will give rise to a reflected wave. The incident and retlected
waves will }niﬁl‘fbl‘b according to the principle of superposition. Let us riow stady the physical
effects of this interference. Let the incident wave proceedm g in the positive x direction
{left to ngnt; be repr.mcnt@d by ‘th° quatmn ' '

j, = AsinQox- mt) - N - o (11.20)
The feﬂe(,ted wave (of the Sample amphtude Velocny and iiequency) proceeding in the

1e{jdt1ve X dnemon (nght to left) will be given by the equatlon ' _
¥, = um(lﬁw-cot) : R o (11.21)

We have assumed that there is nio phase difference between the two waves,
- The resoltant wave can be writien as =~ - |

y=-Asin(ke—oh +Adn G toty R €8 e e)!
o y=QASmKesas o o)

Equation 11.22 the equation of a standing wave. o | | |



An cﬁiaiﬁihéﬁén of éqﬁati'dn 11 .'22 inld'icates that -
1) .. aparticle-ata partlculeu point (x) executes SHM w1th a frequency ( )
i) ol pamcles vibrate w1th 1}1e same frequency and L

i) the amphtude is not thc same for alt pamcles If depends upon the locatlon of the
' partlcle (given by 2A sinkx) : . :

The tesultant amplitude . (ZA Sm kx) has a max1mum value ot 2A at posﬁwns glven by
the condmon - - T _

k = T N i S — =
X ) ... EIC: (Smce__S_m_ > _I)
. __)u 35 . e

Le., X=n o eic. (since k = - )

These points are called antinodes.
The amphtude has a minimum value of zero at positions glven by 1he COlldlthn N
' kx=n,2m,3n ... ... .. (since Sin 11:""0) '
Aox SA D
_ or X=z,l,'? e BlC,
These points are called nodes.

The distance between susccessive nodes Or successive antmodcs 18 onc ha]f wavelength
(ﬁg 11 8) : '

‘Fig. 11.8 Wave length -

Thus we see that N
in the case of travelling waves -
i) All particles vibrate with the same ampllt’tidu .

i) ~all particles do not attain their maxmmm djspiacemcnts at the same time

i)  the disturbance (mests and troughs)iravel with velocﬂy {v)

in the case of stat:lonary or standing waves

i) different particles vibrate with different dmphtudcs the amplitude being determined

by the position. (Particles at the antmodes have maximum amplitude and particles at

the nodes have zero amphlude) N o
ii) all particles attam their maxmum dlsplacemcnts at thc same time
'iii), the wave as such is stationary. - o -
" In writing down the equation for the 1nc1dent ané reﬂw; d waves Eqgns. 11 20 and

- 11.21 we had assumed that the amphtudes oi 1116 lwo Waves 3 4re the same and thdt thcle is,
" no phase difference between them.’

The amplitudes will be the same only when the 1'eﬂecti:0n is total But in acﬁia]_' practice

157




158

 there wﬂl be partial reﬂectmn and partial transmission. Henoe the amphtude of the reﬂected
- wave will be less than that of the incident wave. :

Tt can be shown that whenever there is reflection of a wave at a fixed end the reflected '
wave is allways 180° out of phase with the incident wave. That is in reflection from a fixed

- end a wave undergoes a phase change of 180°. As an example of standing waves we now
- consider the case of a string fixed at both ends. Standing waves can be established in the

string. The end points which are fixed cannot have any displacement and hence must
correspond to nodes. But there may be any number of nodes between them..

(Hence the wave length associated with the standing waves can have dxffercnt values).

‘Since the distance between adjacent nodes is (yuz) a stnng of length 1 must be exactly an

integral number (n) of half wavelcugths

B} -I:l-j\"--,—tl.t"..,l.-_2
2
' P . S
b =vTadve 5 o
- Natural frequencies of the osciallation are R | o |
_1 _n[F
T ﬁ , D= l 2,3

- If a system capable of oscillating is acted on by périddic'_ impulscs having a frequency
equal tc one of the natural frequencies of oscillation of the system it is set inito oscillations

- with a large amplitude. We say the system resonates with the applied impulse. Hence by

glvmg a periodic impulse (such as w1th the help of a vibrator)

Fig. 1] .9 Modes of v:bratxon ofa spnng ﬁxed at both ends
The trcquency conrespondmg to n=1 is called the tundamcntal ftequency and fhose
correspoiding to higher values of n are called harmonics. ) :
- Yrom equation 11.23 we see that the frequency of oscillation of a stretched string is

i) inversely proportional to the v1blat1ng length if the tensmn i the strmg (F) and mass
‘per unit 1ength (u ) are constant




i) directly proportional to the square root of tenswn (F) it the Jength 0} and: ‘mass per
“unit length () are constant

.iii) inversely proportional to the square root of the mass per unit length of the strmg (u)
- if the length (£)and tension (F) are constant.

The above three are the laws of transverse v1brat10ns of stnngs and they can be
expenmental]y verified. '

1.9 BEATS

Suppose two wave trains of slightly different frequenmes travel in the same region and
in the same direction. At a partlcular point (x) let the d1 splacements produced by the two
waves be represented by

yi=Acos2aft . - - C (1124

¥2= Acos21tf2t
(f and f, are the frequenc1es)

We have assumed the amplitudes of the two waves to be the same. By the prmc1ple of
superposition the resaltant. dlsplacernent Is.

y yl +y2 A [cos 2m fit + cos. 2fcf2t]

i)

fith +'f2
The above equatmn shows that the resultant vibration has a frequency glven bY fi=
the average frequency of the two. waves

fi-f

What is more nnportant isthe amphtude itself varies w1th a frequency gwen by r= 2

i f, and f, are nearly equal this term is small and the amplltudc ﬂuctuates SlOle

fi-fH
A maximum of amplltude occurs whenever cos 27{ (=31

This Phénomenon is called beats. Since cach of these values dccurs once in each cycle
the number of beats per second is twice the frequency f’ ie., number of beats per second =
f, - f, = difference of the frequencies of the two waves.

Beat frequencies of about seven per sccond can be detcted by the human gar.

The following points of similarity between standing waves and the Pheﬂﬂmﬁﬂﬂﬂ
responsible for beats are worth emphasising. In both the cases the amplitude of the resultant
wave is not constant. In the first case (standmg waves) partlcles at d:fferent points in
space have d:fferent amplltudes

F‘lg 1k 10(a) & (b)
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Amplitude is a ﬁmenon of the location in %p ace (gwen by 2A Sm kx).

‘Hence this is called inter terenee in spdce In the scwnd (,ase (beate) the amphtude of a

S (6 T N
particle at a paruculax IOCallOll in space varies with time [EWBH by ZA cos 2”{'——*2 )tJ )
Hem.e this is called mtertel efce, in tune |

Worked Example 1:

‘The equation of transverse travelling wave on a string is y=2 sin « (0.5%-200{) Where'
‘x’ and ‘y’are in centimeters and ‘t’ is in seconds (a) Find the amplitude, wavelength,
frequency and velocity-of propagatlon of the. wave. (b) Find the maxunum transverse speed _
of a partlcle in the strmg - : '

' Solu thl]

('1) y=2'Sin = (0. 5x—200t)

(,omparmg this with equation 11.9 y=y_ Sin (kx ot} -

we findy_ =2cms., k=0.5% and ® -20013 _
Amphtuae v = 2cms -

Wavelength = »= T’r =4ems.

- o B

Frequency = 5 = 100 Hz.

Velocity of propagation =f 3 = 400 CIMS Per SEC.

(b) Transverse specd of the particle = ~%. ~¥m® cos (kx-of)

Magnitude of the mamu_m value of the_spee_c_i_ = Oym =400% = 1_2_5 Tems, pex sec. .

‘Worked Example 2:

A steel wire 6 metres Tong has 4 mass of 60 gms, and is streched with a tension of 1 000
newtons. What is the velocity of propagation of a transverse wave in the wne’? '

Solution: Length of .the wire=6 meteres -

Mass of the wire = 60 2ms _

Mass per unit length of the wire p = 0.01 kg. per inetre '

Velocity of propagation of a transverse wave = \/g =316 ‘meleres per sec. -
Worked Example 3 ;

Show. that the stope of a strmg at any point is numem,ally equal to [he ratio of the o
particle speed to the wave speed at thal: pomt . i

Solution :

y=ymSintkx-of) = -




Wave speed = v:ﬂ:f_x_z :

Particle speed = %E = ;my,;l cos (kx - at)
Rat_io of patticle speed to wave speed = - ky cos (kx-ot)
$t_0§e of the string = % =kyp, cos(kx - wt)
Ratio of particle speed to wave speed is numerically equal to the slope of the string. .
Worked Example 4: .
The amplitede of three smusmdal waves of the same period are in the ratio 1:1/3: 1/4.

Their phase anglcs are 0, -« 1espectwcly

tht will be the resultant displacement at any point (x) and time (t)‘?
Soluuon Let the amphtude of the first wave be A. Then amphmdes of the second and

A
thud waves are and —

The phases ot thc three waves are ¢t =0. ¢; = Eﬂmlq’s =T

The dlsplaa,ementq are y, = A sin (k);_-_ ot}

¥a - gisin(l;x— mt —ﬁlZ) = —?}cns{kﬁ —(ht)

A AL '
ya= z—.sm(](x - mtl— == -‘—{sm{kx.-« wf).
* Resultant displacement Y=Y, £ Yt y_3 .

=A sin (kx-~wt)- -?—_cos{kx -wt)
A

———sin{kx — ol

3 St
=%Asinr(]~:x—mt)'—'%cos(kx—mt}

Worked Example 5:

A string v1brates aucmdmg to the equation

. .| BX : . Lo . . .
y= BSU{T] cs(30r) where x and y are in cms, and ¢ 1s in seconds. Find out

(a) the arnp]i[ude and velocity of the component waves whose superposition can give
rise 1o this vibration. (b) the distance between thc nodes. (a,) velocity of a particle of the
stﬁng at the position x=3 cms and t=1.5.

Solutlon
“The two waves

16
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(b)  Distance between the nodes = 5=

Y1 = ¥ sin (kx - o)
ang yy = v, sin (kx - ot)

When supupo:at,d gives rise o the standing wave y =2y _ sin kx cos mt
(“omparmg thls with the given equatlon we find y =4k=n/4

_ S =30n
(a) Amplitude of the component waves =y_=4cm

- Velocity of the component waves v= %: 120 em/sec.
L. 4cm

X

_ | dy-

(c) ‘Velocity of the pamcle ——d~ =~ {2y, sin kx)(m sinot)

Magnuudf; of the velocity of th{, particle at x=3 and t=1.5.

= 8.~:in£3 sin E}()'fr2 x3n=0
4 2

. Worked Example 6:
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Two identical piano wires when stretched with the same tension have a fundamental
frequency of 440 Hz. By what fractional amount must the tension be increzsed in one wire
s0 that 6 beats per second can be heard when both the wites vibrates simultanecusly? -

Sl}lutictm:

The fundamental frequency f~—‘j— ‘Since the wires are identical u - is the Same for
hoth.

When the tension of onc wire is increased of 1“l the hequency of the note emmed by
that wire will increase to

f- L |E
PARIETS

We'.are given that f=440 Hz
Then t'=446Hz(since the number of beats heard is 6 persec.)

40=21 [E
- 21
as6= (E
21 p
2
E.L: MY 007
P 440 :




t
1

Fractional increase in Tension= — =0.027

* Percentage increase in tension =2.7

11.10 SUMMARY

The transfer of energy from onc point to the other in a taterial medim is called a wave
motion. The wave motion has periodic character. In transverve wave motion, the particle
vibratien is pe peﬁdiculcu to the wave propagation direction, while in longiludlLal wave
motion the particle vibration is parallel to the wave propgation direciion. The velocity of
the wave 15 given by product of frequency and wave lengih of the wave. The distance
~ between two successive crests or troughs gives the wave itﬂ:ﬂl The number of waves

gencrated in uint Ume gives the frequency. - '

I two or more waves are superimposed cach will produce its effccts as if the other
waves were not present. This principle is known as the principle of super position. Standing
waves are formed when a travelling wave geis reflected. Points of maxinmm amplitudes -
are called antinodes and the point of zero amplitude are called nodes. The distances between
succesive nodzs 01 zmu nodu, is gne hall the wave langl -

e
5

FLTI SAMPLE EXANHNATE@N QUESTﬁUE’JS
Answer ﬂ;he Tm plowing le%mm ¥R Ahum 3‘) Lu €8,

1. Explain the characteristics of ir:avalling waxl'as' and obiain ﬁn expression for the
displacement (y) at any point () and time (i)

2. Obtain an expression for the velocity of 'trahéveisc waves in 2 string in {erms of
tension in the biﬂl‘lg and linear density of the string. From dimensional conﬁdcratmm
-check the correctness of thc EXPICSSIONS.

3. Discass the mods of transverse vibrations of the string.

4. Explain the phe.nc_smcﬁon of beais and explain the beat frequency.

1.  Answer t’ﬁc Following Questions in About 10 Linés.

1. Explain the modc'o_f pfésentation ot waves in a medm

2. D.istinguish bétwecn transverse waves & 16ngi1udind waves. _

3. Isthe principle of snpe*‘posﬂon apnlicabie in al} cases? If not what is the con‘diﬁbﬁ
16 be satisfied by the Waves for this principle to hold good. . '

4. Distinguish between progressive waves & stationary waves.

5. | Explajn the constructive interference and distructive ii}tel'fel'ence.\

6. Explain phenomenén of beat is refered to interference in tame.

T Solve the Following Problems: |

1

A wave of frequency S0CHz has a phase velocity of 350 ni/sec. (a) How far apart are - 165
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two peints 60“ apart) (b) what is the phase dtfference between two displaeements at
a certam point at times 10 seconds apart. :
' : {Ans (a) 12 cm (b) 180]

Determine the amphtude of the resultant motion when two smusmdal mations having |
the same frequency travellmg inthe same direction are- combmed If their amplitudes

of 6em. and 8 cm. and” they dlffer in phase by . radzans [Ans 10 cm]

A travallng wave propagates according to the equatton

y 0.03 sin (3x 2t)

S 'Determme the (a) amphtude (b) wavelength and (c) frequency

[0.03M; 209M 031H]

A string vibrates fellowin_g the equation

y:IIS sin?Cos 40att

Fmd the distance between the two successive nodes and the speed of’ the parttcle of
the string at a pes:twn x=l5cmwhent=98sec. =~ B [3 cm, 0]

The speed of a transverse wave in a streched stnng is340 m/s when the tensmn inthe

string is 2.5 kg. oot If the tension i is changed to 3.6 kg wt calculate its speed of the
transverse wave in the same string :

- [\408-M/s]"__

Find the resultant dlSp[aCement atx = 18M and time t = =13 sec in the superposition

Of the tWO Waves ¥1-10sin (31rt-4x)

Yz 10 Sin (3m+4x) _
[9.675M]




UNIT—IZ DOPPLER EFFECT
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12.1 AIMS AND OBJECTIVES

Thlb unit explams the phenomenon ot Doppler eﬂect After gomg through th1s Umt you
will be able to :

1)  explain the change in the obberved trequency when the observer and sound souroe
are in relative motion.

2) - evaluate the velocity of earth satelhtes with the help Doppler stht in the frequency
of the I‘d.dl() Waves transm1tted by them

122 INTRODUCTION

In thls unit we shall study the phenomenon ot Doppler effect It was ﬁrst noticed by

C.J.Doppler (1803-1853) in sound waves. Doppler effect is not confined to only sound-

waves, It apphes to waves in general DOppler eﬂect can be observed even in light,

12.3 WHAT IS DOPPLER EFFECT"

When we move towards a stationary source of sound t.he pltch (frequency) of the sound
heard is higher than the one we hear at rest. If we move away from the source the pitch is
lower. Similarly if we are at rest and the. source of sound is approachmg us the pitch is
“higher than when the source is stationary. If the source of sound is. receding from us the

pitch is lower. It is a matter of common experience that the pltch of the whlstle of an .

dpproaehmg locomotive is- hlgher than when it is receding,

‘Ifa v1brat1ng tuning fork is moved tapidly towards a wall we hear two notes of dlfferent
frequencies. One is the note heard directly fr om the tuning fork. The pitch of this i islowered
~-as the source (tuning fork) is receding from us. The other note is due to the wave reflected
from the wall.- The pltch of this-note is raised. Smee the two notes are nearly of the same
trequency due 10 the superposmon of these waves we hear. beats.

- This phenomenon of a change i in-observed trequencv when the observer and the source
are in re]anve motlon is ca]]ed Doppler Effect..

124 CHANGE IN FREQU‘EN.CY

Whe shall now calculate the change in frequency due to Doppler Effect.
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i_et us consider both the source and observer to be in motion. We trczif' the velocities of

the chserver ¢/ ) and that of the source (V) to.be along the line j mmmg them. This is a

special case.
We adopt the following convention of signs tor the velocities

We take the positive direction of V_and V_ as that from the position of the observer to
the position of the source. The velocity of pI‘OpOngIOH sound waves (v) is always considered
positive. -

Fig.12.1 The propogation of Sound waves .

In F1g 12.1 the observer is to the Ieft of fhie source. The posmve dnecﬁor» is from left to

: rlght and both V_ and V_are positive.

The source is at a point A at time t = 0 and is al the point B at time t. The outer most
cizcle represents the wave surface emitted at time t = 0. This is 2 sphere with cenfre at A
and radius vi. The velocity of the wave is a propeity of the medium and is not affected by
the fact that the wave emanated from a moving source. Once the wave leaves the source,

the subsequent state of the source has no effect on the motion of the wave fronts.

AB = Distance moved by the source in time 1=V t S _
LA = AD = Distance advanced by the wave front which lefi the source at t = Q) is vt
From the figure we sec that '
 EB=EALAB=(v+V )t - (12.1)
BD=AD- AB=(v- A . (12.2)

{‘he number of waves emanated in the (ime mterva‘i t (berween =4 dﬁd 1=t is N:ﬁ-
where fis the quuency of the note emanated by the souce.

In front of the source these waved are crowded into the dlslance BD while behind the
source they are spr ead over a distance EB:

The wavelength in front of thc/source

: x*—BEW[V._IVS t.— V_VS | ’ . o . .. ./ LYY

“The wavelengih behind the source=




EB_vaV, _v+V
NTRf

"_

(12 4)

The velocny of plopaganon of thc waves approachmg the movmg observer is (v+V )
relatlve fo him. .

Velocity of propagation

The obsewed_ frequency 1’
wavelength

v+V
(v+Vs)lf

f &Ur S my

A]l the spec1a1 cases can be denved from the abovc equatlon if we make cons1sten{ use
of the convention of signs-as shown in-the Table 12.1.

let us take a Spf:C]ﬁC casc and calculate the observed frequenc:les
" The trequency of sound emitted f = 1000 Hertz.
Veloc1ty of sound waves v = 1000 ftfsec

1) . observed frequency when the observer approaches a stanonaty source W1th a velocuy

of 100 ft/sec = [ )f IIOOHL

i) obscrved frequency when the source approaches a staﬂonary observer w1th a veloc1ty

ot 100 filsec. = [ ]f 1111Hz

i) - observed frequency when the ebserver recedes trom a stahonary sourcc w1th a veloc1ty

of.IOOftfscc. = [ Jf 900Hz

iv) obscrved frequency when the source rececles from a statlonary observer w1th aveloc1ty

ot 100 ftlsec f [ ]f 909HZ

'Ihble 12.1

_ Velocity of Velocity of . ) : .observed f'
Case  Description observer -~ the source.”  Figure~ a5 calculated from

Vo Vs formula 12.1

1. Source stativary; observer T : : vV
approaching the source . Positive - -0 f

2. Observer stitionary, source : SR - v o)
approaching the observer 0 . Negative f

3. Source stationary, observer . - i v=V,
moving away. from the source - Negative 0 ( )f

4. - Observer ::.ta.tmnary source . - : S - -
moving away from the abserver 0 .. Positive ( Jf
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. From the above example we see that both when the observe approaches a stationary |
" source or the sourcé approaches a stationary observer there is an increase in frequency

(cases 1 and 2). But it is important to note that even when the velocity with which the
SOlll'CC or observer approach each other is the same, the observed frequenc1es ate not the

¢ samge.

Srmﬂariy when the observer moves away from a stanonary source or the source moves

' 'away from a stationary observer (cases 3 and 4) there is a dectease in frequency. Even in

this case we find that for the same velocity ot recession of the source or observer the.

- observed trequencles are not the same.

" But if the velocity with which the source or observer move is small compared to the -

B velocrty of sound in'the medium, observed frequencies are nearly the same for cascs I and

2 and for cases 3 and 4
- - This can be_shown_as follows: - ‘
_Let u-represent the 1e1ative-velocity between of source and observer

__.LetustakecaseZ f*f(v u) :

(In.ﬂ‘n-l-?. ’ - Y .I .
y ,+;+(;J U
-If urssma]l compared tov —-1s smaIl compared to unlty and hence we can neglecr

~2 .
u
[v] and hrgher power in equauon 12.6

- .-.f;i(o_]: __)
v S ¥

Thlsmthesameastorcase l, whenv_=u
Sum]arly itcan be shown for cases 3 and 4

12 5 DOPPLER EFFECT IN LIGHT

Doppler effect is not conﬁned to only sound waves. It apphes 10 waves in general. Smce :

_' " light is propagated as waves the effect can be observed with light waves also. However
since the speed of light is so great, that the effect can. be detected w1th astronomical or

atomic sources whose velocities are high.
- The frequencres of light sources will be the same whether a given atom is on the earth

"oron astar. The wavelength of light from certain stars is slightly longer than the wavelength -

of light from same atoms on the earth. In the case of light from some other stars the wave
length is shorter. We can thus infer that the stars are moving towards: or away from the

_earth, Their velocities can be determined from the observed d]fferences in wavelengths

Ina gas drscharge tube in rhe laboratory the atoms are in constant random motron wrth_




relatively laree and varying velocities, Hence light from auuh sources is a rmxturu of waves
¥ ¥ _

with a spread of wavelength. Tins the broadening of md.d‘uon emifted hom hot gasesis a
consequence of Doppler eifect.”

Thete is an important difference between Doppler effect in light and in sound.
Tn sound it 18 not the felutive motion of source and observer that determine the change

i frequency. We saw thai even wiicn the relative velocity is the same the frequency will -

depend on whether the souree or observer is in motion, This is so becauss the velociiies V|
and V_ are measured velative to the medium in which the suund is propagated and the.
mcdlum defermaines the wave speed (v)
. Tu the case of light for which a material medinm is nct necessary for propagation the
speed of light is the same relative to the soutce or obsevver, It does not depend of their
motion. This is a0 important and basic postolate of the special theory of relativity, Hence
for light it is only the relative motion of source and checrver that will determine the change
1 frequency. a

Ax interesting example of ﬁonnlei effect is Eha; reflection of radar waves from a ragving
- chiect such as a plane or 4 car: The wavelength of the ieﬂuuir‘d waves s increased if the
G biect is movine towards the sowce and decreased i it is spoving away from the seurce.
The volocitizs of earth satellites are deicrmined from the Doppler shift in the frequency of
the radic waves transmitted by them,

Worked Exampie:

A inan sianding in front of a large smooth wall holds a vibrating tuning fork of frequency
400G Hz. directly in front of him between him and the wail. He moves the fork toward the
wajl with a speed of 1.2 meire per soc. How many beats per second will hie hear between
the sound waves reaching him directdy {rom the fork and thoae reaching after wﬂ%hon
from the wall? ’Velouw of sound in air - 341 meties per se¢

Sohtion:

_“teeuency of the fork = F=400 Hz.
~ Inthe case of the sound waves reac hmg dire cﬂy,-t_he, observer is stationary and source
. moving away from the observer. -

Frequency of the nole heard by the observer

po| Bl (338 400 398,61z
v+v \348+1.2

In the case of sound waves reflected, the obq\,rvw is stationary and source apprdach in

e observer.
Frequency of the note hea,m by the GbSClVGI

. \f:[ S48y 400=401.4 Hz
V-i-VS) 348-1.2

Number of beats heard per sccond =f,- £ =2.8

12.0 SUMMARY

Achange in obser ved trequ(,m,y due to relative mollon ot obsewsx 'md the source are in
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relative motion is cafled doppler effect, Doppler effect can be applied to waves. The velocity -
- of the earth satellites are determined from the Deppler shift in'the frequenc v of the radio
waves ir. ansnntted by them. :

12.7 .'ZSAMPLE EXAMINATION QUESTIONS

L

1110

Answer the Following Quetion in About 30 Limes.

Explain the phenomenon of Doppler effect and clearly discuss the various cases.

“Answer the Following Questions in About 10 Lines.

What is the difference between Doppler effect in light and in sound.
Solve the Following Problems

A whistle of frequency 540 Hz. rotates in a circle of radins 0.6 metre at an angular
speed of 15 radians/sec. What is the lowest and the highest frequency heard by a
listener a long distance away at rest with respect to the centre of the citcle? velocity
of sound in air = 348 metres/sec. _ [Ans:554 Hz.52¢ Hz]

Two trains travelling in opposite directions at 100 KM/hr cioss each while one of

~ them s whistling. If the frequency of the note is 800 Hz find the apparant frequency
- as heard by an observcr in other train before the trains cross each other [942. 3Hz]

The trequency of the horn of a car is observed 1o d[Op trom 272 Hz to 256 Hz as the

car passes the stauonary observer. Find the specd of the car. Ve]omty of the sound in-
air is 346 Sm/s o :
' [10.5 MIS]

A person is sianding on arailway platform. An engine moving away from the person.

- with a speed of 20 M/s blows a whistle of frequency 740 Hz. Calculate the apparant

trequency of the whistle as heard by the person. - : - [700 hz]_' '

A person is Esialldll‘ g on arailway platform. An engine whlle approaching the platform

“with'a velocity of 20 M/s. blows a whistle of frequency 666Hz. If the velocity of

. sound i is SSOMJS calculate the apparant frequency of the whlstle as heard by the

person

[700Hz]
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131 AIMSAND OBJECTIVES

* This unit explains the dual character of hght on the basis of the eorpuseular and wave

theories, youngs experiment & Interference patterns After going through this Umt you

will be in a position to: _
1. Verify the Law’s of reﬂectlon and refractlon using Huy gen s pnnc1p1e

a2 Explam the condltlons under which total 1ntemal reflection occurs. _
3 Explam the colours observed in thin ﬁlms 11ke soap bubble and oil ﬁlms on the '

surface of water,

132 INTRODUCTION

We know Lhat energy can be propagated frorn ‘one place to another either by moving
- matter or by a wave disturbance travelling through a. medim which does not itself move as |
a whole. Water falling from a dam, a glass window getting broken by a stone thrown from -
‘a distance, a turbine moving due to the water falling on the blades are some examples -

~where energy is transferred directly from one place to the other of moving matter.

Propagation of sound energy from one place to the other takes place via wave motion.
Each particle of the medium, by vibrating about its mean posmon transfers enérgy to its -

- neighbour: Two theories namely the corpuscular theory and‘the wave theory have been

. . proposed to describe the transmission of li ght energy from one place to the other i.c., from

- 'the point of hght source to any distant pomt The corpuscular theory was proposed by Sir
~ Issac Newton in 1675 and the wave theory was proposed by Huygens in 1678. These two
theories have bcen sub]ected to expenmental tests since then and there have developed two
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-zchools of th()u;;ht Hooke, Huyj gcns Descartes and Euler supported the wave theory whcreas

Newion and Laplace defended the corpuscular theory.

According to the corpuscular theory, light emitted by a Iuminous body consists of
invisible, rapidly moving particles whose size varies with colour. These invisible particles

called corpuscules are so small that they can readily travel through the interstices if the

particles of matter with the velocity of light. These particles undergo reflection from a -
polished surface, or transmission through a transparent medium. When these particles fall

on the retina of the eye, they produce the sensation of vision,

Accordlng to the wave theory, the light source sends out waves in all dzrectlons Sincea -
medium is required the propagation Of a wave, a hypothcﬂcal medium called ethcr wis

- assumed to exist pervading all space.

The relative merits of each of the two theories could be judged in terms of the ability of
these theories to explain the experimentally observed phenomena. While the corpuscular
theory could explain the rectilinear propagation of light, the phenomena of refiection,
refraction and dispersion, the theory fails to explain phenomena like interference, defraction
and polarization. The wave theory put forward by Huygens could explain the phenomena
of reflection, refraction and dispersion. A satisfactory explanation or rectilincar propagation
on the basis of wave theory was given by Thomas Young and Fresnel who also demonsirated
the phenomenon of interference. Acceptance of wave theory became almost universal when
Focault and Michelson showed experimentally that the speed of light is less in water than
that in air which is the reverse as per the corpuscylar theory and true as per thc wave theory.

- However, the discovery of photoelectric effect led to the conclusion the emission of lightis

corpuscular in nature. The quantum theory of light postulates the emission of light energy
in terms of quanta called photons whose energy can be given by hv where *h’ is Planck’s
constant and v the frequency of the radiation. This theory could satisfactorily explain the
phenomenon of photoelectric effect whereas the wave theory had failed to accouni for the

_experimentally observed facts.

There are certain phenomena which can be explained only in terms of the pariicle nature -

ofli ght.and other phenomena which can be explained only on the basis of the wave theory.

This dual nature of light is presently accepted beyond doubt. Somie times we have te think
in terms of photons and some times in terms of waves. In this unit. We shall study in detail
Huygen’s wave theory and the explanation of the phenomena of rcﬂcctmn and refraction
on the basis of wave theory.

A very important characterstic of wave motion is the phcnomcnon of interference, whlch
occurs when two or more wave motions coincide in space and time. In unit 13 we discussed
the super-position of two simple harmionic motions. Interference occurs for example in the

~ region in which reflécted and incident waves coincide. Another important example of

interefere is found in a wave motion which is confined to a limited region of space such a:,

a string with its two ends fixed or a liquid in a channel.

The phenomenon was first demonstrated by thomas young in 1801. This was thc strong
experimenial evidence in support of Huygen’s wave theory of light.
In wave motion we have two types of wayves namely longitudinal and transverse waves. -

In longitudinal wave motion the particles of the medim vibrate about their mean position

along the direction of propagation of the wave. In transverse wave motion the particles of
the medium vibrate about their mean position in a direction perpendicular to the direction
of propagation of ihe wave. While developing the wave theory of light Huygens assumed
hpht waves as longitudinal, On this basis, Huygens could satisfactorily cxpldm the




Phenomena of reflection, refraction and double refraction naticed in caystals like quartz
and calcite, Fresnel and Young suggested that light waves are transverse and they could
explain satisfactorily the rectilinear propagation of light. The phenomenon of interference
© .18 characterstic of any wave phenomena, irrespective of whether the waves arc longitudinal:
or transvers. Let us now study the conditions required for interference phenomenon that
can be observed with light waves. o

133 HUYGEN’S PRINCIPLE

According to the wave theory, a point source of light when placed in an isotropic medium
emits light waves in all directions. These waves travel in the form of expanding concentric
sphezes with a uniform velocity of 3x10° ms-. With the point source as centre, the disturbance
- will reach alt the particles lying. on the surface of a sphere simultanecusly. Such a sphere is
 called.the wave front. Thus a wave front may be defined as the locus of points having the
same phase. The shape of the wave front depends upon the shape of the light source and its-

distance from the source.

_ Fig. 13.1 (a) Spherical wave front ®) ‘Cylind'rical. wave front o
i) Spherical Wave f__ront : The spherical wave front isa portion of the spherical surface
- on'which all the particles are in the same phase. - N ' -
i) Cylindrical wave front: When the sotirce of light is linear, then in an isotropic medium
- the wave front takes the cylindrical shape. Every p’q’rticle on such a cylindrical surface
will be in the same phase. e : L

~iii)  Plane wave front :.A plane wave front is a plane surface through which a wave
disturbance passes and in which all the vibrating particle are in the same phase. A
- portion of the spherical wave front or cylindrical wave front which is at-an infinite

 distance from the source of light is a plane wavefront. _
Huygens’ principle provides a geometrical method of finding the shapc and position of 175




the wave front at a certain instant of time ', if we know its shape and position at any other
previous instant. According to Huygens’ principle all points on a wavefront can be considered
as point souu,es tor the ptodumon of spheﬂcai secondary wavelets. After a time ‘", the

- New posmon of the wavéfront will be the surface of tangency to the secondary wavelets.

Let us consider a wavefront originating frora source ‘S’ as shown in Fig. 13.1 Tt
reaches the position PQ at t=0. According 16 Huygens’ principle cach partjf‘ie on the wave
front behaves as a secondary source from which spherical wavelets - sPread oui. After a
time t°, there will be a series of wavelets with centres at 1,2, 3, 4........ ..each of vadius ct,
where ‘c, is the velocity of the wave disturbance. The surface which envelops all these
wavelets, that is the plane of tangency to the spheres, constituies a new wave frout given by
RS. From'the examination of the Fig. 13.1a and 13.1b it is evident that the ‘;phemal wave
front is propagated as a sphexical and plane wave fronts are propagated as plane with speed
*¢*. It should be noted that Huygens method involves three dimensiopal construction and
Fig. 13.1 is the intersection of this constmction with the plane of the page. '

Tuygens’ principle assumes that a wavelet is effective only at the small position which

 is tangential to the enveloping surface. A ray may thus be defined as the line j joimng the

centre of 2 wavelet to. the small pomon as shown in Fig. 13.1 We may also expect a wave
tadiated backward say RS apart {rom the ones radiated forward as shown in 13.1a. This

+ result may be. avoided by assuming that the intensity of sphe*lcal wavelets is not aniform

in all directions but varies continuously from a maximum in the forward direction €0 a

o sninimum of zexo in the backward direction. According 1o Voigt and Kirchoff the contribution
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of a walvelet 1o any given direction, making an angle 8 with OA, is porpotional to (1+Cos8)/
2. Thus in the forward direction 8=0 and the intensity is the maxirmum and in the backward
ditection @ = 180° and the intensity is zero. Huygen's principle can be applied to all wave
phenomena. Let us study of the use ‘Huygens’ principle to explam the shenomena of
mﬂcctlon and refraction. :

" Fig. 132'

. 13.3.1 Huygen's Prmmple Laws of Reﬂectaon

We shall now study the phenomenon of retlection and deduce the IBWb of reflection by
applying Huygens’ principle. Consider a plane retlecting surface MM’ as shown in Fig.13.3
Let AB be a planc wave front striking the surface MM at A at t =0. Let ¢ be the velocity of




light and t be the time tﬂke"l for the edge B of the uavefront {0 reach the point C. n the
absence of the reflecting surface MM the incident wavefront AB would have reached the
position CD. Butin the presence of MM, as the wave front advances, the particles between

Aand C behave as sources of secondary wavelets, By applying Huygens’ pnnmple we can
construct the reflected wavefront after a time ",

9

Fig. 13.3

The point of the wave front which touches the surface MM’ first becomes the source of
the secondary wavelet. This spreads out in the surrounding medium. By the time the
disturbance from the point B reaches C in a time t” the secondary waveiet from the point
A would attain a radius BC=ct. This position can be found by taking the point A as the
centre and drawing a sphere of radius ct. Let CD be the the tangent at D to the wavlet from
a A then CD' represents the reflected wavefront after a txme t.

Let us consider a point P on AB. Let PGR be paral’el to BC. Let QR and QR répresent _

the prependiculars drawn from @ te CD and CD'respectively. Triangles GCR' and ACD'

- are similar trlangtes since AAR“C AAD'C = 90 and angle QCR' Angle ACD’. Hence

C ’{ )
o i

 Also tnangles QCR and ACD are sumlar triangles since angle QRC = angle ADC=5(°
and QCR = ACD. Therefore

QC QR

aem - 132
comparing cquauon 13.1 and 13, 2 we get '
QR_OQR S | o
SINCE AD'= ct= AD= BC we have QR'= QR | | 34y

Equation 19.4 indicates that the wavelet from Q touches the wavefront CD" at R'. This

s true for all the wavelets emanating from any point between A and C. Hence CD’ re:plesents

the reflected wave front.

Let us consider the triangles ABC and AD'C Here AC is common. BC = AD and
AAD'C = AABC=90°. Therefore triangies ABC and AD'C are congruent

Hence angle BAC = andgle ACD’ : (13.5)
That angle i = angle R~ ' (13.6)
Hence the angle of incidence is equal to the angle of reflection
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13.3.2 Huygén's Principle - Laws of Refrection

| Let us consider a plane refracting surface MM ' separating the two transprent media (air

and glass) as shown in Fig. 19.4. Let ¢, and c, represent the speed of light in air and glass
respectively. Let APB be the incident plane wavefront. Att = G let the wavefront APB
meet MM at A Thus A becomes the source of the secondary wavelet at t = 0. Let t'be the
time taken for the edge B of the wavefront to reach the point C. Hence BC = ¢t In the
absence of glass the wavefront APB would have advanced to the position CRD at time t.

‘ o But in the presence of the refracting surface, ag the wave frons advances the pamcles on

" AC become the sources of secondary wavelets one after the & lier. :

)

Fig.13.4

Attime 't’, when the wavelet from C is about to start, the W'avelet from. A in mediym 2
would have developed a radius AD' which will be equal to c,t. Let the tangent drawn from
C to the wavelet developed from A be CD'. Then CD' repesents the refracted wavefront,
To prove this let PQR be parallel to BC with the point Q on the refracting surface MM’ .
Let QR' represent the perpendiculars drawn from Q to CD' and CD respe ctively. Tnangle
QCR' and triangle ACD’ are similar triangle since

AQR’ C= AAD'C = 50°. Angle QCR' = angle ACD’ . Then

QC _QrR'
AC ™ AD'

Triangle QCR and triangle ACD are also snmlar trian gles smce an gle QCRmangle ADC—90°
and angle QCR angle ACD. Hence

Qc _GORr

(13, 7)

_ ‘AC AD. - - (139
Comparmg equation 13.7 and 13. 8 we get
QR QR | : | | | .
A5 AD o - - B
~QR=S0or | o (13.10) |

DAD QR c_lt:i : R
AD' QR Cat  Co : ' . : (13 11)
Hence AD' is the radius of the secondary wavelet from A then QR’ represents the -

radlus of the secondary wavelet from Q. That is the wavelet from Q trouches CD’ at R
ThlS is true for all the: wavelets starting from any pomt on AC. Thus CD' is the commor
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envelope of all the wavelets from all the poinis on AL, Jience, by Huygen's prm(:lple CD’
represents the refracted wavefront. From the figure 93.4

- Angle AN + Angle TAB =00 = Anglu NAT + Angic BAC ‘ ' ( 13.12)
Hence Angle (AN =1i=Angle BAC o {13.13)
Similarly "

Angle N', CI' + Angle N',CR’ = 90=Angle N, CR'+ R’CQ (13.14)
grr=Angle R°CO = Angle ACD' . {13.15)

From tifangles ABC and miangle ACD”

Sini _* Sin(AngleBAC) _ BC/AC

=BC/ALY

= = )
Sint  Sin(Angle ACD'}  ADYAC (13. 15.’
EEE_I_ = ...C_l..ﬁ. =g|ics = . | ’ K .
Sint  apt 102 =Hay : _ _ (13.15)

souation 13.15¢ represents the law of refraciion. Here toy Tepresents the refractive
iadex of mednm 2 with respect to mednﬁn i. -

12.4TOTAL ‘E;‘t@TERNA‘ MFLECTION APPLICATIONS

- The phenomenon of toial 1merm| reflectivn can be o‘tmcrmd only when light passes
from a denser medium to 2 rarer medium. Consider a source 01 Jg @.atuatul at O with a
aenser medinm as shown in Fig. [3.5

A / . . EH:#
: " .:i i

@(_u

- AN

Fig. 13.5

Eet wy and p, represent the reh active mdlu,a Of the denser ’zmd rarer medm respectively.
When alight ray is normally incident to the suﬁace it travelds in the same direction. This is

shown as ray [ in the figure. if the incident ray makes an angle 6; then the refracted ray '

{ray 2) moves away from the normal making an angle 6, . Accerding io the law of refraction.
Sinby  pg . ' . )

Sind ng - _ {13.16)

- Since py is greater than ) the angle of refraction- 8, will be great than the angle of

incidence 8, . As the angle of incidence 8, is-increased a situation may be obtained at

which the refracted ray points along the surface, \[‘a}’ 3), the angle of refraction being S0,

The angle of mc,ldencc for which the refracted ray grazes the surface is called the critical
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- angle B, . Por angles of incidence greater than 0, no refracted ray occurs and the rays get
reflected back into medium. This phenomenon is called total internal reflection.
Applying Snell’s law, we have '
I o 3 . . - -
22072 E2 ySind, = pg - (1347
Bing, oy . ' :

For glass and air since --in 6 =1.00/150=0.667
8, =Sinl 0.667=41.8°
- Check your Progress 1

Whai are the necessary conditions for the total intemnal reflection to cecur?

Hence for glass air interface total internal reflection takes place when the Hght ray is
incident only at an angle preater than 41 8°.

The phenomenon of total internal reflection has many applications. Light can be pipied
frem one point to another with little loss by allowing it to enter at one end of a glass rod or
acrylic plastic at an angle greater than the critical angle. The light will undergo total internal
reflection at the boundary of the rod and will follow its coatour emerging at its far end.
Light can be made to emerge even if the rod is bent as shown in Fig. 13.6 -

3

Fig.13.6

Thus the specially made glass rods can be used as ]ight guides. These rods are useful
only to transmit light from one point to the other. But image can be transfered from one

location to the other using a bundle of fine glass fibles as shown in F10 13.7 each Fbre
fransmitting a small fraction of the image. -

ot

‘180 ' _ : ' Fig. 13.7




- .

If the radlus of the glass fibre i 1s less then the i unage transmltted will bé well deﬁned
The instrument designed usiag optical fibres for'transmission of images is called a
- fibroscope. The gastroscope used to see the minor parts of the stomach and the hypodermic
needle used to examine skin tissues and muscie fibres, belong to the family of fibroscopes.
- Afibroscope is aiso employed to éxaminie the inaccessible parts of a machine, to test the
‘turbine blades, boiler tubes and also to:examine the various parts of nuclear reactors.
The phenomenon of total internal reflection is utilized in developing-total reflection
prisms which are useful in optical instruments. A few types are shown in Fig.13.8.

4 .
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Thc appearance of the.outside world for a hsh 1n water can be tound by making use of
the phenomenon of total internal reflection. As showit in Fig.13.9 a swimmer inside the
water will appear to float on the upper surface of the water, and a tree at the shore looke as’
if it is floating in the sky (to the fish). -
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Similarty, ihe rising and setting sun appear to be little above in the sky. The appearance _
of mirages in deserts is only due io the ph@nomenm of total internal refiection. Due to the
hagh temparatire the air '

Fig.13.10

near the surface of the earth gets hea1ed up and hence formns a rarer medium. As a result

the rays from the trees get totally mternally reflected shown in Fig.13.10 resuiting in the -

formation of inverted images if seen by a distapt observer. Hence the observer experiences
the iftusion of water m deserts i.e., the présence of misages.

13.5 PHENOMENON OF INTERFERENCE

- The Light waves trave]]ing along tﬁe x-direction may be represented by

tf\ .. .. .
Y= AsmEn{E-‘—fJ i - (12.18)
o X o o ’
or .YzAst.y{xﬁVt}.-[--.'u=%—} 3 N ' .(13.19)
or Y =ASin(kx-ot) o o (1320)

Where k= 2n /% and o/ = 2
In the above equafions AL A, T,x,0,@ and k represent the amphmd wavelength of -
' hg!n, wave period, wave position, frequency, angular freqwncy and wave vector respectively.

lhe intensity of hght al any point is pfOpOtl(}Ddl to the square of the amphmde of the

. X t : -
~wive at that -point. The term 27{;: - ?J represenis" the phase angle.

Before going iuto the details, let us anaiyse the effects that take place when two or
MOIE Waves arrive ‘sunuh;aneous]y at a particnlar point.

182 Let us consider two waves of equal frequency and amphtudf-' travelling with the
same speed a}.ong X duu:uon 1Let the phase difference between the lWO waves be ¢ . Then




the two waves g:a_n be reprcSented by the following equation:

vi=vaSiofkc-at-o) (13.21)

y':ymsm(kx.'m) | o | s

According to the principle of superposition the resultant displacement at any point,
and at any instant. of time due to different wave trains is given by the algebric sum of the

mbtantdneous d1sp1acumeuts that the mdmdual waye trains would produce mda,pundently _

The result ant wave is glven by

Y=Yy, = ym(Sm(kx wt- (p)+Sm(kx cat) o (1_3723)'

usmg the tngnometnc relatmn :

Sin A +SinB =2 sm[A; b ].COSE%) O d324
wc'caﬁ-rewﬂte_Eq.l?,.QB o _

y=y_[2Sin (kx-0-9/2) Cos{p/2) ~(1325)
or y_:(2ymC05(p/2)S.in_-(kx—c6t-d}/Z} SR (13.26)

The resultant wave com,sponds to a new wave hav]ng't'h(, same frequency but with

“zn amplitude 2y Cos @2 It @ =0the resultant amplitude will be 2y _ and the two waves :

“have the same phaqe everywhere. The crest of one wave coincides with the crest of the
other and the trough of one wave coincides with the trough of the other wave. The waves

are then said to interfere constructively. If' ¢ =180° the resultant amplitude will be zero and.

the crest of one coincides w1th the trough of the other. The waves are then said to be
mterfermg dcstructwely The supcrpomhon of two wave (rains are when ¢p=0 (Fig 13. 11(&)
$ =0, (Tig.13. 11(b))¢—2n (Fig.13.11(e)). ¢ = 180, (Fig.13.11(d)), ¢ =n shown in
- Fig. 13 11

An examination of the Fig.13.11 clearly shows that a stable interference pattern can

be observed if we have two sources of light waves having the same frequency, nearly the

same- amplitude and possessing constant phase d1ttm,nw at any instant of time. Such
sources arc called coherent sources.
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Fig.13.11

" Interference effects can be observed On a screen from two identical wave trams whlch
travel in two dlfferent d1rect10ns as shown in Fig.13. 12

F1g13'12'

Here A and B are two identical light sources eﬂuttmg light waves. Slnce OA is equa]_

1 1o OB the path difference between the two waves arriving at O is equal to zero and hence

E -the intensity at O will be maximum. As one moves from O to gither direction along the

~ screen there exists a path difference between the two waves and at some point P or P’ the

_ pith dlfference would be %/2. Hence the phase difference’ would be 7. Here the two

; 184 Waves interfere d_e'stlucuvely and P and P'would represent the pou_lts, of corapiete darkness:




At Qor O if the path duxmence is A |hc*} the: phase (.ﬁff@l’ullCﬁ beiwean the Waves arriving:
'at Q and (3 would be 21, Hf:nce LhL Waves lgx?estﬁ&m constmcuwly and.d have: Qrand:(Qlas
bm:g poinis.-When the patie.difference ds 9,0, Zh; 30 .. ther .1\51_0. waves interiere:
constructively and whesnthe path différenceis MZ 302, SM’) ... the two waves interfore
- destructively. Thus o either sides of O on the screen the bnght and dafk. poings will:formi:
alagma&.s:ly__.'Lrg(_i_.ﬁf}.ese ba;gg@ are termied as interference bands and the. phepomenon isccalled

‘ —3"@VF_XWELREIWEN’§ _ﬁ’NE} ET% QL‘ %hﬁ?ﬁi’?‘ﬁt,.ﬁaix
n:”E_.ﬂNP? '

fn terference L.fleCtb d i m hg‘m waves. Wﬁs frst cemonsirated experimentially by

evidence 10 the g‘owmg behei in the.wave this !m

Hen sunlight:was: aiiowsd A ia]! ‘owa; pin hole paiiched fn a‘screen A’ Thet emetgin
Jﬂhi spreads out and #all-.on pin boles Siand §; of scregi B. The two waves originating”
from 5 and S, and the interference ‘nal‘ta“m was obsezwed on the screen C. Young observed
afew LoToured bng"ﬂ and dark bands on the screen. By replacing smmght by monochromatic

: dglﬂ ud using shits instead of pin holes 5, and 8, one can nbset ve the interference pattern
oi equally spaced bright and dark bands. :

el Young's experiment the pin holes do not C‘a.st gesmcmca] snadows but dct as
'comwxs of raxpadmg Huygen's wavelets. Accordini to Haygens’ ])I‘lll(ilp]s Spactsas apoint
source 50 that a spherical wave emerges and falls on 8, and S_,L These _two_, pmhok,s act-as
point soutces emitting spherical waves W}h(,}‘i spiuad out" s shown ] in Fig.13. 13. Since S

“and 5, are iHuminated by the same spherical wave and, Sp-ands; e equidistant from S_ thc
11g’~t waye Pmergmv rom 5, andsS  ALE, cohmeﬁt fhat js. i}.ey h ave the.same ﬁequency and
amplitude and have Lon%tant phase ditference with ea(,h other at any mstant of time.: The !
intensity at any point depends on thelr relative phases at that point. Interference bands are

' 10(iuced on the screen C which are altematwel y bright and dark. Tﬂu poinis such as T are
.bnght becatse flie ¢rdst ot trm_é‘f! ol ‘one wave comhidr*' fespectaweiy w 1th the cresi or
Aroupt ot e othei leading forconstructive’ mtuauenu The' p{)lmb ‘-,ULh 45 S are. dalk;\‘
becanse the crest or tr ough of one falls respectively onthe tmugh or crés of the other and

Thomas Young in 1801. This expetirtent was. 5 cruglél ofie o that time since it added
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destmcuve mtetference takes place. If any one of the stits say S or 5, is covered, the dark
lines disappear and the screen is ifluminated i a bread band. The corpusculdr theory cannot

- account for the fact that a point on the screen is bright only when one slit-is exposed and

becomes dark when both slits are expose{i The explanation can be oftersd only in terms of
the wave theory of light.

The phenomenon of interference is not limited to light waves alone bt is characteristic
of all wave phenomena. In the ripple tank the waves are generated by two vibrator that tap
the water surface in. synchmmsm p;oducmg two expanding spherical waves.

Letus analyse Young’s experiment quantitatively. As shows it Fig.13.14

Fig.13.14

)

Let ‘d’ represent the distance between the slits. Let the source of light be

' monochromatic having wavelength A. Let L be the distance between the screens B and C.

" Consider a point P on the screen C. For this point to be bright, light reaching it from the

- two slits must be in phase. Hence, the light path from S, to P must exceed ﬂle light path -
B from S, to P byan mtegral number of wavelengths. T herefore -

| SP-SP=SE=m - i327) %
- Where ‘n’is an mteger It can take values 0,1,2....8 Erepresents the path difference.

© ¥ the distance between the slits ‘Q’ is very smiall as compared to the distance between the

‘screens B and Cie., L then S, E will be almost perpendicular to S, ,P.Hence angle S, S E—angle -
PDO both marked as@ the Flg 13.14 From triangle S S.E we have

SE | - _
SsS, 3“1_9 R | | (13.28)
S;E= S S, Sin@ = d sing o (1329)
hom the tnangle PDO, Tane —OPIOD*XIL S S (1330)
If 9 15, very small we. czm take tane Sme N
Smﬁl“x/L . S ‘ ' (13 31)

Here X" Ie,presents the distance of the point P from the cem:ral unage Yrom Equation -
13 29 and 13. 31 wehave : : _ o
- oL 8B=al 133y
_ Brlght anges Bnghf frmges result whenever the waves interfere constructively, For

mnstrueuve interference to- take place the path difference st !Je an integral mult:ple
wave 1ength A Thus 11 P were to be bnght then




xdfL=n o N (13.33)

Corxsn) LA o (1334)
Ifnet, x=pLid o (13.35)
n=2, x=32Ld 336
Bos3x-=3Ld - - . 1337

1he dﬂmmm between any two consecutive bnghi fnnges._-

_mAL (a-IpL AL
d d- d
Dar’. ¥ringes : Dark Pringes results whenever the waves nne}_fe_re destructively. For

destructive interference (o take place the palh difference must be an odd integral 1111‘1t1p1e
of kall’ wave length,

(13.38)

n X

Heuce it the point P were to he dark t‘nen

= (411+1)}- B O (1339)
27 d -
whes 0=012,.... o | | 1340
[ xd v A
(jw.nep | T (2 o + 1)5— | | | |
S n=0x=aL2d | (1341
/ | o nslx=3) LA2d (134

n=2, x,=57, L2d : SR (13:43)
The distance between any two con qeeuuvc dark fringes is gwen by

oy (@n+DAL (@n-DAL _AL
n . n-1-" 2d 2d d

_ The distance between dny wo (,OIlbt‘,Cll'[IVt) bright or dznk frin ges is known as fringe
width (§). It is given by - ' '

_ &= AL/ _ (13.45)
Since 3, is small, L/d must be la';ge so that the bands can be observed distinctively.
Eg.13.45 indicates that the fringe width is directly propor’tlonal'to (i) the wave length

~and (H) the distance between the sueen and the two sources, and 1nversely prop 011;10na.1 o

the dlstanee between the two sources.
Check Your Progress i

Define fringe width

~ Check Your Pregress 2

- Ifthe path difference between the 1nterfenng waves 1S an odd mtegral multiple of half
wave lengih do we get a constructive mterfelence pattern
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' Wﬂrhed ﬁut Exampﬂes '

-1 C'ulcuiate the fringe width, if lhe source is Sodmm Liﬂﬂ emnitting yetlow lie of
wave]engm A=5893 As the distarice between the shit 1% {} DSPm and the screenis at a
dlstam,e of 2.50 meiies 1r0m 111!* shits S and 5,

-
8= ?\L/ 5893);35 XESO. =72.95mm. _
2. In Yoﬁng’s double slit experimetit the separation of the slits is 2:00 m.in, The fringe
_ sp.u,mg 15 0.30m.m. at a d1stdnce of 1 mf‘tre hom the shts \,ah,um, the wavewngih ui

”_ 3 0 30mm~0 03 Cam. _d-._.z 00 ﬂllIl—O z Cumy L=1 motér =100 om.

’ Smcas ?\,L f' d then ;\ SCUL = EO;}ED 2

= 6000A

“The Waveleng“h of the light source ix GO00A® i o)1 oo R L

Young’s experiment indicated that to ubserve uwerfcrence effects it is necessary to have
'two sources eraitting light waves of the same. 1requ\,11cy and-amplitude whick, at the start,
are alway in phase. This can never be accomplished, for if two sources are in phase af one
moment they would shorily get out of phase. The best way of obtaining‘twb colierent
sources having the same frequency, amplitude and phase is to start with only one light -
~ beam and to split this wave into two-as was done by Yaung: At present laser SOULEES ate .

available which are highly monochromatic dnd mtrnsu Usmg laser hght one can obtam
- sharp, interference patierns. Vi e -

Instead of pin holes if siits are used more llght passes. Ihlough and the interfererice
paftern is bright. The general pamre of the mtc riuenu: pattem obtainable in Yowg S
expenmcml.s shown in fig. 13 5. B

I-S 6.1 Tiitetisity of Interference Patternin Y Im_g_s Exp Cirment

We know hght waves are c]ectromdgrz tic. in nature. The ele ¢ F,and magnegic
field( £1 ) vectors will be perpendicular to each other and also perpendicular td the direction
~ of propagation. The magnitude of the electric and magnetic field vectors vacies, with time. '
The intensity of light waves at any point at any instant of time depends on the instantaneons

- value of the ul@C‘ilC fields vector. At any instant of time to let the electrie-ficld:-edmpbnents

of the two dees at P as shown Fig.13.14 be given by

0




HehcH 1epreqents ifie’ dngularirequency andd) represcnts thu ) ‘f’_f renc :
them: ¢ dépends on P and for fixed geometrical ; arrangcment 1t depends on the ang]e The

electric field component of me resultam wave at P can ‘he gwe _ACL01dmg io 1he pnnaplei '

of superposition, ag - _ : : _
E=E +E, - ° ' . S (33.48)

E= E, sn1cot+E Sm(mt+¢’) .' I .(13.49)'
E= -E, s1nmt+E Sinot C I"'¢+E Cosmtsmd) o assey
F- E qmm(1+c03¢)+n COSCDtSill(i)i‘.':-j:;“.":.J:ﬁ_._ S35
Let B ,5in = RsmB SR a3
andE(1+Cosdp) RCOSB | L (1353)

Then :

hqumon 13,55 Lepresents Thb equation-of simple harmonic v1b1a110n of dmphmdc

lhc ~value of R can, bﬂ ohtamed by- sqummg equauon 13:52:and-13: 53 and adding the sam; i

 We also can show that § = hb/12 and l1avmg and bence I R;l = 4}32 X Cos ]B
Let us analch equation 13 60 f01 d1ffercm cases;’

CAS]: 1. When $=0, 271: 2(275) 3(271:) ........ "

- the path diffeiénce is 0; A, 2?@;-;1

we have/f = SAEDTTT

The nnenfnty is 1]16 maxnnum when the path dlffelencu is an mteglal mulnple 01 A

_CAQE 2 When (j) - L, 3T, ST (211+1)’m or the- path
d1ﬂ‘ert,nce is /2,302, S?L/2 ......... (211 + 1) A2 _
wehaveI=0 - . .. : . g ‘- (H 62)

Hence the intensity is. the minimum when the pdth difference 1s an odd number and a '

multipie of half wave length

‘The horizontal sohd fine I ; describes the nnensny pattem on the screcn 1f one of the 189

(13 61)-




sl1ts is coverec up, If the WO SOUIces were mcoherent then the mtens1ty would be um:form

* over the screen and would be 21 as shown in the Frg 13.16. For the cohe1ent source, as in--

Young’s experunent the energy 1s _ ‘ - ‘
The mtensfry pattem for the double slit mterterence is shown in th 13. 16

7 -

.,s,w 417"511-;;1;. T o T TT zt' 31! 411 S’I‘

th 13.16 .

4 red1stnbuted over the screen. Since energy can ne1gher be created nor destroyed the energy

is transfered from the points of minimum intensity to the points of maxunum mtens:ty As

| e shown in th 13.16 the intensity varies trom 0 to 4E2 rmd the average value is stili 2 E2 |

_-wrrespondmg to the mtensrty present in the abscence of the mterference phenomenon 1 '

"_-13.7 INTERFERENCE DUE TO THIN FILMS

Brﬂhant colours are otten seen when hght is reflected from 2 soap bubler or from athm |

‘layer of oi} floating on water. These colours are produced because of interference effects

between the.two trains of light waves reﬂected at opposite surface of the thin films. The -

K intensity of the colours depends on the refractwe index of the film, thtckness of the film
.- and the angle of refraction. - ffﬁx S '

T190

¥
* Let us analyse the mterference effect in reflected hght Let MM ‘and M’ M represent

= ~ the two surfaces of a transparent film.of uniform th1ckness t’ and refractlve mdex I-t as

shown i in th 13. 17

Fig 1317




Let ﬁﬁtay PQ of monochromatic lighi of w_avelcﬂgth' A be incident on the upper surface

of the film. This ray is party reflected along QC and partly refracted along QR. At R,

internal reflection takes place and we have the ray RS. RS gets refracted resulting in the -
ray SC'in air. The rays SC' and QC are paralel to each other. We have to find the effective
path difference between the rays QC and SC’ to obtain the conditions required for-

interference effects to take place. To facilitate this, let us draw a normal ST on QC and
“another normal QD on RS. Let us extend SR to meet OB at A.

" ' As per the Fig 13.17 the angle 01 1nc1denc,e i= anglc PQN and the anglc of refraction

: r—-anglc BOK. .
‘ ’ - angle NQT+ angle TQS~90°*—angle TQS+angh, TSQ ' (13.63) _
' . - angle NQT= angle PQN=angle QST =i \ _ (13.64)

since BR is common, QR=RS=RA and hence QB=BA. Hence

angle BOR = angle BAR=r . (13.65)

- " traingle QBR and ABR are congrucrt |
|

The opt1cal path d1fferencc belween the leﬂccted rays QC and SC'is given by
) LA path (QR+RS)mtheﬁlm PathQTmaJr (13.66)
Lo A u(QR+RS) QT T« o (13.67)
We know thdt the refractlve index W is gwen by . o |
. | Sml.__QI/D_S . . - . : - (15.68) 5
o Smr QS Qs_ ‘ :
or. = QT/DS O (13.69)
. .QT=pDS R 130
usmg equatlon 13 J0in equatlon 13.67 we get ' o
~ A=u(QR+RS)-p DS = (QR + RS- Ds)
A—u.(QR+RD+DS—DS)—;.L(QR+RD) e (13.72)
's.in_ce | : QR AR, we got | | o
T A= (AR + RD)- WAD - P (13.73)
From the nght angled triangle QAD R (13.74)

Cost = AD/AQ_AD!(AB+BQ) ADRL

L 'subs,ututmg the value of AD from equdtlon 13 75 in cquatlon 13. 73 wc aot,
A=2ptCosr I (13.76)

 Equation 13,76 only represents-the apparent path difference. According to the

- electromagnetic theory when light is reflected from the surface of an optically denser

< medjum a phase change ' equivalent to a path difference of X20ccurs. Hence the. couect
pth dlfference is gwen by ' :

- AD=2t Cosr. - o '-'_(13'.75) N
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A= ZHtCOSE' ML, (13TD)

Constructwe mtertefmw mkes placc Wnc,nevcr Lhe, pdﬂl dli'fcrence igan 1nteg1a1 mulmplc
01 % ' :

Hen(.e [:e, 2mcosit§\f" n}.w}lemn JS_I,Z (1378)

o 2preosT=@nED A2 e s
When the above Qondmon is ‘satistied the sl appcals bl’lgﬂi oo

If the p1E11 difference i an odd 111icmal mulﬁp}e of M 2 then cie&.mmuvc mtcﬁeienw‘_

m.kes plaw and the film appears dam L o
7t Cosr £ A2 = (911 1 w (1280

or Zm Cosr=n i a0 f13.81)

Equation 13.79 zepm&mt& the, wndmon for dest"ucw* interforence.

- The interference pattern will not gcneradv be pesfect hecause the intensities. QL; the rays
QL and SC' will not be the same and *heir, dmphmdeb are also differeqt. The amplitudes
depend on' thie arodnt of ight retlected and fransmiited the ough ihe fitm: ¥ the film thickness
i$ ot tiniform, say the film i wedsg-shaped; then constructive inteeference will oceor in

':celmm parts of the film and destructive interference oceurs in other patls. Lines of maximum
izmgi tinimom intensity will appear. If the il is ]ﬂlﬂ‘i"lﬂd[ed with white light, the ilg‘lt
reflected from various parts of the film will be modified by variobscgnsinittive of deskuctive

interferences that occur and h ence we obsewc the brdhant 010111!; of b(}dp bubblea and oil
shc‘k 5., o ‘ - '

. Examp}e 3:

A water ﬁ]m of 1efracuvc mdux 1331510 the air and has a thzckm% of 3000 Ac. Ii s
illuminated by white hg‘lt at nolmdl 11‘1(:1dcnce Determine the: \,olom oFihe reflected light.

For l”ﬂﬂ.XIIIiJm mtensfw

2}1t cosT = 211 Fl)m (?n+1)?u2 say.

2;& CoST ;o 2pt _;_‘:'. e S VI F R L

) N 2

?01 normal mudunu‘ singe r = {}" '
using p=1.33, (= BOOOA“

' - 2(1 33))(3000

- For minimuin intensity. 0 oo 20




*  The maximum and minimum occur thus for the following wavelengths. = -

no | o) --1(in_i_xi.}-[ | 1w T 2miny | 2qmo

-x(A") 15966 | 7980 | 5320 | 3090 | 3192

The maximum (,orrespondmg to fi= 1 Ties wrth the wsrble reglon This corresponds 10 -
the green colour, : :

Check your PrOgreSs 3.

Do you think colours reﬂected from. a soap buble is an exampre of mterference effect‘?

—

13, 8 SUMMARY

The propagdnon of light was explamed on- me basis of corpuscular theory and wave.
theory. Light has dual character. According to Huygens principle all points on a wave froat
' acts as point sources for the production of secondary Wavelets The phenomenon of total -
" internal reflection can be ebserved when hght trave;s trom. a denser medim to a rarer -
- medivrn. S -

_ The phenomenon of mterterence oi hght waves was iirst explained by Yeung Two

- identical light waves having the same frequency, amplitude and phase travelling from

¢ different direction, interfere constructively if the path difference between the two waves is

©an mtegral muitiple of wavelength, and interfere distructively if the path drfference is the
. odd integral multlple of half the wavelength. -

Tn young-double slit expemnent the frmge width (6) is given by lLch where Ads the
~ ¢ wavelength of light L is the distance between the screen and the slit and d is the distance -
- between the slits, :

(b) The mtensny ef the interference pattem vaties -as Cos? ¢f2 where ¢ is the phase -
angle. - - o

. Thebrillast colours observedmﬂre thin films are due to the mterference effects between S
- the light waves reﬂec[ed on opposrte surface of thm fflms -

139 MODEL AN_SWE’RS_

 Check yourProg_ressl o o Lo '. _,-,/_-':'-

~ The conditions for total internal reflection to ocgur are
- 1. light should pass from a denser medium to rarer medium.

2. The angle of incidence in the denser medium should be greater than the cnucal angle :
of the denser rnedlm for the two mecha under consideration. SR :

Check your ngress 2

The dlstance between two consecutlve bnght or dark frmge is called frmge w1dth (8)

o Check your Progress 3

_ No. If the path drfference between the interfering waves is an mtegra] muluple of wave _
length we get constructive mterfeence pattem T o 193




Check'your Pragrecs 4

Yes - They.are due (o Lhe mterferencc pattem nroduced by a thm a ﬁ‘m wh‘,n white i Erht
s used. '

13.10 SAMPLE BEXAMINATION QUESTIONS

L Answer the Following iin'n About 30 Linés |

1. Explain the conditions under which the phenommon of toit jvternal reflection can
“be observed. Describe a few examples of tomi internal reflection.

2. . Explain the term interference. uescribe youngs experiment and derive the condition
under which interference pattern can be observed.

obtain an expression for the intensity of interference pattern in young’s expe ritment.
What conclusions do you draw from thess expressions. '

1L  Answer the E‘Ollowmg {(duestions in About 10 Lines?

1. Show that wave propogation can be 1n plane. spherical and cylindercal wave forms_.

2. Explain the phenomenon of reflection based on the Huygen's wave theory of light.

3 Ekp]ain the phcnomenon of reflection based on Hygens construction of wave fronts. ..
4. Discuss the phenomenon of interference due to reflected light from a thin film.

IIL  Solvethe Folowing Pmbﬁems |

.. Determine the critical angle th-n light passes from glass to water. u plass=i.5 .
‘U water = 1, 33 : _ : [Ans : 62°287

2. InYoung’s experiment when the separation between the two shits is 0.2 mm and the
screen is at a distance of one meter from slits, the fourth bright fringe 1s found to be
displaced from the central frige by a distance of 10mm. Determine the wavelen gth
of the light source used. _ _ {Ans.50C0 A°)

3. Yellow sodium light of wavelength 5893 A° passes through two narrow slits 1.5 mm.
apart. The interference pattern is seen on a screen at a distance 150 cm away from
 the slits. Determine the fringé width. . (Ans. 0.59mm)-

4.  Asoap flmof 6x10°3 cm thickness is viewed at an angle of 45° to the normal Find the
wavelengths of light in the visible spectrum which will be absent from the reflected -
lxght The refracuve index of the soap filmis 1.33. . (Ans 3635 A°)

5. A para]lel beam of light of ) =5890 A"is.incident on a thm glass plate- of p=15
such that the angle of refraction into the plate is 60°. Find the smallest thickness of
the plate which will appear dark by reflection =~ =~ [3. 93x10%cm]

K | 6. Whitelight is made to be incident normally on a thin film havmg a p=1.5 and thickness
4x10” cm. what wavclength within the visible rcglon will be intensified in the reflected
bec _ - o B [4800 A°]
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UNIT-M N EWT@NS RINGS

Camen is

14 Aims and Objectives
14.2 Introduction T
143 Newtons ngq by Reﬂeuted L1ght
144 Newtons Rings by Transmutcd Ll“ ht‘ '
4.5 Applications ~
14.6 Summary _

14.7 Model Answers .
148 Sample Examination Questidns s

141 AIMS AND OBJECTIVES

This unit explains the formation of N ewlon s 11ngs To do so 11; dlscusses lhe conditions
reguired for the formation of such rings.

After studying this Unit you will be in a position to workout the wavulwgth of the light.
source used, and also the refractive mdex of d 11quid by forming Newton’s rings and usm;:
liquid in place of air,

14.2 INTRODUCTION

Newton observed and studied the interference effects produced by the film of air between
the convex surface of a lens and the flat surface of a plane glass plate. When the film is
viewed in reflected light the centre of the pattern appears hiack with concentric bright and
dark circular fringes. When viewed in transmitted light the centre of the pattern appears
bright. When white light is used the colour of the light reflected from the film at any point
is cotaplernentary to the colour transmitted, These interference rings are known as Newton's
rings. Even though Newton could estimate the radius of the ring, he could not offer an
cxplanation for the formation of the rings, Thomas Young was able to oifer an explanation

- for the formation of Newton’s rings based on Huygens’ wave theory of light. According to
Young, the hght waves reflecied al the uppei and iower surfaces of the air film interfere
and produce the ring paitern. -

143 NEWTON’S RINGS BY REFLECTED LIGHT

The expcrimcntzﬂ arrangement for observing Newton’s rings is shown in Fig.14.1 Light
fromthe source 's' is rendered parallel by the convex lens I, placed between the source and

the glass plate G. The glass plate G which is inclined at an angle of 45° to the ho izontal

plane reflected the rays downward on to the JensL.,. The rays fall rormally on the lens L.

- These rays are reflected back in the opposite direction by the two surfaces of the air film
existing between the lens L, and glass plate T. These reflected rays interfere. When the
microscope M is focussed on the air film interference Iringes will be observed. Dark and
bright circular fringes can be seen on the field of view of the microscope.
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A black paper is usually placed underneath the plate P in order i0 absorb the hght )
passing down. through the glass plate thereby avmdmg any reflection of hght from the
metalic bed of the mstrument :

Fig 141"

The torma‘uon of Newton's rings can be explamed w1th the help of F1g 14.2 Here PQ s
. a monochromauo hght ray which fa}ls on the lens L,.

' Fig 142 .

PQ undergoes reflection and refractlon at R. The reflected ray RT undergoes no phase-
reversal. The refracted ray RS undergoes reflection at S and takes the path SU with the
phase reversal of 180°. The rays RT and SU interfere since they are derived from the same
ray PQ leading to Newton's rings. The ray PQS shiown to be incident slightly inclimed to
the vertical in order to show the two mteﬁenng reflected rays sepcnately Actually PQ s
ncident normally, '

Smce the mterference pattern is due o Leﬂected hght thc path dlffercnce A s given by . |
' A= 2utCosy+M2 S o (14.1)

. Whete p is, refractwc index of the material betwee,n the lens and glass plate. y is the
angle of incidence Ais wavelength of incident hght and t'is the thickness of the air film.

For air film 11 = 1 and for normal incidence y=0. Theretor_e the path difference is given
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A=2t 42 - o (142
The condition for the formation of a bright rmg 1s gwm by . o | _ S
204+ A2=n\ - - (14.3)

ofr 2Zt=nA-A2=n- l) (A2) Where n=0, 1, 2 ' (14.4)
The condition required for the formation of dark rmgs is g1ven hy ' o
2:+m Cn+)2 - _ (14.5)

o 2t=m L (14.6)

wheren-0, 1, 2, .....

Let us now calculate the diameter of the bright and dark rings. Let the radius of curvaure N
“of the lens be R. Let the thickness of the air ﬁ]m be t which is at a dlstauce of EQ=v as
shown in Fig.14.3 : . : -

Flg 14.3

Here LEL' represents the leris plau,d on thf: glass platc GG’ w1th the centre at E As per
the Fig. 14.3 using the propeity of the circle we have ‘ ‘

ABXBC=EBXBD . ' . - (147
"since - BD=ED EB—2R T we have ABXBC=X: x X—t(2R l) - (14.8)

since t is very small compared to 2R, we can rewrite equatlon 148as '

*2 = 2Rt | S VX))
. Hence t=xfR o o (1410)
For the bright 1'i1ig, substituting the value of 't' from equation 14.4 we get, _ S

x* @2n-Dr - ' -

R 4 | | (141
Hele Xy 16p1escnts the value of X pertaining to bnght nng, theretme

‘ | ..X.{@. [(Zn 1)?.12}
-~ — 2 |

14.12) -
sy -




- Replacing x by D,/2 where D represents the diameter of the ring we get

D; = [@“—;QLR} [2(211—'1)1,1{}? o (1433)

Hence D, is propomonal to [2 (2n -1 2, and R ,_
For dark ings, %ubsm:unng the value of t from equatlon 14 L in equduon 14.6 we get

; _
xd_ o S (14.14)
or L Xy _-2(Rn ?\.); . o . . o (14. 15)‘

Here x represents the value of x pcrtalmng to lhc dark ring, The dlamelm of the dalk
ring _

- 1 o |
| Dy :Z(Rlak)z. | _ (14.16)

1 1 i
Hence the dJamuter of the dark rings is proportxonzd to R2 ,n2 and 3 2 for the Gark

. rings when n=0 we. get

198 »

-_z(nmﬁ;' - ( a4

This corrf:sponds to the centre of the Newton's rings. Whi le counting thé ordcr of the
dark nngs 1,2,3........ the central rfag is not counted.

From equation 14-_17 we have .

For the first ring n=1 2Dy, =20 7. : : _ (14.18)
- forthe second tingn =2 - D, =2 (ZRR)E S (1419
Simitarly for nth ring - D, =2 (n}\uR)-”' o : . (1420

Let llb (0!1%1(161 the first dnd tourth rings. The difference in the dlmneler of these two
rings is :

7 1

Dy~ Dy =2(4AR)? ~2(AR)? fz(m)z S (1421 -

Let us L()IlbldCI‘ the ninth and sixteenth rings. The d]ffelem,u in The diameters of thiesc
LW mlg% 18 ’

S _ o : 1 1 : .
Dy, ~Dyg = 2(162R)? -2 (9A,R}~ =2 (AR)2 o (1427

Equations 14.21 Eill(l 14.22 indicate that the ﬁmgc width decreases wuh the order of the

fringe-and the fringes get dos(,r with the increase in their order. T besc, apsects are illustrated
in Fig. 14.4. : -




Fig. 14.4

14.4 NEWTON S RINGS BY TRANSMITTED LIGHT

Letus now discuss the nature of Newton S rmgs formed due: to transmitted light. C0n31der

a tuonochromatic light ray ABC transmitted through the air tilm along the direction CD as
shown in Fig. 14.5 Part 0’( BC is rcﬂec,ted at < got_:s to Eand 1s\then reflected at E dlong the
direction EF. -~ A - :

A

Flg 14 5

The two rays CD and EF mtcrfbre 1ead1ng to the formatlon of Newton s rings. A path

difference of 2t + A2- 3 12-is produced between the two transmitted rays. Here t=BC .

represents the tl'uckness of the axr film at B, The COD(IHK)?I required for the, formatlon of
bnght rmg ‘15 o -

Catesenem R 4y
S2t=mho o a2

.19.9




sinde : ' xszR we get 2x%2R = 2x*2R = nx . ' - (14.25) -
o xb'=(an)m . o 1426)

. The diamet_ei of the ring D, =2 ) Ry T | S (1427

The diameter of the bright ring is proporl;iona] to n*?, R* and 7\-”2
' The condition required for the formation of dark ring is g1ven by

2t=2n-DW2 S 428
Using t =x*/2R and x, =D /2, we get the diameter of the dark ring as B
D, =[2(2n- l)kR]m o (14.29)

The diameter of the dark ring is proportmnal to.(2n- 1)“2 e, RLr2 o
. The bright rings as per Eq.14.27, when n =0 D = 0. Hence in the case of Newton's rings

due to transmitted light the central ring is bright. Also the fringe width decreases with the -

order of the fringe and the fringes get closér with increase in their order. The reflected and

transmiited N ewton § rings patterns are complementary 10 each other.

| _ | 'Check your ngress 1
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- light?

What is the dlfference between Newtons rings formed by reﬂected hght and transuutted -

The wavelength of the light source and reflactwe mdex of a transpare,nt hqmd can he .

'determmed by using Newton's rings.

Consider the experimental arrangement shown as in Flg 14.1. Newton's nngs can be
viewed through the travelling microscope focussed on the air film. Circular bright and

dark rings can be seen when the light used is monochromiatic light say Sodium light. The N
- ceniral spot will be dark, The diameter of the n™ and m™ dark rings are measured using the
- travelling miCrosCo’pe; Since the diameter of the n™ ring is given by

Dy =@nAR)2 - a0 -
onmlaﬂy thc diameter of the mth ring is gwen by '

DawsEmAR o a4sh

o The wavclength A is given by

Dzm Dzn-. s ' .
AR o w3y

‘In the equation 14 32R represents the l’adlllS of curvature of the 10we1 surface of the'

" lens which can be determined usmg the spherometer Knowmg D D dur n and R can -

detenmne A

* The refractive in'dex of a liquid can be detelmined using the expenmental arrangement

| shown in Fig.14.6. Hence the plano convex lens and the glass plaIe are ﬁrmly kept inside a
'metal container M




e YR, LI

Fig.14.6

Newton's rigns ate first observed when there is an air film between the lens and optically
vlane glass plate. The diameters of the p™ and m® dark rigns say D, and I, are measured
using the travelling microscope. Now, without disturbing the arrangement, the given liquid,
say,watcy, is poured into the contamé_,r. The air filin will be replaced by the liquid. Again
the diameters of the o and mrings, say D', and D', are measured,

Forairfilm  D?, =4(0 A R) - (1433
D, =4mi T (1434
| D.}? .plzl ' - ' .
o g TR e | ’ {14.35)
4(111 - B}R '
For Hquid film |
o 4ndRk ' '
Oy V= © o (1436)
- 4nKR :
(D) =" (14.37)
\ B | |
Where L represenis the refractive index of the lquid.
. - Am-tAR
(D D) = . S (1438)
t .
Dr:y DL o_p? | -
/ p=2dn TP L o (14.39)

4{m - n)AR

- Knowing 3. Rmn, D, , D, can déLermhm 4 can be determined using equation 21.35.

dn? = dm

Substatituting the value of } from the equation 14.35 in the equation 14.39 we get,

_ ©%, D& 4(m- R
- 42 2
4(111 - i‘i)R(D dm D dn )

p (14.40)

201
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ML -Di) ; . _ ' o
M=—,§m—;§* L (4.41)
O Ban) - _ : .

Lquatlon 14.41 indicates that p (,Elll bc detbrrmncd even w1th0ut the knuwledge of

” AandR

- Worked Example 1.

In-Newton's 1111gs experiment using reflected tight ne drameters of the 6th and 26th.
rings were observed to be 0.4 cm. and 0.8 cm respectively. I[f the sadius of curvature of the -

~ plano convex lens used is 100 cm, determine the wavelength of the hght source used.

we know

2

— D‘dm ﬁD'zln
_ ' 4(m n)R _
Hence as per the data given in the problem D D ;=08 cm, D =Dy .=0'._4 cm,R=1_OO .

- cm. m—’)b and I‘l—ﬁ

' . V3 s
A= {0.8) (0.4) 0 48 _ 6000A
_.,4(26—6)100 _8000 o

t

Workéd Example~

Newton's rings are formed by reflected 11ght ot wavelength 5895 A° w1th a hquzd

* between the plane and cerved surfaces, If the diameter of the 5th and 20th rings respectively

are 0.3 cm and 0.7 cm respectively, determine the refractive index of the liquid. The radlus

cof t.he curvature of the lens is 100 Cm.

‘We have as per Eq.14.39
| | —_— D dim Dldn I
4(m =n)AR
As per the data given in the problem- |
| O 03
4(20-5)5895x107°x100
_ (049- 009) 04
4(15)5895 x10% x 100 4(15)5895}£ 10°*
=0.4/0.3537 = 1.13

14.6 SUMMARY

| Ne wions rings are tmrned by the uﬂected light and uansmnted light. When hght _
rays are reflected at (he | upper and lower surface of a thin film of air formed between the

~convex lens and a glass plate, they give risc {0 an mtelference p'tttem f his interference

pattern is known as Newlon S 7ings.




147 MODEL ANSWERS

- Check your ngress 1

- Newtons nga formed by reflected light will have a dark cemral spot where as mlgs
formed by Transmittzd light have bright spot at the center.

14.8

SAMILE EXAMENATI@;N QUESTIONS

b=

B2

3L,

H

Angwer the ¥ elﬂmwng Questions in Ahm.t 36 ] L‘B‘.?;S.

Discuss with the necessary theory how you can (ieteimme' the wavelength 01 _

menochromatic source using ‘\Iewton $ rings.

Answer the mewmg-@mestwn m Aol 1@ iines

Discuss the basic differences betwesn the Newton's rings obtaingd by reﬂected
light and travsoutied light due to a thin film of afr

Show that the {ringe width in Newton's rings depends on the order of the ring.
Solve ﬁh@ Foilowing Problems.

In INewton's rings exnemnem using reflected light the diame tei 01 the eighth rmg is
found to be 0.5 cm. When the waelength of the light source used in 5900 A® determine
the radius of curvatuee of the plano convex lens used in the experiment.

' (Axns. 323 m)

- A liguid forms the film between the glass plate and the plano convex. fens. Sodinm.
¥ p

light of wavelength ), = 5892 A”is made incident on the {im at normal incideace. In
the Mewton's rings formed by the light veflected by the film, the fourth and ugh*
rings are found to have the diameter of 2.0 mm and 3.5 mum respectively. Determine

Ahe refractive index of thﬂ hqmd The radivs of curvature of the lens in 1m.

B _ o {Ans o= 1.142)

In a Newton's rings experiment the dlaﬂl&t s of 5th and 25th nnge are 0.3 cin and
0).§ cm. respectively, If the wavelength of the Jight source used is 4870 A° find radius
of curvature of the convex lens vsed in the experiment.

| ' (IM)

In a Newton's rings experiment the diameters of the 12th amd 20th dark ﬁngs arc 0.7
cm and 0.506 cm. respectively. Find the diameter of the 4tk ring. - (0.4 cm)

The diameter of the 10th bright ring in the Newton's rings experiment changes from

1.5 em. to 1.3cms: When a liquid 18 introduced between the lens and the plate. Find.
the refractive index of the ligmid. . . -{1.33}

In a Newion's ring exper iment the diameter of the 10th ring changes from 1.4em te
1.27cm. when & Heuid is introduced between the lens and plate. i“md the refractive
mdex oi the hqmd

{1 215)
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UNIT-lS FRESNAL AND FRAUNHOFER
DIF FRACTION

Conienis o ' _ N - o : :

15.1  Aims and Objectives
152 ' Introduction ,
153 Newtons Experiments on Diffraction of Light _ :
15.4  Explanation of Diffraction on the Basis of the Wave Theory of Light
15.5 A Simple Mathematical Approach for the Understanding of Diffraction of Light
the Huygen’s Fresnel Theory
; _  15.6 Fresnel and Fraunhofer Diffraction
| 15.7 Fresnel and Fraunhofer Diffraction Mathamatical Appfozich
15.8 Summary
15.9 Sample Examination Questions

15.1 AIMS AND OBJECTIVES

This unit introduces the phenomenon of diffraction. Inorder to explain the phenomenan
Fresnel and Frannhofer types of diffractions are exphincd in detail.

After going through this unit you will be able to d1stmgmsh hetween wam,l type 01‘
d]Itraulon and F1 aunhofer type, of diffraction. :

15.2 INTRODUCTION

The law. of propagation of lght'in straight lines explains the formation of shadows and,
13 the basis of geometrical optics. According to this law, light rays proceeding from 4 very
small (point) source should produce sharp shadows, when they pass through apertures ™
(opening in opaque screen) or when passing by obstacles. Euclid in the fourth century
B.C laid the [oundation of geometrical optics, using this law. It was only inthe 17th century
A.D. that certain experiments were done, showing that this law was not absolutely true.

The bending of light, into what should be the ShddOW 1eg10n d(,cmdlng to geometrical
optics, is called ditfraction of light. :

Father GRIMALDI (1618-1663) was a jesuit priesl, teaching in a rcligious institution in
Bologoa, Ttaly. He carried out a scries of experiments in optics and described them in his -
book de Lumine which was published two years after hig death. In the beginning of this
book he states that he prosposes to study the question of the nature of light by developing

B and mlt,rpletmg his own sxpelnnents without pdymg ally attcnllon to the authouty of the '
mabtem :

While describing his d1sc0vuy ot diffraction, GI tmaldi says “Light propagates in addition
to the three modes-direct propagation, 1d1d(,t1011 and reflection - by a fourth modc namdy
-diffraction.” '

Gmmldl chd his experiments on diffraction in a darkened room, 11110 which bunhght '
was allowed through a very small hole, On placing various objects in the path of this beam 206




of light, he fOUl}d that the shadows of these objects on a screen were not sharp. There were

complicated dark and bright bands.at the edge of the shadow, showing (hat some light had
bent into the geometrical shadow. He studied this phenomenon (,‘udully by ch;m g:mo the -
distance between the 0b1u:r and the screen. :

* He observed this phenomenon, which he called diffraction both with opague obstacles
and apertures in OPAQUS SCIELNS. -

15, 3 'NEWTON’S EXPERIMENTS ON DIE FRAC FION QF LIGHT |

Nc,,wmn hegzm his idmous researchs in optms in 1666. The results were published in his
book “Optick” in 1704. He described experiments on diffraction and tried to give their

_explanation on the basis of his corpuscular (particle) theory of light. So great was Mewton's

- authority in those days of scientilic awakening, that for a hundred years nobody even
. atternpted to apply the wave theory to explain diffraction- of Hght, L is interesting to note

that Newton himsclt gave a fairly good wave theory of sound, as shown by his derivation
of the to1mula lor 111(, vel()uty ot sound.

15.4 ILXPLANATION OF DIFFRACT ION ON THE BASIB 01*
THE WAVE THEORY OFf LIGHT.

The wave theory of Tight h_ad its beginning in Huygens’ atterapts ¢ explain the double
refraction of Light in crystals (1678). He put forward the idea, known later as Huygens’

Principle; that each point in a wave [ront becomes a source of sccondary wavelets and the

new wave front is the envelo pe of these secandary wavelets. It is not certain whether Huygens
knew about Gramnaldi’s experiments on diffraction. Huygen was very carclul it showing
how his principle was in conformity with the law of propagation of light in straight lines. '
The effect of a portion of wave front was such that only propogation in the forward direction
was possible, henee there could be no bending of light beyond the shadow. In other words,
Huygen's wave thebry did not predict the diffraction of light. For (his explanation. one had
to wait till Young, a British Physician discovered the interference ¢f light in 1801, which
he explained successtully on_lhu basis of the wave ihcow of Tight. The first wustactory
explanation ol diffraction of light was given by tresnel, a few ycars later using the wave
theory of light. Fresnel combined the 1deas ol Huygens with the pi‘inciple of interference
and suceessfully explained the diffraction pattern obtained by severat simple types of objects
and aperture. His article on diffraction wou him the prize of the French Acadeiny in 1819.
In these lessons we shall describe the Huygens-Fresnel l'huory of diffraction, which is still
used to caleulate the ditfraction pattern in simple cases, Diflienities wiih these theories
arise when one considers the patletn very close to the d1ff1dutmg object and when the

* nature of the object (cg. its being a metal or insulalor) comes into the pictore. In such cases

207

we have to use electromagnetic theory of light put forward by Maxwell in- 1873, This is of

importance when.we consider diffraction of microwaves, in-connection with radar cte,
Another field in which the study of dilfraction has produced important results is ditfraction
of x-rays when passing through crystals and also of matertal particles like electrons, which
show their wave nature in passing through crystals.




155 A SIMPLE MATHEMATICAL APPROACH FOR THE
UNDERSTANDING OF DIFFRACTION OF LIGHT—THE
HUYGENS- FRESNEL THEORY o

The Huygens-Fresnel theory is based on two principles:
1. The Huygens p1m01ple _
2. The principle of interference (supplemented by lhc principle of super position)

Huygens principle states that each point in the wave front 1 (ab Fig.15.1) becomes a
source of secondary waves and sends out secondary (5phu:ical) wavelets. The wave front
at a later time is the envelepe 2 of the secondary wavelets as they have moved out in the
time 1. Each point in 2 then become a source of secondary waves and their envelop gives
the next position of the wave front. Thus the propogation of light is explained in terms of
the advancing wave fronts. When one such wave front reache a point we say that light has
propagated from source to the peint. This is a very nice way of describing propagation of
light when the wave fronts are infinite in extent and not obstructed and the full wave front

.15 allowed to proceed forward. : ' ' -

Presnel tried to think about what would happen when the whole wave front was not
allowed to proceed hmncl but only a-certain part wu sch could get through an -aperture
(Fig.15.2}

i— K -2

} 1
a e
. Fig 15.1light waves emerging from a hbht source.

1. Wave front at 1=0
2. New position of wave front.

As experiments (like Grimaldi’s) had shown, when the observation point P on the screen -

is well inside the cone nothing strange happens at P. But near the edgé of the shadow
diffraction bands (called fringes) appear and the hght in this regwn does not obc,y the
straight line plopagatlon law

08
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Fig 15.2

% Huygen's principle applied to seco}lda_-"y wave light from-a narrow opening.

To explain diffraction, Frespel uses Huygen’s idea of sccondary waves starting out from
¢very point in that part of the wave front which is not obstructed, To find the cifect of the
secondary waves he uses the principle of superposition. The resultant effect is then given
as the sum of the effects due to all these secondary waves. One ¢an say that the secondary

“waves produce interference and there may be a bright fringe or a dark fiinge dependin on -

how the secondary waves add up, taking uto account their relative phases. Thus in the
Huygens-Fresnel thean of diffraction, one calculates the diffraction pattern as the
interference pattern due 1o the very large number of waves coming from the several points
in the exposed parts of the wave front. We shall carry out this programme for somic simple
cases of diffraction in the next threc lessons. We shall conclude this lesson by explaining

the usual classification of diffraction phenomena into two types, namely, the Fraunhofer

and the Fresnel diffraction phenemena.

15.6 FRESNEI, AND FRAUNHOFER DIFFRACTION

From our description of Grimaldi’s discovery of diffraction it appears that observation
of diffraction-phenomena requires special arrangement of point sources, darkened room
ete, This 18 not quite true. Diffraction patierns are also observed in some simple ways. For
example if one looks at a small source, (a distant street lamp) through an ordinary piece of
cloth (say, a handkerchief) one sces a regular partern of light spots surrounding the source,
which is a diffraction pattern. Also, if a distant tube light is seen through half closed eyes
so that the light passes through the rcgular obstacles formed by the eyelashes, a set of
diffraction bands are seen. Looking through the narrow gap between two img:els at the
tube light, one sees diffraction bands.

Looking at fig. 15.3 onc can find a simple way of classitying diftraction patterns. When
the source of light § and the point of observation P are at small distance from the diffracting
screen (B), the diffraction phenomenon is said to be of the Fresnel type. This is what
Crimaldi had swdied. When the source and point of observation are very far from the
diffractiong screcn B (practically at infinite distance), the pattern observed is said o be of
the Fraunhofer type. Note that in the Frauhofer case the light falling on the diffracting
screen forms a beam of parallel rays and the rays leaving the diffracting screen (“the
diffracted rays™) are also paralled rays. Se one can call the Frauhofer diffraction as diffraction
due to parallel rays. But this means that the source and the observation screen must be

A




placed at infinite distdnu—:s from the diffracting object. A practical way of sa‘ubiymg this
seemingly impossible condition is 1o place the source at the. principal focus of a convex
lens and allow the resulting parellel beam to fall on the diffracting screen. To catch the
diffracted parailel rays ‘we put a convex lens after the diffracing screen, and place the

observing screep at the principle focus of this lens. (Fig.15.3) _
B

Fig153

* (@) Fresnel diffraction. {b) bouzre and screen C are moved to alarge distanee, resulting in Praunhofer diffraction.
{¢) Franahofer differection conditions produced by lenses, leaving source S md soreen C i their origival position.

Fig.15.4 Fraunhofer diffractions,
1 Incident wave

One can use an ordinary spectrometer (whose collimator and telescope have been
“adjusted for paralle! rays™) to study the Franuhofer diffraction patterns of various ohjects

try just placing the objects (slits efc.) on the spec,trometer table and 0b<;erv1ng the patiern
thwough the telescope.

tig 15.4 shows a lens L forming the image of a point source located at imﬁnity on the
screen. If an apertuie AB is placed near the lens, diffraction fringes appear on the screen

210



surrounding the point where the image should be, according to geometrical aptics. This is

nothing but the Fraunhofer diffraction due to the aperture AB. To understand this imagine

the lens L to be replaced by two lenses T, and L, on either sides of AB with focal lengths -
equal to SL. and LO respectively. Then L ploduces parallel rays which are incident on AB

and L, focusses the ditfracted patalic] rays in its focal plane. But this is just the way a -
: Frzumhofer diffraction pattern is seen, (Fig 15.4), There is an important conclusion to be
drawn from what we have found out just now. In aptical instruments, where an image of a
certain object is formed by a lens, say, the image of a star in an astronomical telescope, the
image is really the Fraunhofer ditfraction pattern of the apartme which restricts light coming
thtough the lens.

157 FRESNEL AND FRAUNHOFER DIFFRACTION -
MATHEMATICAL APPROACH "

So far we have talked about Fresnel and Fraunhofer diffraction in terms of certain “very -
small”or “very large” distances. To make these definitions more exact we shall now use
the ideas of Fresnel and put the theory on a mathematical basis, To simplify matters let us’
coasider a plane wave inciden( on a plance screen containing an opening B. We wish 1o -
find the intensity of light at a poini P in the obscrvarion screen C (fig 15.4) Accmdmg to
Huygens wavelets start out from every point in the expesed pomon of the incident wave.

- front, and reach P. We have to find the resultant amplitde due to these waves. According (o
the wave theory of light, the intensity of light at P-will be proportlonal lo the square of the
16“;ult'mt amplitude. -

A pomt (Q s the source of secondary sphencal waves. [fthe amphmde at Q18 a, the fight
disturbance at B {distance d away not shown in the ﬁg due to the spherical wave is given
. by the formula. :

& = —Ecos (ot -\kd)

 Where co = angular frequency 2nf
f=frequency
t=time
- k=2xn/h _
vy = Wavelength
ot d=phase of wave. . _
Following Fresnel, we now add the light dlsturbances due to all the pomts between A
and B. So 1hat the resultam wave 1$ given by a sum. '
@zE—cos(cot—kd) : _ o L (15.1) -

Since point like O are contmuosly distributed in ﬂle aperture AB the 1esultant light
distrubance may be written as an mtegr’tl
1|!=I@dr:jECOS(mtfkd)dt o _ _ - (152)

- Where 1 1s the distance of Q from an origin R in the diffrédt_iong apér[ure.
Expressions 15.1 and 152 form the basis of calc;ﬂa_ti_ng the diffraci:ing patterns in 4
211 ' - - '




~ simple way, and will be used in the next tluee units.

At present we w15h to find a quantitative way of distinguishing between the Fresnel and . .

the Fraunhofer type of dlffraetlon patterns, Lo :
Here the size of the aperl,ule namely, the d1stance AB = b is nnporcant We shall now

find an expression for the phase difference between the waves reaehmg P from the extreme PR |

ends of the opemng namely, the pomtA and B.
path AP=D
path BP=D+ A

Ais ihe path difference and (2m/rdis the phaae d1ffere11ce for waves from. A and B '

- reaching P. Let us find an expression for A wsing the well known 1e1at10n belween the
sides of the triangle ABP. C :

.(D+_A) D2+b2—2Dbeos[2+9j o (15.3)'

When 9 is the angle between AP and the normal to the screen AN,
Slmphfymg 15.3 we get: -

2DA+A2 b2+2Dbsu18 B a5 _
Here we make an assumptlon which generally holds. in prachcal sltuatlons namely L

A<<D

Ai in Cornpanson w1th 2AD- Thus 1‘5 4 becomes

2AD = b2+2st1n9 ) ¢ R
Th1s important formula makes the dlstmcnon between Fresnel and Flaunho fer dlffractlon '

: p0331b1e irp becomes very large.

D—>oo A=Aw= bsme '
But thlS is ]ust the condmon for obsel ving the Frauhofer d1fflacnon For small Values of

b
D the other term b*/2D becomes 1n1porlant We can write . A-Aco= D So tor sma]ler

-values of D the phase will have a part varying as b?. Since the resultant amptitude dpends )
‘on the variation of phase, the resultant in the case of D will be different from that of

A=Aw=D sin @. Which shows a linear relation with b. Thus the diffraction. pattem -

- where the path difference is proportional to b is the Fresnel diffraction pattern. But where

is the dividing line between the Fresnel and Fraunhofer cases? To find this we use an idea’
dug to Lord Rayleigh, who said that if the path difference infolved in two calculations

~differs by less than A /8 (or phase dilference by.less than /2 ) than the two intensities -

calculated will not differ apperciably from each other. In the present case, If A—Awc<A/8

we shall not be able to say in aclear cut manner, whether this is a Fresnel or a Fraunhofer
pattern. The dividing line we want is then gwen by.
. 2 2
AAw=D DR
2D 18
b2

or- L"g defines the boundary between Fresnel and Fraunhofer-diffraction

BN

- 'Which means that Pis sufﬁc1cntly far away flom AB Thus in eq. 15 4 we may 1gnore '_ |




For large value of Th? /T, <<} » giving Fraunhofer ditfration.
For smaller L, b*/L=3,, giving Fresnel diffraction.

For very small values of L, b¥L>>), and we have fahly sharp shadows, showing

practically no fringes. i.e. straugth line propogation is cbserved. This can be suminarised as
followa
5

Fraunhofer diffraction — <<l
LA
. b2
~ Fresnel diffraction —i— =1
b2

- Straight line propagation o >>1

So, the vahue of the dimensionless constant b%2 % decides the type of diflraciion to be
secit. We shall illustrate this with an example. et a beam of paratlel rays of wavelength
A =6x10~ cm fall on an opening of width b=0.1 mm,

Consider three vahues of 1= 10" cm, | cm, 100 ¢cm. Corresponding values of 1 = 107 cin,
1 ¢m, 100 ci. Comesponding values of b3 atc 17, 1.7 and 0.0017 wespectively. So we
expect a sharp shadow obeying the Jaw of straight-line propogation in case 1. Fresnel
G. raction pattern showing frimges near the edge of the shadow i case 11, and finally & -
Fraunhofer diffraction pattern consisting of a bright spot in the centre, surrownded by fringes
in case ITL. Notice that with a slit of widih 0.01 cm., One can produce a Fraunhoefer pattern
at & screen just a metre or 50 away. This beautiful cxperiment can be pumr ned casily with
a He-Ne laser. : '

15.8 SUMMARY

_ The diffraction of light was explained on the basis of Grimaldis discovery, Newtons
work and wave theory of light. The two types of diffraction are Fresnel and Fraunhofer. Tn
Fresnel type of diffraction the source of light, and the point of observation are at a small
distance from the diffracting screen. In Fraunhofer type of diffraction source and point of
obscrvation are very far from the diffracting screea.

15% SAMPLE EXAMINATION QUESTIONS

I Answer the Following Questions in About 36 Lines.

1. Give a critical account of the historical packground, discovery and the Iresnel and
Fraunhofer’s ideas on diffraction,

II  Answer ihe Following Questions in About 10 Lines.

1. Explain the phenomenon of diffraction on the basis of wave theory of light.
2. Give a brief account of the md‘themﬁtiua] apmoac,h of Fresnel and Ir aunhoter

-diffraction.




UNIT - 16 FRESNEL DIFFRACTION AT A
~ STRAIGHT EDGE

Contents -

16.1 Aims and Objectives

16.2 Introduction

6.3 Mathamatical Treaiment of Diffraction at a Straight Edge
16.4 Summary

16.5  Sample Examination Questions

16.1 AIMS AND OBJECTIVES

In this unit the Fresenl diffraction at a straight edge is explained. In order to make vou
vnderstand it applies the Huygens-Fresnel theory of diffraction to wave front on a straight

cdge. After going through this Unit you will be able to find out (1) the amplitude and phase
of the waves reaching the screen from elements in the wave front (2) the resultant.

disturbances at a point on the screen.

162 INTRODUCTION \ - .

- Diffraction phenomenon is the characteristic of wave motion. As we have seen in the
unit 15 diffraction is noticeable when a wave is distorted by an obstacle which has dimensions

comparable to the wave length of the wave. The obstacle may be a screen with a small

opening or stit which allows only a small portion of the incident wave front (o pass. I this
unit we shall study the Fresnel diffraction at a sl‘raig L. cdge

16.3 MATHEMATICAL TREATMENT OF DIFFRACTION AT A
STRAIGHT EDGE

We apply the Huygens-Fresnel theory to Fresnel diffraction at a straight edge. Fig.16.1
shows the straight edge OS is extending to large distance beyond S. A plane wave front is

~incident from the left. Its portion along OS is completely stopped by the straight edge and

the part extending along OQ and beyond is allowed to pass. Elemeats along OQ become

Huygens’ secondary sources and send the waves towards observation screen C, where

* these secondary waves combine and produce the diffraction pattern.

> The amplitude of a secondary wave from an element of length dh situated at a distance

h from cdge O is proportional to dh. The path difference between the waves from O and:
thosc from Q1is A — h? /2g and the phase différence is 8 = (2n/A)A Where s is the distance.

between O and the corresponding P at the edge of the geomcetrical shadow. This formula
was derived in unit.15
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S 0%. ——iP .
|

F1g 16.1 Fresnel diffraction at sttmght edge. :

The lighf disturbance reaching the point P from Q is _reoresehted by

dw -dhcos(mt-5) | N L (16. 1‘ | '_

Where o= (Zm‘ ?\.)hz /25 represents the phase, relatlve to that of the wave from the -

_ element at h=0. There are several ways of mathematlcally dealing with the addition of

. ~ such. simple hartnonic ‘waves. We shall use-the vector (or as it is sometimes called, the

} R phase or) method. The wave described by expression 16.1 is represented by a vector whose
. ' length is pr opomonal to the amplitude (dh), and whose direction with [eference axis (OXI '

h
is oqual to the phase [. [ )—*] Flg 16.2 shows the vector of length dh makmg an

angle) _ 0= _ ( ] / with the X=axis.
" Thex —— and y— components of this small vector ore_-

' 2
dx = dhcos[ nh J
| ?L 2s
2nh2
YJ;'.. . o l ’ . . .

Fig 16.2 Vectosial Tepresentation of a wave'




We can find the vesultant due to the waves from all Huygens secondary sources in the
wave fmnt bctweun O and Q by. 111telgratmg these expressions between o and h. So.

: . ' . . .l ' jfh' '2’."5 hz
- The resultant x — component A =7s dh-COSL“fEfo

o - ' N 2.2 _ | _
The resultant y — component B = J dh.sm S{T““) L (16.3)

23)

The resultant amplitude produced at the pomL P is equal to the length of the resultanl -

vector (o1 phasm) R, N ow

R=vVA*+B? ~d1stancn,OTmFJn]62

So the vector OT represents the resullanl wave. The phase of the resultant is ¢. N ofe

that the point T represents the resultant of disturbances from elements along OQ =h reaching’

the diffracation screen. As the length OQ is increased the point T moves along a curve in

Fig 16.2 Equations 16.2, 16.3 are the parametric equations describing this curve, where h -
is the fength OT along the curve. Let us find the shape of the curve as h becomes Very large.

It is convenient to use a new varible V mslead of h, defined by

Ce=n/E e e
OO w

S0 equations become 16.2 .

S dx= fd vco{ ]
dy = \/Zd v siu[zc—vz].
2 2 _

Furiher, let us choose now x and v, 80 we write

Cdx=dv cos[gv'z)

dy:dvsm[.5v2] ' o (16.5)
- We wtill write the new variables x and y also as x and y, as no confusion shall arise

. dy o o2 . 752
The slope of the curve at V= 77 = tan 5 ¥ | the angle of the slope is 0= 5V

This tells us that as v increases and the point-T moves further on the cueve the slope -

increases as.v? and the curve mrns hack on itself several times. In otherwords, the curve is
a spiral. The end point (called asymptotic point) Z is reached as v — o its coorcinates are

X = f““cos[z Jdv y= fsm[z Jdv B (16.6).
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=2 y=1n |
The mtegrals X and Y are known as Freesnel’s mtegrals and the curve is called Comu’s

~ spiral. For negative valuesof v, thcre isa Iower branch of the spiral endmg inthe asymptotlc

1 ) .
poth atx~—§ Y= / (F1g163) .

- rig 16.3 Comu’s spi:al :

.The' reason for choosing V__ o, 10StCAd Of h as the parameter is that V. is a universal -

-parameter and can be calculated for a given problem. Fig 16.3 represents such a universal -

curve. Letus now sec how the Fresnel integrals and the cornu spiral are used to find i intensity -
at points in the observation screen OS. (Fig 16.1) First let us find the intensity at the. point
P on OC, just at the edge of the geometricoptical shadow. To find the resultant amplitude at
P we must know the limits of values of h corresponding to the open part of the aperture.

Here orie end is at h=0 and the other at h=co (beyond Q). So the corresponding resultant _
- vector on the comu seral has co- ordinates =0, y-0 This is the origin O.

xi I‘”cos(z )dv y= j“’sm[z Jdv

Th1s is the asymptotic point Z
The resultant amplitude oo. OZow }/

Hence fesultant i mtcnsny oo(/)2 ¥, To undcrstand the meaning of thls fraction let us

- find the intensity at P when'the stralght edge is not present and the entire wave front moves

unobstructed. So h varies from h= o5.to h= 4 +eo and the resultant i is the ling j Jommg the - |
two ansymptonc points Z & Z,, Here CD=1. So we see that

_ Inten31ty at P with stra:lght edge prcsents- 1/4
Intensity due to efitire wave =1 - ' o

Thus the intensity at the edge of the shadow on. obscrvmg screen is onc—fourth of the ‘
maximum intensity. Now let P move down in the observation screen by a dlstancc h to p1 :
(Fig 16 4) The foot of the perpcndlcular from p'on QOS is O, To find the mtcn31ty ap'

‘we again use the cornu spiral, noting the changc in ongm from Oto O So the A represennng _'

" the upper end of pomt the strzught edge is at -

07

2

V= v:+h '
o ?Ls

163) -




and the second poiﬁt as before correspon’ds' 10 v=u (pomt z). So the length is
A, C(Figl6.3). This shows cleariy that-as the observation point moves into the geometric
shadow fegion, the mtensny increases. As h, increases so does v, and the lower point A,
moves up the spiral; while z remaing constant (wucspondmg to v =w). Thus we ﬁnd
light wntensity proportional l:o (AZY in the shadow regwn»d]ffractlon For larger values of
v, A gels cicse to A and intensity fall to zero deep inside the shadow.

Now let us move pup to p"” (Fig 16.4). We use the cornu spiral wﬂh N
_ -k, 2
As

- Sothetwo extieme values of v in the wavcparl, are now v, in the —ve or lower reglon of
the spiral. .

-
b

e et Il o

-as-u-—

_orf

]

&m—-m s | TN AR
5 _ )
Fig16.4 '

The upper limit is stilf v=eo . (Point 7). As p” moves up the point A, on the spiral moves

- down towards the lower asymptotic point Z, the length representing the resultant amplitude
at ", creases and decreases as A, moves along the turns of ihe spival. That is, the resultant
intensity just cuiside the geometrical shadow goes through maxima and minima, and the
diffraction patiern shows ring close to p towards p”. Far out, again iihf' ntensity reaches the
valne in the absence of the sﬁmght “dg

164 SU IMMARY

Fresnel (“rﬁiar*tmn at a straight edge is explained ta}uug plane wave front to mmd#nt
outes edge. Formulae for the amplitude and phase of waves reaching the s screen from
elements in the wave front are developed.

165 SAMPLE EXAMINATION QUESTIONS

1 Answer the Following QGuestions in Ab ont 30 Lines.

L. . Derive the formula for the a'npumde and phase of waves reaching the screen from
elements in Flcsnel g d,ffrac.,uon at 2 Strawhl edgc,

Explain the Fresne} diffraction paiters due to an opague slrip qualitatively.
¥ Answer the Follewing Questions in'About 19 Lines.

Discuss Fresnel’s theory of dif“racmon apph(,ablc to plane wavefront incident on a
straight edge




UNIT-17 PLANE DIFFRACTION GRATING

MEASUREMENT (}F WAVFLENGTH OF
LEIGHT

Contents

17.1 - Atns and Objectives
172 Introduction
173 qunlmiel Diflraction Patmn of Smgle Doublc and My Ihple Stits
17.4  Summary
175 Model Answers
17.6  Sample Examination Questions

17.1 AIMS AND OBJECTIVES

This unit explams the construction and use of a pl'me dﬂ[racnon gmtmg
It discusses the preparation of a ruled grating and replica grating. -
After going through this unit you will be able (o

(1) measure the wavelength of hght using a grating

(2)  understand how ghosts are formed in a grating 5peu:ra

17.2 INTRODUCTION "

'A!rczidy we have studied Fresnel and Fraunhofer type of diffraction let us co nsider the
diffraction patten produced by several parallel slits of a,qual width b equally spaced the at
distance a. '

In this umt we shall discuss (,onsuucnon and use of a planc dlffl‘d.Ctl(Jn gratmg

17 3 FRAUNHOFFER DIF FERACTION PATTERN“OF SIN GLE
DOUBLE AND MULTIPLE SILTS '

In practice, the Fraunhofer diffraction pattern of single, double and mulTiplé, slits is
obtained by an arrangements similar (o that shown in Fig. 17.1. The slits are actually

- rectangular openings (Apertures) with one side much smaller than the other. In multiple
- slit arrangements, such rectangular apertures arc seperated by opaque strips (or “bars”).

This set of paralle] “slits” and “bars” makes up the “plane diffraction grating”. Diffraction

pattzrns obtained hy plane diffraction grating in an arrangement are shown in th 17.1

photographic plate placcd in the focal plane ol fens L. If the incident light contains several
wavelengths the cotresponding principal maxima appear a8 a set of sharp “lines” on the -

*photographic plate. Hence photograph shows a spectrum of the incident liaht, and we can

calculate the wavelength using the formula for the principal maxima (also known as the

 grating fonnula)
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Fig 17.1 Frauphoffer diffraction pattém of single double and muitiple slits
' '1.8ource 2.80urce sht 3. Diffracting slit 4.Screen :

The sht and bar gratmg 18 nevcr used in specutroscop% where gratmg w1th N of the :

order of thousands of slits per ¢m, is required. Ingemous mﬂthOdS have been exployed to
produce such fine “slits” with small spacing. e

The first practical grating was made by Fraunhofer in 1819 Greaﬂy unproved gratmgs
were produced by H.A Rowland in 1882, These are the “ruled grating”. A diamond point
moves on a glass surface and produces a groove. A screw then moves the diamond point to

the next position and an identical groove, parallel to the first one, is now ruled on the glass.
This process continues il} the required number of lines have been ruled on l:he glass surface..

The grooves, which scatter the incident light, act like opaque “bars”, and the portion of

glass in between the grooves as “slits”. In a perfect grating made by the ruling engine, all

the grooves must be of the same shape and size' and their seperation must be accurately

.-_mamtamed This placed a severe demand on the accuracy of the screw and the ruling
engine. Rowland succeeded in constructmg aruling engine of high precision. He was able

to tule about 14,000 grooves per mch (1 e. (b+d) 1 7x 10“' cm) Each grating was about
15cm. wide.

Tt was found later that one can rule the groves ona pohshed metal surface

- {e.g.Alumintum) and then take a cast of it in a plasuc material. The cast is called a replica

grating and is usually- mounted on a plane glass plate. Such gratings are commonly used in
undergraduate Iabonatones The art of making gratings of high quality is now very much
advanced, thanks to progress in electronics and mechanical devices. As one can imagine,

high quality gratings vsed in sepetroscopy are very expensive. We must mention here a

new method of making gratings, developed over the last fifteen years. This uses the prmmples

of “holography”, a branch of Modern Optics. Gratings made this way are called holographic

gratings and are considerably cheaper than comparable graungs made by the ruting engine.

A snnple apparatus for measuring the wavelength of light, using a grating, is the
spectrometer. You have leamnt about the spectrometer. You have learnt about the spectrometer
in experiments done with plass prisms, measuring the angle of minimum deviation and
calculating the refractive index. In the spectrometer we have a collimator, which produces
a parallel beam of light, using a narrow slit and a convex lens. The paralle] beam falls on
the grating, which is placed in a holder, mounted on the prism table. The diffracted light is
seen through the telescoope which is previously “focussed” for parallel rays. In the absence
of the grating, when the telescope is brought in line with the collimator, one sees a sharp
image of the collimator slit. The slit should be adjusted as narrow as possible. Now the

grating is placed in position, such that the beam from the collimator is incident normally

on the gr atmg You will learn now to do this accurately, in the physics laboratory. Also, you
must make sure that the “lines” in the grating are parallel to the slit of the collimator,,

Now, on moving the telescope away from the direct posmon one can see the diffracted
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I ght Let us assume that the mudent light is. monoahromatlc with wavclemgth 2. We shall

then find sharp images of the slit for various values of ¢ such that. - _ _
 (bd) sing =m . | (17.1)

- In other words we are looking at the pnnmpal maxnna, produced by the grating. The
direct image of slit, seen through the telescope when it is in line with the collimator is the

_principal maximum with m=0. On either side of this we have images of the slit,

corresponding to the principal maxima with orders m=+ 1, 4 2. Each principal maximom

- looks like a sharp image of the collimator slit, because N, the number of slits, in the grating

221

is very lar ge.
- If the source of hght is mercury discharge tube, the central image looks whitish. But as

'we move away, a spectrum of mercury lines is seen in the first order (me=1). For higher

values of §another spectrum may be seen with m=2. To calculate the wavelength of a

“line” in the spectrum, we must measure @ ,the, angular seperation between the direct

image and the line in order m, using the usual setting of the cross wire in the telescope i in
the usual way. The value of (b+d), the “grating constant” is supplied by the manufacturer.

- The number, usually punted on the prating, is the number of “Imes” per unit len gth and
- (b4d) is equal to the inverse of that number.

In the experiment described above, the rays are 'mcident ﬁorma]ly on the grating. In the

- general case, the incident ray makes an angle i with the normal to the grating (Fig 17.2)

Fig.17.2 Diffraction Spectra in various orders

1t is easily seen that the path difference between ray diffracted by adjacent slits is now

._(’O-er) (sin i+sin@ ). This path difference is zero which the dii‘fmctcd rays proceed in thé
same direction as that of the incident ray. In this case

- (b+d)(sin i+ sing )=0 o ' {172
and’ 8 =i ' '

- Note the sign convennon foﬂowed hete. i and § are taken as posmvc when they lie

“below” the normal to the gmtmg as shown in Fig.17.2. The equation for a pnnclpa}
maximum js

{b+d) (sin 1+sinQ ) =m1 },
Fig 17.2 also shows the diffraction spectra in various orders and their relative intensities.




Check your Progress 1 i
What is gréﬁng constai_lt‘?_ | - _ T
~ Let'us now sée what happens when we place two gratings G, and G, one behind the
- other-on the prism table. Obviously, the light diffracted by the grating G, into varous
orders, will be diffiacted again by G,. Bach principal maximum due to G, acts like the

incident beam for G, and through the telescope one sces a lot more diffraction linés,”

surrounding the spectral lines produced by G, This is the basis of the observation of

“ghost” lines in the diffraction produced by imperfectly milled gratings. In a perfect grating - |

- the spacing (b+d) remains constant for all lines and each grove is exactly like the other. In
practice this is not so. Due to faults in the screw of the ruling engine and the diamond
point, the exact, periodicity and identy of groves is not maintained. For example; the engine -
may rule every fifty line a little deeper. This sct forms a grating with a (b+a) of its own. It
practically acts like the G, grating in the imaginary experiment desciibed above and produces:

. attention has to.be paid to detect these “ghosts” as they may cause confusion about the

actual spectrum of the incident light. - o o

_ In spectrographs which measure the wavelength of light with high precision, the *

© transmission gratings”, as we have described above, are hardly used. Reflection gratings -
- are nsvally employed. Lines are ruled on'a polished metal surface. Diffraction- of light

takes place when light is incident on the grating. One finds light “reflected”, in several

- directions for the same direction of the incident light, cotresponding to the principal maxima,

- which obey the grating. equation. Lines may be ruled on a concave reflecting surface (the

o concave gratings). Which docs not need any lenses to focus the diffracted rays. This allows

. the recording of spectra in the wliraviolet region, where ordinary lenses cannot be nsed
- because of their absorption, . - _ _

~ Check your Progress 2

. How many kinds of gratings ate there a'nd. w_ilat ate they 7 R

174 SUMMARY

':_A'two—dhnénéidnal slit and bar grating is described. Prep-arétiori of a ruled grating and
replica grating is discussed. Measurement of wavelength of light using a grating is described.
. Reflection gratings are mentioned, - - ¢ L : '

* 175 MODEL ANSWERS
" Check yoﬁfr_lg'ro'gfés'sr T a :

- ‘The number of lines per unit length is called the grating constant, thé'invem_e.of this
- number is equal to (b+d) in the grating equation. ' S SR

Cﬁeck yduf Progress 2

© There are 2 kinds of gratings. They are transmission grating and _feﬂccﬁ'On grating.

its own “lines” in the spectram. These lines are called “ghosts”. In sepelroscopy, special .




17.6 SAMPLE EXAMINATION QUESTIONS

I.  Answer the Following Questions in Above 10} Lines.
1. Discuss the effect of increasing the slits on the diffraction pattern.

What are transmission gratings and reflection gratings?

Solve the Followmg Problems

1. 'The angle of incidence on 2 grating with 5000 lings percm. is changed from O° to
' "90¢. Plot the variation in the angle of deviation (D) of the ray diffracted in first order
from the direct ray. The wavelengths of 1ight is 4000 A°,

2.  Inthe above example find the relation between the angle of minimum deviation and
_ waveleugth

3. A planc transmission grating having 6000 lines all centimeter is vsed to obtain the
spectrum of light from & radium light i the second order. Find the anguiar separation
between the sodium lincs whose wavelengths are 5890 A° and 5816A° [3'

4. Light is incident normally on a grating with 250 lines per milli meter. A second
order spectral line is observed at 18° with the central zero order image calculate the
wavclength of the specirai line . - [6.18x10%] -

5. Light of wavelength 530x30 9 m fals on a transpalent grating with a period of 1.5
MM. Find the amgle relative to the grating normal at which make of hlghcst order is
obscrved provided the light falls on the gratmg (a) at right dngles and (b) at an angle
of 60° to the normal

[(a) 0 —44‘558 (b)0= 1]_

- 6. Light of wavelength 5460A° is normally incident on. a grating having 3000 lines per
centimeter. What is the angle of diffraction in the 1st order
. [902 61 }

223
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181 AIMS AND OBJECTIVES

_ This unit discusses tlie dispersion and resolving power of a diffraction grafing. it
-determines the limits of the resolving power of an optical instrament by applying Rayleigh’s

critetian. After going throvgh this unit you wﬂl be able [ determme the resolvmg power
of a grating.. . : :

18.2 INTROD.UCTION

When any of the optical instruments_lﬂ(e__the telescope, the miscroscope, prism
spectrometer and a grating spectromefer etc. is in use, information is conveyed by means
of light from the object of the detector, In this proeess, there are mainly three stages atany -

or all of which mformat*on may be lost leadin g to the degradation.

(1 ) Whether the Light is capable of conveying the information depends on thc rclatlon of
the wavelength to the size of detail. This wavelength difficulty is fundamental and has led

to the development of electron microscopes and x-ray diffraction etc. In all these cases, the

use of wavelength much shorter than those of light allows the infornation to be obtained at
- distances which arc 107 to 10* times small than optu,a] wavelengths.

“(ii} There will be imperfections in the optlcal system: peormetric aberraﬂons which can
be avoided by good desigh and effects of diffraction within the , instriment are unavoidabel

leading to the basic limit of pcllormancc Diffraction must always occur because light on
it’s way from a point on the object to a point on the ifmage passes through vaiours stops or
apertures, o that the image is made up of many superimposed diffraction patterns.

(i11) The final image of any system will be formed on some detecting device such as the
retina of the eye, a photographic plate or the surface of a television camera, etc. Such

devices will have some sort of erid of detectms which will be of ﬁmte spacmg and will be_

unable to detect detall smaller '[hd,ll that.

18.3 RAYLEIGH’S CRITERION

C0n31der an example of the telescope used to bserve two stars close logelher In the
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focal plane the best possible images (instead of being points) are, the two so called Airy
diffraction patterrs, each being a circular spot surrounded by alterndte bright and dark

rings. If the angular separtion of the two stars is O then the centers of the two difiraction
patterns are seperated by a distance of € in the focal plane. This distance can be adjusted 1o
any size simply by i increasing f, which may be done by actually aliering the focal length of
the objective lens. However, this increase in linear separation does not help in resolving

- the two stars, because the scale of their diffraction patterns increases in its original

proporation. The distance to the first rinima from the central maximuom is givea by £6 =

1.220Jd)f, where d is the diameter of the objective (lens) so that changing f simply scales
the system up or down wg{hou!, altering the relative size of the diifraction patterns and their

separation. It is jmportant to appreciate clearly the differcnce hetween altering the

magnification which simply changes (he size of the image and increasing the resolution

which allows more details to be scen as illustrated in fignre 18.1,

Fig.18.1

To make the diffrdction patierns smaller, without altering their séparas:icrn it is necessary

- to increase d, the diameter of the objective lens. Ii is obviously harder and harder to

distinguish two stars as their diffraction patierns get closer together. Therefore, it is usetul
to have some criterion to measure the resolving power of optical instruments.” Rayleigh
suggested that the angular resolution of a telescope should be defined as the angle between
two stars when the maximum of the diffraction paitern of one falls exactly on the first

' 1.22%
‘minirmum of the other, Thal is to say, anguldl 1esolvmg power = v~9 =sm- [ d ) . Since

' : 1.22%
the angle is very samll. we can write 8 = ST is Enown as Rdyle1gh s criterion which is

iflustrated in figure 18.2 Rayleigll’s criterion is also usually applied for a slit or rectangle,

- in which case the maximum if first pattern falling on the first minimum of the second

which are now separted by A/n where *a’ being the-shit width.




F1g 182 ) ' .

D:spersmn and Resolvmg POWer of Gfatmg \

184 DISPERSI_ON OF A GRATING_

The dispersion D of a grating, is a measure of the angular separation produced between
two incident monochromatic waves whose wavelengths differ by asmall wavelength interval. -

de
dA - \
me the usual grating formula, we have :

_1eD—

d sin p=mj};m=0,1, 2. -ah integer : | .- -(18.1) )

Where d is the distance between the rulings and the integer m is the otder of principal
maximum. Treating }, and§ as variables, the differentiation equation of 18.1 leads to B

| ‘cosede_—_—%dx- o wsy

de m
d?L dcos@

" Therefore the d1spers10n D=

185 RESOLVING POWER OF A GRATING

The resolvmg power R of a gratmg detemunes the smallest difference i in wavelength -

" A} that a given grating can resolve in the mth order; the quantity R=( JAN)i.e. the inverse
~ ratio of the difference in wavelength to the aveiage wavelength of two radiations) is called

- 'the resolving power. It is usually determined by the same Rayleigh'’s criterion that isused -

to determine the resolving power of a lens,

If two principal maxima are to be barely resolved they must have an angular separation
A8 suoch that the maxium of one 1_1ne coincides with the first minimum of the other, i.e., the

- angular separation between principal maxima whose wavelengths differ by 97, is given by

L mAl B T
392 8(Usmgequatlon 183y S (184

The Rayleigh criterion requires thiat this be equal to the angulalj separation between a

(183)
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princip'a] maximum and it’s adjacent minimum. for m® order, this is equal to
| A
.dNcosb )
Where N is the total number of slits. Us'mg equations 18.4 and 18.5 we get

(18.5)

If 8 is the angular position of the maximum of the order m and 0+AQ that of the
~ adjoining 1 Immmum, we have ' : AP

in6 - %,si;l(ef A@)'=(m+§—§§~ O gssy
s o AT
sinBeosAQ+coDsinAD = (m+—}~_
| . N/d

~ Since A@ is very small, cds,AB':l and sin AG =A0

AB=—20

or e dNcos§ .

R= oNm justasiesa. ) | (18.6)
A TEETONS O

Check your Progreés 1

. What the d1sper51ve power of a grating measules'? '

- As expected the res olving power is zero for the central prmc1pal maximum. (m-O) (all)
~wavelengths being undeflected in this order.

To distinguish between dispersion and tesolving power, some characterstics of three

grarmgs (each lluminated with same light of 3 = 5890 A°, the dlffracted hght bcmg viewed
in the first order) are tabulated and illustrated by ﬁgures 18 3

amﬂng

A
sy “

®)
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SOME CHARACTERSTICS OF THREE GRATINGS _
: (A =5820 A% m =1),

Guaing - N dA) .8 - R 'D;]O‘Sdeg_re_es/A
A7 10000 25400 133 10,000 232
B 20,000 25400 0 - 133 20,0000 . 232
C 10000 - 13,700 255 10000 4.64

It may be noted that gratmgs A and B have the same dlspelslon and A and L have the

same 1esolvmg power.

18.6 SUMMARY _ T

-The dlspemve power of a grating is given by the formulac D = (do/ d?L) Where d 0is -

the angular seperation between two incident mouochromat1c waves is the wavelength Fhe
-Resolving power of a grating is
' A
R=1
A\

18.7 MODEL ANSWERS

-+ Check your ngress 1

The dispersion of grating measures the angular seperation produced between two incident

monoc,hxomatlc waves whosn, wave length dﬂtel by a qmall wave length interval.

188 SAMPLE EXAMINATION QUESTIONS

Answer the Fo]]owmg Quesuons in About 30 Lines.

1. Suppose alarge ad]ustable rectangular- apemue is placed just behind a gratmg on the
- spectrometer table. The width of this aperture is now gradually reduced so that a

smaller and smaller portion of the grating passes the light. what changes in the |

ditfraction spectrum will you observe?

2. The relation R=Nm suggests that the resolvmg power of a gwen gratmg can be made
as large as desired by ChOOSmg an arbitr 'mly high order of dlftractmn DISCI.ISS

3 Explain the phenomcnon of the dlspers“lon of a grating..

i, Solve the Fol]owmg Prohlems

1.  How many rulings must a grating have if it bmely to 1esolve the sodium doublet in
the fourth 01del (A, =5895.9A" and A, =5890 A") .

2.. A gratmg has 600() ruhngs/(.m and is 6.0 cm wide

What is the smallest-wave length interval that can be resolved in the third order at
A =5000 A°?
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What must be the minimum number of ﬁ_nes'per centimeier in a half inch width
grating to resolve the D, D, Tines of wavelengths 5896 A® and 5890 A° 1775]

A diffraction grating _having 4000 lines in a centimeter is used for normal incidence.
Calculatc the dispersive power of the erating in the third order spectum in the
wavelength region of 5000 A° : [10,0G0]

'Using a plane transmission grating having 12,700 lines perinch in normal incidence -
“position the angular seperation two lines is found to be 2.5 minutes. Find the ditference
in the wavelength of the two lines in the sodium light. : [5.873A%]

A grating contains 40,000 lines for 8 cm. What is the smallest wavelength im'crvai
that can be resolved in the third order in the region 5_400() AL, 10.02A°]




UNIT-19 : X-RAY DIFFRACTION

Contents
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192 Introduction
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19.5 X-ray Diffraction
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19.7 Determination of d or 6
198  Summary
19.9 Model Answers’ _
19.10 Sample Examnation Questions
19.11 Recommended Books |

19.1 AIMS AND OBJECTIVES

This unit explains the plOd‘LlCthll of X ray and thclr use ior the detennmanon of cyrstal
structure.

The cyrstal structure is determined with the help of X-ray diffraction paitern.

- After going through this umt you will be able to determine the wavelength of the X rdy
beam.

19.2 INTRODUCTION

In the year 1895, a german physicist named Wilhelm Roentgen discovered an unusual
type of radiation which he called X-rays because their nature was unknown at that time.
These rays are known to be of electromagnetic nature. Laue, in 1912, was able to show that
the X-rays can be utilized for the diffraction by crystals. The work of Bragg has clcarly
demonstrated that the X-rays can be used not only for the crystal structure determination
but also for the X-ray wavelength determinations.

19.3 PRODUCTION AND NATURE OF X-RAYS

Unlike ordinary light x-rays are invisible. But they travel in straight lines and effect the.
photographic film in the same way as light. Now, we know that X-rays are a part of
electromagnetic radiation of exactly same nature as light and the wavelength range is about

0.1 to 10 A. The X-rays used in the cwstdl diffraction studies have wavelengths in the
range of (. 5T025A

X-rays are produced when e]ectncally (,hdrged pamcie of sufficient kinetic eneIgy is
rapidly decclerated. In practice the high cnergy electrons are altowed to strike the anode
(target) in an X-ray wbe for producing X-rays. For this purpose, the voltage required is of
* the-order of tens of thousands of volts {generally 10 to 40 KV) with a current of the order

|- ’
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ofa fcw miili amperes (mA).

Hard X-rays are of short wavclength where as the lon g wavelength radlatlon is known’
as soft X-rays. Charactcnst_ics of radiation, including it's intensity and wavelength depends .
on the chemical composition of the target material and the voltage applied to the tube, The
X-ray spectrum from the target consists continucus radiation superimposed by characterstic °
radiation. While continuous' spectrum is caused by the rapid decelaration of electrons in -
the target, the origin of the charactersistic radiation lies in the atoms of the target material ©
itself. Figure 19.1 shows how X-rays are generated when electrons from heated filament F,
_ accelerated by potential difference 'V, are brought to rest on striking metallic target T.

e Lk"

. N s . .v
N | ' Fig 191 X-Ray Tube_ -
'(_,heck' your P'mgresé 1.

 What are hard and soft X- rays"
Check your Progressz o | o o

What are charactcrest;c X- rays

194 I‘HE GEOMETRY OF CRYSTALS

We must now r*onmder'lhe geometry and structure of erystals in order to discover what
there is-about crystals in general that enables them to diffract X-ray VS, A crystal may be
defined as a solid composed of atoms arranged ina periodic pattern in three dimensions. In
- thinking about crystals, it is often convenient to imagine a three dimensional array of
- points repeating themselvcs at regular intervals and assume that the crystal is obtained by
adding an identical group of ‘dtoms to each point such that each- point has an identical
environment. The array of points is called the crystal lattice and the points are called lattice
points. The lattice points divide the space into identical cells which are in the form of

- parallel pipeds. The smallest possible cell by the repititions of which the crystal can be
built up is called a primitive cell. We can call a primitive celi as a unit cell also. .

. Since all the cells of the lattice shown in Fig 19.2 (a) are identical, we may choose any-

ane, for example the heavily outlined one, as a unit cell. The size and shape of the unit cell
can in turn be described by the three vectors a, b and c. These vectors define the unit cell
and are releated to crystallographlc axes. :




Fig.19.2 (2) A Point Latice ) _ Fig.19.2 () A Uit cel

They may a ‘also be aescribed in terms of their Feng:,ah (a, b & ¢} and the aﬂg!f"o between
ihera {o, B, 7). These §engths and angles are the Jattice parameters of the uniteell (Fig19.2(b)..

By de\qdmg space by three sets of planes, we can produce it cells of varions si"apas
depending on how we »arfang¢ the planes. For cxamp’c if the planes in the three sets are -
aqually spaced and motually perpendicular the unit cell is cubic (a=b=cand o =B=y=
9P) Frow geometry, it turns ouf that only seven different s; ystemas of cells are necessary to
incluge afl the possible point | aatf_ces. Fhese correspond (o seven crystal systems into which

ail CI‘}"%tcﬂ‘S can be classified. These Sysiems arc hc;tpd -

Systern | Axiai.lf:.ggihs angles
C_ubic' o | '.a.z-'bzc S | a=g=y=00°
%omﬂ S a= b = ¢ . Ca=f=y=90°

Crthorombic’ a # bec . a=f=y=90°
Riombohedral |
(or) Cashec : 'a:_;ﬁ:y;tQO"
Trigonal ' '

- Hexagonaf a=h ;g Y - ' | o =[=90° y =] ggo
Monoclinie axhze o o= :_90“ =P

© Trickinie ax bwc a#fEy

Example - 1:M

Determine the interatomic spacing of a NaCl crystal if the dﬂrmw of NaCl is .
2.16x10% kg/m® and the atomic weight of sgdlum and u_.th!'lIaﬁ are 23.00 and 35 46
respecrwcly

- The molccular weight of NaCl is 23, 00 + 35 46 38.46. The numbch of mo]ecules per )
58.46 kg of Na(l | s - B : | 232 |




B 1 kol 6 025;(10.26:1“016““165 _ 6.025x10%° molecules
T SRabkg . kmol 5846 kg -

Since there are two atoms per molecule, we have

Number of atoms Numberofatoms = mass

' volume . mass " volume
26 3
2 x6.025%10%° atoms . X2, 1610 kg_

846 kg om’

= 440" = 91)
o relate this to the ilateratornic spacing a, consider the NaCl unit cell shown in figure
19.3 The vollume of the cube is '(23)3. As o the number of ions assigned to the cube, there
are: o : . o

8 comer ions, each shared by 8 of the cubes o
1 edpe ions, each shared by 4 of the cubes -
- 6 face ions, each shared by 2 of the cubes ;. L

and 1 unshaled centre 10n

F1E, 193 Umt Ce]] of Nacl Crystal _
Thus the number of i jons 1!8(8) +/(12)+}/(6) +1=8 "

o ] Numberot 10115 - 8 _ -
233 . S and ~ volume - (2aj3_ a o : - (192)




‘ Equatmg 19 1 and 19.Z; we get

'—1—“445)1102311'1 ora= ?;82;;10“’111
2’

=2.382A. -

19.5 X-RAY DIFFRACTION

-~ Having known something about X-rays and crystals, we wish to understand whether an

incident X-ray beam will be ditfracted by the crystal, and if so, under what conditions. A -

diffracted beam may be difined as a beam composed of large number of scattered rays by
atoms in the erystal rein{orcing one another Therefole deffactlon i8 essenua]ly a scattermg
of electromagnetic radiation.

. Laue conceived the idea of using oxdered arragement of atoms or molecu s of acrystal
25 a prating for the investigation of X -rays because it is impossible to- eonstmct a grating
~ with appropriate spacings. :

He showed that if a pencil of X- rays was made to truverse"a crysial, diffracted pencil '

would be formed, amranged about the primary bearh in a regular pattern according to laws
which he formulated (beyond the scope of present discussion) A photographic palte placed

nerpendiculer to the primary rays and behind the crystal would show a strong central spot,
where the primary rays struck i, and other spots arranged in regular fashior round the |

. central spot in the places strick by the diffr acted pencils. The experiment was carx ied out

. by Messts. Friedrich and Knipping in the spring 0f 1912, and was a brilliant succes. The -
arrangement is shown in Fig 19.4. The beautiful geometrical arrangement of the. outicm 13 i

i} reahty a manifestation of the regularity of erystai strucmre _

Flg 19.4 Laue Ditfraction _

196 BRAGG LAW

~ The interference of X-rays is caused by the crystaT 1att1c:e in thc followmg manner. The
rays from the anode of a X-ray tube impinge on a crystal. The electrons of the atoms begin
to oscillate and thus scatter the X-rays. The scattered rays are called secondary and their
“presence can be detected. only if they constmctlvely inierfere. W.H. Biagg and W.L. Bragg
- (Father & Son) worked out a formula ion this phenomenon -

Let us mlagme a section through a crystal lattice as shown in F1g 19 5

' -'2_34."




e X " plane normead A o

Fig 19.5 Diffraction of X-rays by a crystai

A plane wave that lies in the place of the figure falling on a rﬁembm of the famﬂy of
places of atoms having inter planar spacing d. A bundie of parallel X-rays (primary rays)

-+ strike this set of planes at an angle 0 called the glancing angle, which is the angle between

235

the dirsction of the rays and the plane of atorns (and not the normal to this plane as in
optics). Consider a family of diffracted rays from atoms lying in the plane. A of Tig 19.5
making an angle 8 with the plane. The diffracted rays will combine to produce maximuem
intensity if the path difference between adjacent ray is anintegral mu‘nple of wavelcngths
i.e. the path difference after scattering is
ae-bc=m ) oherem=0,1, 2,,.. an integer
~orh(cos B -cosg)=m), '
for m =0, p = gand the plane of atoms acls like a mirror for the incident rays, ne
matter what the vaiue of ¢ . That is, the rays scattered by all the atoms in the first plane in
a direction parallel to 1, are in phase and add their contributions to the diffracted beamn.
This will be true for all the planes separately and it remains to find the conditions for
constructive interference of rays scattered by atoms in different planes. Por example, rays
1 and 2 are scattered hy atoms b and s, and the path difference between the rays 1 b 1" and
28 2'is S '
fs+sg dsinO+dsin 6= 2dem8 :
These rays (1" and 2') willbe completely in phase if this path dlfference is equal o a

- whole number of wavelengths, i.e.

2dsin@=nt - . - o C19.3)
Wihere n is an integer, This relation was first formulated by W.L. Bragg and is known as

the Bragg law; n is called the order of reflection; it may take on any integral value consistant

with sing@ not exceeding unity. Therefore for fixed values of %, and d, there may be several
angles of incidence 0,, 82, 8 at which diffraction may occur conespondmg ton=1, 2 3.

197 DETERMINATION d OR 6

Experimentally the Bragg law can be used in two ways. By using X-rays of known
wavelength and measuring ¢ we can determine the spacing of various planes in a crystal.

“This is known as structure analysis. Alternatively, we can use a crystal with planes of |
known spacing d, measure § and thus determine the wavelength 3, of the radiation used.




_2dsing

A= [ ¢ V) B

n

As Esho_wn in ﬁguie 19.6, X-—rays from the 'tubc T are incidént on crystal C which méiy be
set_a't_any;-desir,ed»ang_le 8 to the beam by rotation about an axis through 0, the centre of the

spectometer circle.

. PRig19s

D is the detector which measure the intensity of the diffracted X-rays. The crystal is

usually cut (or cleaved) so that particular set. of reflecting plane a of known spacing is -
parallel to its surface. In use the crystal is positioned such that its reflecting planes make
- Some particular angle § with the incident beam, and D is'set at the corresponding angle 2 -

~ 0. The intensity of the diffracted beam is measured and its’ wavelength is calculated from

equation (2). Figure 19.7 shows a typical spectrum of Mo, .

Ko .

il

"0

40}

1 = ..-‘&J_oom,_' .

30— L '

20
10 _

0.2 -0.4 EE 08 R

. Fig.lg;’? Spectfum of Mo (Schematic) line widths not to scale




9. 8 SUMMARY

The prmmples involved in the producuon of X rays are discussed. Elementary notions
of the crystal classification in three dimensions are presented. Use of X- -rays for the
determination of crystal structure is derived. Application of diffraction principles for the
wavelength determination of incident X ray beam is dlSCUbSCd and lustrated with an -
example.

19.2 MODEL ANSWERS

Check your Progress 1.
Hard X-rays are more penetrduw and have shorter wave length than the soft X-“dys
Check your Progress 2

These are due to jumping of L sheli electron to the K sheil and M shell eaectrons to the
k sheil ete. These are characteristic of the target material.

1"3 10 SAMPLE EXAMINA]. EGN QUFSTIGVS

i Answer the Following Questi@ns in About 30 Lines.
i, How are X-rays used in the determination of crystal structures.

If parallel beamn of X-rays of wavelength 3, is allowed to fall on a randomely oriented
crystal of any material, generally no intense diffracted beams will occur. Such beams
appear if (a) the X-ray beam consists of continuous distribution of wavelengths or
(b) the specimen is powder instead of a single crystal. Explain?

Answer the F@El@wmg Questmn in Ab()ut 16 Lmes

Discuss the nature of X-rays.

Mention the different crystal systems iilﬁo which crystals are classified.
Derive Bragg's equat_ion.. -
Solve the Foliowing Pmble‘ms

At what angles must.an X-ray beqm with },=1. ]0A° fall on the fanuly of plancs oi |
spacing 2.52 A°if a diffracted bﬂam to oceur.

- Calcuiate the wavel engths of X-raysina band. from 0.8010 1 40A° o obtain dlfﬁacted

beams associated with a sct of planes of spacing 2.75 A° ‘Assume glancing angle
- 0.30e,

Calculate the gldncmg anglc on the face of a cube of rock salt crystal 2.82A°
Cort c@pondmg to second order diffraction maximum for x rays of wavelcngth 0.8442
Ao. . . : - - . ] ‘ 1 70 28 l] .

- The spacing between the principal planes Nacl crystal is 2.82 A°. 1t is observed the




first order Brag reflection of monochromatlc X-rays occur at an angle of 10° Calculate

- the wavelength of X-rays

[x=0.98A°]

An x ray beam of wavelength 0.0124A° is reflected from sylvine crystdl at glancing

angle 10°.31". Calculate the value of d

[3.14A°]

19.11 RECOMMENDED BOOKS

L.

N R W

Physics Part-I and Part I by Resnick and Halliday
Optics by P.G. Smith and ].H. Thomson

Fupdamentals of Optics by F.A. Jenkins and H.E. White
Elements of X-ray diffraction by B.D.Cullity

X-rays and Crystal structure by W.H.Bragg

University Physics by EW.Sears and M.W.Zemansky
Modern College Physics by H.E. White
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UNIT-20 : HOLOGRAPHY

- Contents

20.1 - Aimis and Objectives
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__20,_6 _ . Sample Exammaﬂon Questlons

201 AIMS AND OBJEC’EIVES

Tn this unit we are going to study Lhe productmn of 3 hologram and reprodw*tmn

~of the i nnagc

After going through thlS unit you will be able to,

" (1 'Explam the prmcxplc mvolvcd in the prcparation of a h(}log"am and rpprnducﬁun

* of the image.

o)) Apply holography prmc;ples in varions ﬁulds

202 -ENTR@.E}UCTE@N

Holography 1s fhe technique by which images are.produced in a three diamensional

- form. The images are as true as the objects themselves. This method was originally

introduced by Dennis Gabor in the year 1947, We know that the ordinary photograph gives

us only & two dimensional image of the object. In ordinary photography we make use of

Jenses to focus the image on photographic piate. This focusing takes place only in a single
plane and all the other planes are out of focus, We record only the intensity distribution.

_prevailing at the plane of the photograph while the light from the object is focused on it.
- The photographic plate thus records only the intensity variations. But the phas\ distribution

prevailing at the plane of the photographic plate is completely fost. .
Gabor suggested a way in which we can record both amphtude of the light wave and

. phase as well: This can be achicved by combining the two phenomena of interference znd
diffraction. Interference pattern produced by two or more coherent beams of light can be

recorded on a light sensitive medium and is called a hologram. In a hologram intensity and

* phase of the light wave will be recorded. Hence we can get a three dimension picture. We
- can have different perspectives of the i image when viewed it at different angles. A perfect

cohorent beam of light is essential to get a perfect hologram. With the discovery of laser,

production of Tlolograms has became possible. Holography was received and fully developed -
by Leith and Uptamcs




20.3 - PREPARATION OF HOLOGRAM AND REPRODUCTION
' OF THE IMAGE

Now we shall try to understand the main prmc1ple n preparmg a hologram and then
reproducing the image from such a hologram

20.3.1 Preparing a Hoﬂagram.

The cutput from a laser is first seperated into two different beams. The first beam

consisting of rays numbered i, i is spréad out by means of a lens or a curved mirror, The

light refiected by the curved surface will be directed on to the photographic plate PE. This
* Heamn js called the réference beam. The second beam from the laser with rays numbered il
i!, i falls on the three dimensional object and illurninates the object. The light scattered by

the abject falls on the same photographic plate PP. This beam (0-0-0} is called the object
hearm {0O). As the two beats are dirived from thi same [aser and hence are highly coherent

and form a specific interference pattern. The rcsumng mterferbnce pattern is recovered on

the photographic pia“e PP MNow this plate is called the. Loiog:r‘am and Contains all the

information of intensity and phase required to reproduce the wave front from the object.

The exposed and developed photogr aplhic plate will bs like a diffraction gratmg The
grating clement w1 be equal to ?he wave length A of the incedent li ghl,

: L M;ﬁf CLJF%'VED
. &l % HﬂOH
WoDENT - J M QBJECT
BEAM | . N Vi
. ER % : / / r'( (_._‘f f{f/ .
7 N %
'PHOTOGRAPHIC /
PLATE -\{#7 S
: = ’

Fig 20.1 Preparing a Hologram

20. 3 2 Repmdue&sm of the }mage

To reproduce the image the hologram is riow illurmnated from a smg]e beam- {the
reference beam R). fmm the laser, The hoto graan NOW acis as & complex graung and ditfracts
the light. : -

The diffraction pattern recreates premsei y the wave front emanaﬂng from the original
three dimensional object. Thus we get 4 precisely true image of the original wavefront
reflected by the object. Looking at the hologram we can see the image in depth.

By moving the position of our eye we can see different perspcctlv-'-'s of the object in the
image. Two jmages will be formed. One is real and another is virtual. The real image can
be photographed. No lenses will be used. This can be obtained by jhst placm za photo
graphlc plate at thc position where the rea] image is formed.
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‘Fig.20.2 Reproduction of the Image from a hologram

204 APPLICATIONS OF HOLOGRAPHY.

The principle of holography has many' app]icétions in different fields,

- 20_.4.1 Holographic Interferemetry

One of the most important applications of hollogr'aphy is in the field of intéi’ferome.try.
Surfaces that undergo deformations due to stress can-be studied under optical technique.

- This special technique is known as "the double exposure. technique”. In this technique the

distribution of strain. can be studied in detail ini a three dimensional perspective. In the
double exposure technique two seperate exposures are made on a single hologram. This

.. hologram reveals deformations, vibrations, strain of surfaces.

241

20.4.2 Holographic Microsc_opy

We know that from a hologram we get a three dimensional picture. From this picture we

 get the information about the depth also. This ability is useful in the study of time varying
- phenomena that occur in a certain region. In ordinary. microscope we can have only a stili-
~ Photograph. If a hologram is recorded of the scene as and when it occurs, the event gets

preserved in the hologram. We can focus through the depth of reconstructed image & study

~ the phenomena. Hence with the help of a hologram we can study the transient microscopic

events, :
29.4.3 Accoustic Hol_ography_ o

- We can use holography. techniques to study the images formed by sound waves. Ultra
sound waves are used in place of sound waves. These ultra sound waves generate the
reference beam (R) and the object beam (O). The ultra sound generator is kept inside the
water. It emits the reference beam as well as the beam that is directed towards an underwater
object. We ¢an observe ripples on the still surface of the water, These ripplés are formed

due to interference of incident beam and reflected beam. This ripple pattern itself forms
hologram. ' ' : ' : '




Accoust.lc holography can be used to get a three dimensional image of our internal
organs. Cohesent ultrasenic beam is split into two parts, the first serves the purpose of a

reference beam R and the second part is scattered by our internal organs and forms the =

_object beam {O). Thése two beams interfere and form a hologram. From the reconstructed
three dimensional image we can study in depth the details of the concerned organ.

28.4.4 Gther Applications

Spatial filtrations character recognation, long dlsiance holography using microwaves,
rain hologram, integral stereogram, focussed image hologram holographic optical elements,
phase CbﬂlegB.th"l ete.

205 SUMMARY

Holography is the technique by which images are produced in a three dimensional
form. The images are as true as the object themselves, This method was originaily introduced
by Dennis Gabor in the year 1947, Gabour suggested a way in which we can record both
amplitude of the light wave and phase as well. A perfect cohesent beam of light is essential -
to get a perfect hologram. Laser will be used as Coherent beam,

The principle of holography has many application in different fields fike (1) holographlc
iterferometry (2} holographic microscopy (3} accoustic holography etc.

20,6 SAMPLE EXAMINATE@NQUES’E’E@N&

L. . Answer the Following Questions in About 36 Lines,
() Expiain how do we prepare a holo gram and reproduce the image.
Ii.  Answer the Following Question in About 1¢ Lines

Holographic Interferomentry.
Accoustic Holography.

W

Eolographic Microscopy.
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UNIT-21 PLANE POLARISA.' ION ,POLAROI]), |
. POLARIZATION BY REFLECTION

Contents
21.1 . Aims and Objectives
212 Introduction |
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21.4 Production of Plane - Polanzed nght Polanod
215 Law of Malus '
216 Polarization by Reflection _
217 Double Refraction - Huygen Explanation
21.8 Construction of Wave Freiits in Calcite - Slmple Cases
219 Refractive Indices '
21.10 - Nicol Prism
21.11 Summary

21,12 Model Answers _
2113 Sample Examinations Questions.

21.1 AIMS AND OBJECTIVES

This unit explains the phenomonon of polatization on the bas1s of reﬂocuon and double '

.refraction on the basis of | Huygen sy wave theory.
After gomg through this unit, _ '
(1)  You will learn that the hght waves have transverse nature;

(2)  You will be able to convert unpolanzod light mto plane polarized light by usmg a

polaroid;

(3) * You can estimate the mtens1ty of the polanzed hght w1th the help of Taw of Malus.

(4)  You can find out the refractive indeces of ordinary and extra ordinary rays
(5)  Describe the construction and working of a nicol prism.

21.2 'INTRODUCTION

* The phonomonon of polanzanon exhlblted by hght wWaves estabhshed the fact that thcy

are transverse in nature. There are three types of polarized light which can be produced -

from an unpolarized light. These are linearly polarized, circularly polarized and elliptically =

polarized. Polarized light has extensive apphcatlons in understa.ndlng the nature of
substances. - = o

When a ray of light is mc1dent ona glass plate, apaitof the light energy is reflected, and

a part rofracte_d For an incident ray, there will be one refracted ray. The reflected and
refracted rays obey certain laws. An interesting sitvation arises when light is incident on
certain Crystals like Calcite (Ca Co,). This Crystal produces two 1efracted rays for a single
incident ray. This phenomenon 18 called double refraction.
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Fig 21.1

hg ?1 2 depicts double refrachon A narrow beam of light is incident mrx‘“a‘ﬂy on any -
of the faces of a Caleite Crystal. Two spots (O and E) will be observed on a screen placed
in the path of the emergent Jight. If the Crystal is now rotated about an axis paratiel (o the
beam the spot O remains siationary. The other spot E rotates about the axis. Thus, a single
incident beam gi\fes tise to two refracted beams. One of the beams {0) corresporid to the

 single heam which would have beea transmiited had asubstance like glass been used. This

beain, which obeys the ordm'xry taws of rcfraction, is called the ordinary beam, The oiher
extraordinary (E).

As mentioned earlier, the ordinary beamn obeys the Snell’s law ie.

stmi -

—— 15 constant (=angle of incidence, r=angle of refracting)
sin r

_ sini o
For the E beam the . value depends on the angle of incidence.
. 8
What does this mean? ¥ may be remembered that’

sini  velocity of lightin air

= o s ; =u
sin v velocity of light in the mediuro

The constancy of ratio for O beam indicates that velocity of light in the medium is same
in all directions. Conversely, the lack of constancy of this ratio for the E beam indicates
that the velocity of this Component (E) is different in different directions in this Crystals.

Tn calcite, double refraction can be ohserved in all ditections eéxcepting one. This
particular direction is called the optic axis. & - may be concluded that velociies of the two
beams are equal in this direction.

Double refraction may be observed in crystalline substances like calcite, quartz, ice, '
tourmaline, apatite, nitrate of soda, Sorax, mica, selenite, topaz and agaonite. These crysials
may be divided into two groups: Uniaxial and biaxial. In biaxial crysials there are two
directions along which O and E beains travel with the same velocity whereas in uniaxial
crystals there is only one such direciicn. Of the crystals mentioned above the first six are
mnaxml and the rest biaxial.




Check your Progress 1

Distinguish between ordinaryland exfra ordinary rays. .
Check )Lvour ngréss 2 |

What is an optical axis of a myétal?
Check your Progress 3

Distinguish between uniaxial and biaxial crystais.

213 POLARIZATION

Interference and diffaction phenomena can b explained on the assumption that light
caprgy travels from place to place in the form of waves. Waves could be of different types:
Longindinal, transverse, and surface. What is the type of wave phenomensa jnvolved in
propagation of light? All the types of waves mentioned above produce interference and
diffraction eifects. Pelarization gives a clue to the exact nature of the light waves.

According te the eleciromagneiic theory, light waves jike all other clectromagnetic

radiation, are transverse in nature. The electric and magpetic vectors in a Hight wave vibrate

in muteally perpendicular directions. In addition, thése two vectors are perpendicular to
the direction of wave motion. Of the iwo vectors, the electric vector excites our vigions. As
such it is customary 10 consider only ihe electric vector for purposes of discussion.

The end-on-view of an ordinary light beam shown in fig 21 2a illustrates schematically
all probabie planes of vibration of the ejectric vector which are perpendicular to the direction
of propagation. 1t is possible to resolve these vibrations along two mutually perpendicular

X, YY) directions as show in Iig. 21 .2b. '

v
T
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¥ . . ;x-
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Fig. 21.2

- If by some means or other, all the waves in a beamn of light are to vibrate in planes
parallel to cach other, the light is said to be plane polarized. Fig 21.3 llustrates such light.
The top diagramn(a) represents Plane-polarized light waves travelling to the right and
vibrating in a vertical plane. The second diagram(b) represents a ray of planc-polatized
hight vibrating in a horizontal plane, the plane of vibration. A plane perpendicular to the
plane of vibration is called of polarization. These planes are iltustrated in Fig 21.4.
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S Be—s
Fig 21.3
In a Plane- polanzed light, the vibrations are in one plane

'1[‘he electric field vector (and hence the magnetic fiels vector also) moves such that its

lip traces a circle with constant angular velocity about the direction of propagation, we

have circiilarly polarized light. If the tip of the electric field vector {and hence the magnetic

field vector also) traces an ellipse as it rotates with constant angular velocity about the
direction of propagation. We have elliptically polarized light. :

o ,-0
.f'/[\ F _ _ 5
: N P
e
- <
Fig 214

214 PRODUCTION OF PLANE POLARIZED LIGHT

POLAROID

- To convert unpolarized light into plane-polarized light, we should think of a device or
material that allows light vibrations in particular direction to pass through and absorb all
other vibrations. There are many materials that achieve this purposc. Calcite Crystal splits -

~the light beam incident on it into two components. They are called Ordinary and

Extlaommaiy beams. This phenomenon is called double refraction. Both the ordinary and
extr ao_rdmary beans are plane polarized. The two beams may be separated and used.

-Some crystals like tourmaline not only exhibit doubt refraction but also absorb the two
rays to different extents. This phenomenon is called dichroism. By using such cg'fysta]s of
proper thickness, it is possible to completely suppress one of the rays and transmit ouly the
plane-polarized wave. Polaroid is a commercially available polarizi_ng material. It transmits -

vibrations only in.one direction and absorbs those that vibrate at right angles to this direction.
- Consequently, the emelgmg light will be plane- polanzed

The Polaroid is fabricated by embedding certain long- cham moleculcs in -a flexible

- plastic-sheet. The sheet is stretched so that the molec_ulcs are aligned parallel to each other.




Light vibrations pamllel 1o the long chain molecules are absorbed and vibrations
pelpendlcu]ar to their length are transmitted.-

Fig 215

Fig 21.5 shows propagation of light throught a pair of polariods the light that emerges
‘out of the first polaroid is plane-polarized. The polarizing direction is shown in the figure.
Let us now place a second polaroid in the path of the light beam. If the sccond one has the
same orientation (Fig.21.52), the polarized light is all allowed to pass through the second
polaroxd. If, on the other hand, the second polaroid is rotated by 90° (21.5b) the plane-
polarized light that comes ottt of the first polaroid is not allowed to pass throuth the second
one. It is completely absorbed by the second polaroid. The first polaroid is called the
Polarizer and the second one the analyser. A paii of polaroids arranged with mutually
perpendicular directions is called Crossed Polaroids’. A pair of polaroids arranged with
mutoally perpendicular directions is called ‘Crossed Polaroids’. In this pesition no light -
emerges out of the system.

Check your Progress 1

How can we change unpolarized light to plane polarized light?
A light beam is said to be polarized in a particular plane if there are no vibrations of

clectric vector in that plane. Therefore the vibrations of clectric vector arc always
perpendicular to the plane of polamauon

21.5 LAWS OF MALUS

Let us now examine what happencd to the intensity of the light emerging out of the.
- analyser (Fig 21.5b) as the analyser is rotated about the direction of propagation of the
light beams. As we have seen earlier, the intensity is Zero when the two polaroids are
‘Crossed” 1. €. when the angle between the two polauzmg :
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© Fig. 216

~ directions is 90°. The intensity is maximum when the angle is Zero. For any other angle
- @ if'the amplitude of the plane-polarized light falling on the analyser is E, the amplitude of
. the light that emerges 1S E Cos @ where @ is the angle between the polarizing directions of
the analyser-and the polariser (F1g 21. 6) Since the intensity of the light s praportlonal to
its amplitude,

1=1 cos’ | . @

~ Whire I is the maximum value of the mtenslty of light tlansmuted Equatlon 21.11s
called the Law of Malus :

Worked Exampl_e-l :
~ The intensity of light emerging out of a system consisting of two polaroids is I when
the angle between the polarizing directions of the analyser and polariser is zero. Calculate .
the intensity of the light emerging out of the analyser when the angle is 135°.
Since I=1 cos* 8
= Ly c0s2(135°)

'.‘1111/2. S o | ' (21.2)

21.6 POLARIZATION BY REFLECTION

The French Phy_smst Malus discovered that- when ordinary unpolarized Hght is incident _
at angle of about 57° on the polished surface of a glass plate, the reflected light is Plane
Polarized. The experimental set-up shown in Fig 217 demons_tfates_ the discovery of Malus.




Fig, 21.7 (3) () (©)

The experimental set—ﬁp consists of two lass plates B and C. The second glass plate C

is mounted on a pedestal such that it can be rotated about BC. In Fig 21.7a an unpolarized

beam is incident on the first glass surface at B: The light is again reflected at the same.

angle by the second glass plate C. B and C are parallel to each other. Let us now rotate C
about the axis BC by slowly, turning the pedestal. The intensity of light reflected by C

- decreases and vanishes completely at-an angle 90° (Fig. 21.7b). With further rotation the

reflected beam CD appears again, reaching a maximum at an angle 180° as shown in 21.7¢c.

- Further rotation causes the intensity to decrease to zero again at 270° and maximm at 360°. -

During this one complete rotation, the angle of incidence on the both the plates remains at
. 57°. o o : _

If the angle of incidence is diffeent fr’dm 57‘?’,- the light intensity goes .lhmugh maxima

and minima every 90° as before, but the minima will not go to zero. In other words, there _

will always be a reflected beam CD.

The experiment described above can be made clear by examining the change that take
place in retlection. Fig 21.8 shows retlection of an unpolarized beam at a glass surface. As
described eatlier, the electric vector of the incident light beam can be resolved into two
components; dots representing vibrations perpendicular to the plane of the paper and arrows
representing vibrations lying in the plane of the diagram. In general, both the: components

will be of equal amplitude. It was found experimentally that at a particular angle of incidence -
BP only the vibrations represented by dots are reflected. The other component is entirely

refracted. The reflected beam, naturally, is of low intensity. It is plane polarized. This
 angle of incidence 6, is called the polarizing angle. S

& opP 1
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‘The transmitted beam is partially polarized. The intensity of the reflected plane-polarized
‘beam can be increased by using a stack of glass plates as shown in Fig.21.9. Reflections
from successivesurfaces add to the intensity of the beam The stack of plates also make the
transiitied beam plane polarized.

“At the polarizing angle®, Brewster found that the teflected and transmitied bearms
(Fig.21.8)  are perpendicular to each other i, 6, +8, =90° '

5.0, +6,=90° . | @13

From Snell’s Law, 1, sin@p =y, sinfr | L 14
Combination of the above equations leads to- ' .
W, sn8,, =, sin(90° - ep) =M, eesGP‘ . (21L5)
M B o
ork =12 tang, S @e

1
“Where p (—p.zlp ) is the index of refraction of medlum 2 with respeet to medium 1
Equa‘uon 21.6 15 called Brewster 5 law.

Worked Examp]e

Calculate the polanz:mg angle for a glass plate of 1efract1ve index 1.55 )

0, tan”155=57.2" '

21.7 DOUBLE REFRACTION - HUYGENS EXPLANATION

. Let us now examine Huygens explanation of the phenomenon of double refraction. We
- shall confine our discussion to uniaxial crystals Huygen s explanation is based on the
251 followmg facts : :




- a) Ina doubly refractmg medmm there are two beams travelhng the crystals Hence_-_ '
cvery pamcle in the med1um sends out two seccndaty wavelets, '

b) - The velocity of the 0 beam is the same in all directions: Therefore the correspondmg
wavelet must be shpencal :

¢} The velocity of the F beam depends on thc direction in the crystal. As mentioned
earlier, the O and E beams travel with the same velocity dlong the optic ax13

"Based on the above facts. Huygens assumed E wavelet to be an ¢llipsoid (formed by the

revolution of an ellipse about an axis coinciding with the optic axis. Since the velocities of
the O and E rays are equal along the optic axis, the, O and E wavelets touch cach other in -

this direction. A cross section of the two wavelets is shown in Fig21.10

F15 21.10

Fig. 21.10a depicts the S1tudt10n in a crystal like quartz whﬂe that in F1g 21.10b gwes
- the situation in crystal like calcite. In Calcite, the veloc1ty of light is maximum in a direction
perpendicular to the optic axis, hence the shperical wavelets 18 inside the ellipsoidal wavelet.
Such crystals are called ‘negative’ crystal. In quartaz, the velocity of light is maximum

along the optic axis; hence the ellipsoid is mstde the. sphere Such crysta]s are called posmve
Crystals, _

21.8 CONSTRUCTION OF WAVEFRONTS IN CALCITE-
SIMPLE CASES

: Let us now utthse the ideas put forw ard by Huygens to construct retracted wavetrouts '

in some spectal cases.
Case-1

 Fig.21.11 shows an unpolanzed plane wave mcu:'lent normally on plane AB of a negation
uniaxial crystal like Calcite, The figure shows a section through the crystal which is normal
 to the crystal surface and para]lel to the optic axis. The dotted hnes mdicate the direction
-of the optic axis. :

- The moment light is mc1dent on the crystal sutface, every pomt on the surface acts as

a secondary source of spherical and elhpsmdal wavelets. Fig.21.11 shows only certain
- poinis like A,B&C. Circles of radius'v_t(v. - velocity of the ordinary wave) drawn with

these points as centres represent ordmary wavelets after t seconds. If v, is the maximum "
velocity of the extraordmary wave, the major axis of the ellipse at time t “will be 2 v [t The -

length of the mmor ax1s xs equal to2v t. Smce the sphere and the elhpsmd touch each
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otﬁer along the optic axis, a line of the length v i

Fig.21.11

drawn perpendicularly to the optic axis represents half of the major axis. One can draw the
ellipse using v t and vt as shown in the figure. The line 0O’ tangential 1o the circles
represents the ordinary wave front while EE’ represents the extraordinary wavelront. The
lines Aa, Bb, Cc indicate the direction of the refracted E beam. :

Case-2

- Two special cases of normal incidence are of importance. They are illustrated in hgs
E.L’J and 21.13 In Fig 21.12 light i is incident normally on a crystal face cut perpendicular

o the optic axis Le. jﬂ _ _
L .“_ i ...n.
:‘i q.‘_é i: ‘§§ e i WQ,
B SIS SRR, B ;
V v L] ] L ] '
i % p 4 -
Fig.21.12

the light is travelling along the axis. Since both the waves travel with the same velocity in
this direction, there is no double refraction. '

Fig. 21.13

Fig. 21.13 aand b show light incident normally on a crystal face cut parallel to the optic
axis. (&) shows the plim,ipal section (section containing the optic axis and (b) a section at
right angles optic axis there. Will be no doublc refraction. But the waves advance wnh a
different speeds. : .




21.9 RFFRACTIVE ENDECFS

tis olear from the discusqmn presented above, the doubly refraLtmg materials have two
- indices of 1eflact10n, corresponding to the ordinary ray (n_) and the other corresponding
to the extraordinary ray () . There is no-difficulty in defining 11, as sin ifsin r is constani.

The index of refraction for the extraordinary ray is a function of direction. It is customary

to state the index for the direction at right angles to the uptic axis, in which the velocity is
- maxinngmn or minimym. Thus,

velocity of light 11 vacuum

o

velocity of the ordinary wave

tocity of 11 ghL in vacuum

and Ho = , :
* maximum velosi_iy of the B wave for negative Crystals

For calcite 1, =1.65836aed p, =1.48641;at 18%
. Porgeattz [, =1 54425 aud . =1.33336;at 18°%
The values of p and B, may be {ie{ermined cxpermmentally using prising made out of -

the doubly refracting material and determining the angle of minimnm deviation using a
spectrometer. '

Fig. 21.14 15 a sketch of the Caleite Crysial, sometimes called iceeland spar. At each of
the corners A and B, The angles formed by the three Inteersecting faces are the same, each
angle is 101° 55" A linc a A or B drawn so that it makes egual angles with the thiee
intersecting edges in the leCCliOn of the optic azis. The directions of vibration of the
ordinary and extraordinaiy rays can now be specified with respect to the optic axis.

Fig. 21.14

- Fig.21.15a shows a plane section thmugh the calcite crystal. It contains. the optic axis
and is perpendicular to opposite faces of the material crystal. A narrow beam of |




et

Fig. 2115

- unpolarized light passing through such a plane section (Principal section) gets split into
two beams which emerge as two parallel beams. Each of these beams is linearly polarized.
The direction of vibration in the ordinary ray is perpendicular 7o the plane of the principal
section. The direction of vibration in the extraordmary ray is parailel to or in the plane of
the principal section.

Fig. 21.16

The calcite crystal may be reshaped and used as a polarizer or analyzer. This is achieved
by removing one of the polarized rays from the transmitted beam. The method is iltustrated,
in Fip. 21.16. We have to select a fairly long and clear crystal to start with. The end faces
are cut so that the angle in the principal section is reduced from 71° (Fig.21.15a) to 68°

(Fip.21.16). The crystal is then cut into halves along the diagonal AC perpendicular to the
plane of the principal section. The two halves are then cemented together with clear Canada
Balsam (cement). The optical device so constructed is called a Nicol Pristn.

The index of refraction of the orcinary ray for calcite is 1.66 and for Canada balsam it
is 1.55. The angle of incidence of the Ordinary ray at the Canada balsam suiface is greater
than the critical angle. As such it is totally reflected. The index of refraction of the
extraordinary ray in calcite depends on the direction of propagation. For the passible

. directions in the Nicol prism the index of refraction of the E £ay is approximates 1.49;
" hence it will be transmitted thiough the Canada halsam and ermer: ge ir om the prism as
shown in the figure. :

~ Nicol prisms are used in eptical devices as analyzer and pOI{lI'lZGl’.: The light that is
transmitted through this prism vibrates in a direction parallel to the short diagonal of its
end face. :

~ Thus when unpolarized light is incident on the Nicol prisin, it pmduces plane polarized
light whose direction is parallel to the short diagonal of its end face. This property is -
utilised in producing linearly polarized light. It allows plane polarized light with its direction
of vibration: parallel to its short diagonal. It compleiely cuts off linearly polarized light
with its direction of vibration perpendicular to the shorter diagonal of its end face. This
property is used for analysis of polarized light. ' -




. 21.11 SUMMAR_Y

Oidmary light is unpolauzed lhe elecmc vectm ot 1he Light wave v1blates in all posmble- o
- directions perpendicularto the direction of wave propagation. By using polaroid unpolarized

fight can be made plane poIa1 1zed. Polarized light can be plane polarized, circularly polarlzed
and elhphcally polanzed : :

The Law of Malus state that the light e-mergmg from an analyseris given b le'—I Cos?¥m 9

- When ordinary light is incident on the sumu,e of calcite crystal it sphts into two rays

 which- emerge out from the crystal. Out of these beams one is known as ordinary (o) ray
-and the other ray is called extraordinary ray, “0” ray obeys snell’s law. Where as E ray
does not. This phenemenon of separation into two bcams of an ordinary hghl by mystals

- like calacite is known as double refraction. : :

- The velociiy of E ray depends on the duectlon of propag'mon in the (,rystdl where as Q- -

“ray travels with the same veloc1ty in all dxrecuons inside the cryatal: The velocities of O &
E ray are equal along optics axis. ST

In uniaxial ¢r ystal the O & E rays have cqual veloutles 1long only one dlrecuon Whe1e _

© as i b1ax1a] crystals the number of dlrecuons are two,’

-_-21 12 MODEL ANSWERS

' Check your ngress 1

Unpolarlzed light can he changed to plane polauzed hght by usmg apolaroid. A polar oid
- transmits vibeations only in one duecuon and-absorbs those v1blal;10ns which vibrate at
i -nght angles to this ducchon Cooe

. Check your Prooress 2

The bcam Whldl obeys sncll’s, 1aw of refractlon is ca]led the ordmary ray and thc other -

ray which. does not Obey the snell’ law is ca]led cxt1aord1nary tay.

_ Check your Progress 3

The direction along Whlch the vclocmes of O and E rays a1e equal ina crystal 1 is called o

~an opuc ax1a

Check your Progress 4

In Uniaxial cr yqtals thele is 011Iy one duechon along Wthh the velor_:lty of O and E rays.
* . are same where as in abiaxial c1y€;lal there: are two directions along wlm,h Q& E 1ays have

same velocxty

. 21.13 'SAMPLE QUESTIONS'

'I.: Answer the Followmg Questlons in About 30 Lines.

1 - Descnbe the cxpenmental method to produce plane polanzed hght f1 om unpolauzed
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light by reflection:

Explaih hﬁwv a Nicol .prisin is cbnstructed. What are its applications?
Answer the Following Questions in About 10 Lines.

Discuss the fabircation and function of a polaroid.

State and explaiﬁ the law of Malus. o

Discuss Huygen’s explanation of double refraction.

Solve the Following Problems

Determine the angle of refl action when a glass plate of refractive index 1.55 i is used
as a polarizer. [Aus 329

F1nd the polarising angle for a flint glass of index of refraction 1.768 f60° 301

A beam of light travelling through water strikes the surface of the glass plate. When ’
the angle of is adjusted to be 50.82° the reflected beam found’to be plane polarised.
Fmd the refractwe index of the glass. (given refractive index of water 1.33)

{1 637]

What is the angle of incidence for the complete polasisation to occar on reflection at
a boundary betwegn water'of refractive index 1.3 and flint glass of refractive index
1.963 of the light i$ made t'ij' incident from the side of water. [55.84°]

The critical angle of mc1den(,e of water for total reﬂectlon is 45°. Calculate the
polarising angle _ o : [53"22’]
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| 22.1 AIMS AND OBJECTIVES

This unit discusses the productxon and properties of cucu]arly and thphcal]y potarized
light. It discribes the expenmental setup tor the production of circularly and elliptically
polarized light.

After going through this unit you will be able to define plane polanzed hght, c:rcularly '

polarized hght and e]hptwa]ly polauzed hght

'22.2 INTRODUCTION

* Plane Polarization is a simple tjzpe of polariZaﬁon. We have learnt in the last unit thata
doubly refracting (,rystals like quartz or calcite splits an ordinary unpolarized bearn into -

two components i.e. ordinary and extraordinary rays. Both these rays are plane or hnearly

- polarized. But vibrational directions are mutually perpendicular.

The material presented in the previous unit clearly shows that under certain condxtmns -
the ordinary and extra ordinary rays travel along the same path but with differing speeds.
For example, consider a calcite crystal with its faces cut parallel to the optic axis. Light .

incident normally on one of its faces traverses the Crystal in a direction perpendicular to
the optic axis. The extraordinary and ordmmy rays take the same path but with different
speeds. As they emerge out of the Crystal, the two rays develop a phase ditference between

- them. This phase difference depends on the frequency of the mc1dent fight, thickness of the
- crystal and the speeds of the two rays.

Superposition of the two rays after emergenw from the crystal leads to interesting results.

The problem reduces to one of combination of two simple harmonic motions in muytually
perpendicular directions. We know that superposition of two SHMs at right angles leads to

different shapes as shown in Fig. 22.1: When the phase dlffelence 0, 211: or any other even
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multiple of 7 the result is a linear vibration at 45° to both the original vibraions. When the

phase difference is an edd multiple of = the resultant is again a linear vibration but at right
i .. angles to the previous one. A phase difference of n -n:IZ(n_l 3 5 71.) leads to aurcle At all
‘ ' other phase dtﬂ’elences the resultant 1s an elhpse :

SRRV IRAC AR AR A LA GS)

,-2/000\000/

Flg 22 1 Combmatlon of SHMs at nght angle

What do we mean by cxrcularly polanzed hght” Flliptically polarlzed light? By the
light vibration, we mean the periodic variation of the electric ficld in space. Hence in a
" circularly polarized light beam the tip of the electric vector moves in a circle in a plane
* pérpendicular to the direction,of propagatlon Smularly the t1p of the eleetuc vector moves
- inan ellipse in elhpuca]ly polanzed light. :

. Check’ your Progress 1 |
What isa elrcularly polanzed hght :
'Checlc your Progress 2 |

What is an elhptmally polansed hght

22.3 QUARTER WAVE PLATE

When the mdmaly and extraordmary rays traverse the same path in crystal w1th d1ﬂerent _
: speeds the distance travelled by them during a particular in traval of time diffarence. they
develop a path/phase difference. If the thickness of the plate is so chosen'as to introduce-

“a path dﬂ“rerence of A /4 (;L wavelength of the mc1dent hght) the crystal plate is called
‘Quarter Wave Plate We have also half wave plates wh1ch mtroduce a paxh difference ot Ao
. 2 and full wave plates which introduce a path difference of,. o
In wave plopagauon a path difference of A corresponds to a phase dlfference of 271: '
Hence, a quarter wave plate mnoduces a phase difference of 75!2 _ )
Letus now calculate the th1ckness ot the quarter wave plate. As mennoned ea111e1 The '

tthkHCSS depends onj.if W, and p,are ordinary and extraordinary refractive md1ces of L

the material ehosen and ‘t’ the thickness of the Clystal plate the optn,al path dﬁference A

1sgwenby o \ _ R Lo
. | A= (uowug)t T (22.1)
v Por a quartet wave plate made out of a negatlve crystal hke Calcﬂe o ‘
_ (uo l-"e)t =)/4 ': - (222)

(2228) -

t,=———
oL 4(“‘0._ ”e)
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 For positive CrySta]s_Ijke'_(;uarZ"t.q: 4(M -.P«). - B ) o (2_2-213)'."
anq + ih 2(Hol—'l~1e),f0r negative Crys_ta.'l_ | B 223)
T oo

Worked Example

The principle refractive indices of quartz for hght of 1(5000A°) are 1 5533 amd 1 5422
Calculate the thickness of the Quarter Wave Plate. -

_ 5000x10™

4x0.0011 _

This is a very thin plate. We may use more robust plal:es of thlckness wh1ch s an odd
- ‘multiple of ‘t’ calculated above as quarter wave plates.

* Quarter wave Plates are usually made of quartz or mica. M1ca splits easﬂy into thin
sheets. Hence it is easy to prepare a plate of the rf:quu'ed thlckness

-1 126){10’3 cm

22.4 PRODUCTION OF CIRCULARLY AND ELLIPTICALLY
POLARIZED LIGHT

The expenmental set up for production of circularly and elliptically polarized light is .-
shown in Fig.22.2. It makes use of a nicol polaraid to produce: plane polanzed light forim
the incident unpolarized Light beam It is called polarizer. Unpolarized, monochromatic
. lightenters the polarizer and emerges as, a linearly polarized beam., The direction of vibration
- of the linearly polarized beam is indicated by the dotted line drawn on the polarizer. This .

enters the doubly refracting Crystal (say Calcite) plate. It is cut such that light travels in a
direction perpendicular to the optic axis. The Cryslal plate has to be Onemed

1. Unpolarized light

2. E-yibration

3. O-Vibration

4, nystal- Plate :
5. Analyser .. Y,
6. Polarizer. |

Fig.22.2
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Such that the optic axis makes 45 with the direction of vibration of the incident light.
The incident light gets split up into E and O components. In this case the E vibrations are
paraliel to the optic axis and the O vibrations are perpendicular to the optic axis as shown
in the figure. Since the incident beam makes 45 with the optic axis, the amplitudes of E and
O vibrations are equal. The E and O waves move along the same paths in the crystal but
- with ditterent speeds, Hence they develop a phase difference. Superposition of these (wo
waves of equal amplitudes with their vibrations in mutuaity perpendicular directions leads
to circular or elliptical vibrations depending upon their phase difference. -

~ The phase difference depends on the crystal thickness chosen and the wavelength of the
‘light used. If we use a quarter wave plate for the patticular waveleagth, it introduces a
phase difference of /2. The resultant, vibrations are circular. Such a light beam is said to
be circularly polanized.

If the crystal thickness is so chosen as to intreduce a phase dlfference of x, ﬂle emerging
beam is linearly polarized. :

- Ifthe crystal thickness is sﬁch that it'ihtroduces_ a phase difference other than n 7 (o any
integer) and Rt/2 (R-Gdd integer), the emerging light is eRiptically polarized. '

.. 2’“ 5 DETECTION OF POLARIZED LIGHT

22.5.1 Plane Polarlzed light

Allow !he light beam to be incident on an analyser (Nicol or Polaroid) that is capabie of
being rotated. If on rotation of the analyser, the light is completely extinguished twice in 2
complete rotation, the light is lineatly polarized.

- 22.5.2 Circularly Polarized Light

An examination of intensity of the l'igh‘t transmitted by the analyser when the incident
beam is circularty polarized, shows thal the intensity does not vary with the ol u‘ila,tmﬂ of
the analyser. Unpolarized Heght also exhibits the same behaviour.

To distinguish between these two, the beam is allowed to pa% through a quarter wave
plate. A circularly polarized bearn can be thought of as a combinaiion of two plane polarized

- beams with a path difference of ) /4. Such a beam after passing through the quarter wave
plate develops a further path difference of ) /4 between its components. Hence the path
difference between the two components is now 3./2. Thus the beam after pﬂs'sing through
the quatter wave plate becomes plane polarized. Consequently wht,n the an zalysel is rotated,
the iniensity becomes zero twice in one complete rotation.

If the incident beam is unpolarized, introduction of the quarter wave p:la‘te- does noi alter
the intensity variation. Thus if the incident beam after passing through the quarier-wave
plate is extinguished wllen observed thlough anaiysel it is mrculmly polmmed

22.53 E]]thlcally Polarized L}Ght

When examim—:d,}usin g a rotating analyser, the intensity goes through maxima and

261 winima. The minimum does not go to zero. Saroe behaviour may bé observed when the
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incident beam is a mixture of unpo]armed and plang polmzed light.

To dlstmgmsh between those two, allow the beain to pass through a quarter-wave phtu
and an analyser. The plate and the Lmalyscr have 10 be rotated mde_pcn_dently. There are two
possibilities (a) the light is extinguished for one seiting and (b} the intensity varies but
- never fails to zero. Case {a) indicates that the Hght is elliptically polavized. Case (b) indicates
a mixture of unpolarised and polanized hghi.

22.0 SUMMARY

Wiien a plane polarized light emerging from Nicol prisma [alis an a plate of calcite cut

with faces parallel to opposite axis two light waves emerge out with difference in phase.
Deponding on the phase difterence 'lhb emerging light may be circulary polarized, plane

g 8 g g Yy Y P i
pidarizied, or elliptically polarized. :

 Circularly polarized light is resultant ol two waves of F'qual mnphmﬁc vibrating at ugflt
angles to each other and having a phase difference of ‘1/2. Elliptically polarized Hght is the

resuttant of two waves of amplitude vibrating at right angles {0 each other and having a
nhase difference of /2 ' . '

227 MODEL ANSWERS

Check yoar ng%sg i

Circularly polarized light. It is the msultani ul two waves of equal amplitude vibrating
at right angles to cach other and having a phdsa, ditference of /2

Check your Progress 2

Anelliptically polarized Tightis the Ietul{dm ot two waves of unequ al dmphtudb wblaimg
at right ansh:s 10 cach other and havmg a phasc, difference of /2 :

2.8 SAME’LE EXAMENATEQN QUESTIONS

I Answer the Uollowing Questions in:Abauﬁ 30 Lines.

Discuss the construction and working of a quarterwave plate,

[y

2. Thscuss the mUhod of mndu{,tmn of umulaﬂy and ellipticaly polanzed Ezghl waves.
{I.  Answer the Following Question in 1 About 10 Lmes« :

Discuss the ezperimental ms,thoa to detect plane polarized, (,m,u]'uly polauzﬁd and
elliptically polarized light waves..

CHL Solve the Following Problems

1. Tor sodiym light of wave 'leﬁg,th ‘if-l93A.'0 the refraction: indiﬁ;us of quzntz are 1.5442

and 1..553‘3 Calculate the thickness ui half wave nhte formed by guartz crystal.
: : - (Ans: 3. 24 X 10”’(:m)

W

A half wave plates is consiructed for a wavelength of 600_0A°. For what wavclength
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docs it work as a quarter wave phte ' ) 12000 AT
Calculate the tlucknesg of a mica sheet Lequncd for making a quarter wave plaic
'Lmnp a light of wweleng{] 3460A° given that = =1.592 and ;= 1.586.

_ For a light of wcwelength 5000 A calculate the thickness of a qu’lnel waveplate and
- half wave plate given that u =1.533 and p =1.544.
[1.14x107 ¢m and 2,2’]:;10‘3 cm]
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231 -AINES AND OBJECTIVES

Thas umit introduces the phenomenon of optical actmf . It 18 explained on the basis of
Fresnel’s theory. . :

Atter going thloixgh this unit you will be able to:
(1) makeout which subiance is dextrom’[atary or lacvorotary
(2)  dcfine the specific rotation of a solution
(3}  measure the angle of rotation produced by an opncal]y active substance with the
nelp of a polarimeter.
(4} improve the angle of rotation produced by opl:u,ally aciive substance wﬁh help of a
Biguartz crystal; :

73.3 INTRODUCTION

In this unit we shall study the phenomenen of cptical activity and what is meant by
specific rofation. Fresnel explained thﬂ Rotary polarisation based on a simple concept in
mechanics,

233 OPTICAL ACTIVITY

Certain substances Iike quartz are found to rotate the plane of vibration of 2 linearly
poiarized light passing through.them. This phenomenen is called rotation of the plane of
polarization. Substances which exhibit this effect are said to be optically active. Optical
activity may ve observed using a pair of nicols or polarords arranged in the crossed position.
inthe crossed position no Hght emerges out of the analyses, If an optically active substance
is now introduced in between the polarized and the analyser, some light emerges out of the
analyser. The light can get extinguished by rotating the analyser. through certain angle §.
It follows, therefore, that the vibration plane of the light leaving the substance must make
an angle A with that of the Lght Incident on it.
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Some of the substances that exhibit opticgl activity are : (a) quartz crystals along the
optic axis and (b) liquids such as turpentine, sugar solution, tartaric acid solution etc. A
substance may rotate the plane of vibration either to the left or to the right. Consequeritly
they are classificd and lagvorotatatory (also called teft-hand) and dextrorotatory (aiso calle
right-handed) subsiances respectively. Some subs[zmcc% may occur in namure in both the -
varieties. One such substance is quaitz.

The actual amount of rotation depends on tsmperature, the waveicngth of the light used
thickness of the sample and concentration in the case of solutions.

To facilitate comparison of the optical activity of different swb:iances, one usually defines _
specific rotation (o) Ttis the rotatjon produced by a 10cm. colamnof liquid containing |
pm, of active substance per ¢.c. of solution. Thus, fora solutlon containing m.gn/c. ¢ of the
active substance and a path lengih of 1.

ozml
10 (23.1)
108 | |
or o= E ’ . . (232)

For a pure liquid m is simply the density
Check your Progress 1

Deline optical activity
Check your Progress 2

Distinguish between dextro rotatery and laevorotation. _
Worked Example -1

A 20cm. tube containing cane sugar solution having specilic rotation of 60° shows optical
rotation of 6°. Caleulate the strength of the solution.

106
mx1
106
T al
_ 10x6°

T 60°x20

we know O =

= 0.0S_gm /cc.

23.4 FRESNEL’S EXPLANATION OF ROTARY
POLARIZATION

Fresnel's explanation of the rotary polarization is based on a simple concept in mechanics.

Tt visnalises simpie harmonic motion along a straight line as superposition of two circular

motions in opposite direction. This may be illustrated with the help of Fig. 23.1

In this figure, P, and P, are two points executing circalar molion “fiﬁh equal speeds but
in opposite due(,tlons as mdn,dted in the figure. These points mect cach other at Y and Y.
The vectors and OP, and OP, can be resolved into two components; one along the X - axis




and the other along the Y - axis. For examp’le" the éomponeﬁts of QP along X and Y

‘directions are

) F1g 23.1

ONHasmB OC ac,os 9' ‘ R . (’23_.3)'
Similarly the components of OP, are S . _ : '
- OM=asin® OC=acos® =~ @39

Since at any point ON = -OM the resultant component along the X-axis is always zero. -

The resultant along'the Y - axis is 2a Cos 0. Thus the results of the two urcular motions is
a simple harmonic motion along Y - axis with amplitude 2a.

From the above discussion it may be concluded that the simple harmonic motion along 7
a straight line can be throught of a combination of two circular motions in the opposite

direction. From this it is clear that a ]meally polar'zcd Light may be thought of as two
circularly polarized lights.

-When a plane polarized light enters a substance, we may infer that 1t gets split up mto .

'two eircularly polarized components: ‘they‘travel with equal velocity in the material and

recombine- before leaving the substance t6 produce again the linearly polarized light. =
However, Fresnel assumed that-in optically active substance, the circularly polarized light

can travel with difterent speeds. Consequcntly, when they emerge from the substance there
is a phase difference between them. ' _ :

Fig. 232

L6
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Analyt]cally, let the clock-wise and anfi clock wise rotatlous be repreaented by tha
to]lowmg equations when they enter the crystal.

Clockwise rotaticn
x—a'coscot. = Zsnot | 23.5)
__ 2 ORI (.
Anti clock wise rotation

a a .
X:Ecosmt,y:-z—sm ot : . (23.6)

When they reach the other Face of the Crystal they develop a phase difference as shown
in Fig. 232

Henoe for clock wise rotation
, a . -a _ '
X :Ecos(mt-F—?))?y =—2—sm(cot+5) (23.7)
Anti clo_c:i( wise rotation
x'= .E COsS® t
2

y':%sincot' o | ‘ | (23.8)

Super position gives

X =—§[cosmt+cos(cnt+5)] S : (23.9)
, a . ) . ._ : B . .

y= 5{3111@1: —sin (ot +08)] ; (23.10)
x'=acos (6!2) cos (ot +8/2) (23.11)

and y* =-a sin (§/2) cos (@t +8/2) _ (23.12) -

Since these two perpendicular Huear components are in phase the resultant is a line
inclined to x" axis af an angle of -8/2.

Ac cording to Fresnel's theory, in the right handed (dextro rotatory} crystal, the clock =
wise circularly pelarized component travelsmore quickly than the other. In the left handed
substance the clock wise component is slow. :

Fresnel proved his assumption using the system shown in Fig. 23.3. H consists of 3 right
handed and 2 left handed Quartz prisms cemented together.
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A bearn of plane polanzed hght is mmdent on face AC. It gets Spht up 1nt0 two cm:ularly -
~ polarized components. On striking the inclined surface CB and entering the second prism, -
the disturbance which faster in the first prism now becomes the slower. However according
to the law of refracton, ofe beam is bent away from the normal and the other towards it.
Since at other inclined faces similar effects take place, the two beams get separated as they

emerge from the etystal Tlns was actually observed by Fl esnel

23.5 P.OLAR-IMETER

Instmments that measule the rotation of the plane oir v1brat10n are called polanmeters

The instruments intended for measurements on sugar solt10ns in parucular are ca]]ed
saccharimeters.

A polarimeter in ifs snnplest trorn consists of a polanzet and an analyser as shown n
Fig. 23 4, The analyser is mounted on a graduated scale

I.E}l:"j

Flg 234

Int:la]ly, the analyset anc polanzel are adJusted to be in the crossed position. ‘The 1ead1ng
of the analyser is noted. The active substance is now introduced in between the polarizer
- and the analyser The “Crossed Position” is disturbed. The analyser is now rotated to
cxtinguish the light coming out of it, This reading is. noted The d]fterence between the two_
1ead1n gs of the analyser gives the rolaion. -

Wlth this sunple system, the infensity of the field of the view is very insensitive to sma]l
rotations of the analyser from the position of extinction. Consequently, the analyser cannot
be set with accuracy. The performance of this. simple sytem may be unproved by using
half-shadow end point devices immediately after the polarizer. Such a device enables -

accurate determination of the extmctlon pos1t10n as 1t compares intensities of two halfs of
.the field of view.

nb 235"

quuartz is one. such half shadow device. It consists of wo sermcucular quartz dev1ces :
Cemented together: One half is cut from a right handed quartz and the other from the Ieft
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handed quartz, The thickness of the disc {~3.75mm.) is such: that for yellow light, the
plane of vibration under goes a rotation of #/2 - clockwise in one half of the disc and
anticlockwise in the other. Thus for yellow light the biquartz consists of two quarter wave
plates. With white light the rotatory dispersion of the quartz causes the vibration directions

“of red yellow and blue light to be as indicated in Fig.23.5. If the principal section of the

analyser is parallel to that of the polarizer, the yellow light is cxinguish_ed. The two halfs of
the field are equally illaminated with a reddish violet tint. This is called the tint of passage.
A smaller rotation of the analyser causcs one half of the field fo become distincly red and

the other to become blue thc settmg of the analyser for a colour match can be done very
- accurately.

Check your Progiess 3

‘What is a saccharimeter

23.6 SUMMARY

The phenomen on of rotation of vibration of plane polarized hght about the direction of -
propagation cxlibited by certain substances like quartz, sugar solution is called opticat

aActivity, the amount of rotation is direcily proportiondl to the length of the path 1 the
- optically active substance and inversely proportional to the square of the wavelength. ¥f the

rotation is clockwise the substance is said to be dextrorotatary, If the rotation ig anti-clock
wise the substance is said to be jaevorotatory. The specific rotation of a solution is defined

_as the amount of rotation produced by one decimeter length of the soluiion wher the

concentration is one gram per C.C. Polarimeter is used to determine the angle of rotation -
produced by opticaily active substance. The precision of measurement of angle of rotation .
produced by opm,ally active substance is HﬂplOVCd by usmp a quuaﬁ?

23.7 MODEL ANSWERS

Check your ngreés 1 _

The phenomenon of rotation of plane of vibration of a p]ane polacized light aboutthe
direction of propagation exhibited by certain substances is called optical activity.

~ Check your Progress 2

In optically active substances if the plane of vibration is rotated is in the clock-wise
direction when viewed opposite to the direction of propagation in the substance is szid to
be dextro-rotatory and asti clock wisc dlrectmn the substance is said to be laevorotatory.

Check your Progress 3

~ Saccharimeter is an mstmmcnt used to measure opncal activity of sugar soluh ons.

.’_2’% 8 SAMPLE EXAM{NAT{ON QUESTIONS

I A_n’swer the Foligwing Questions in About 36 Lines.

1. . Discuss Fresnei’s cxplanation of the phcnomenon- of optical activity exhibited by




I

Tl

certain s__ubstatices. _ _ e 3
Descri_bc. a simple experimental setup to defermine the specitic rotation. of a substance
Discuss 'the use of biquartz in a polarimeter. |

Solve the Fﬂllomng thiems.

The pldrac of polarization of plane polamed light is lurned thlough 24° when it
iraverses through 20 sugar solution contained in 2 30 cm length glass tube. Calculate
the Specific rotation of the solution. - [Ans: 40°)

A glass tube of 20 cm. length contains sugar solution. The plane of polarization of

piane polarized light passing through this liguid. is turned through an angle of 11°. 1f

the specific rotagion of the sugar solution is 66 calculate the sirength of the solution.
[Ans : 0.083 gm/ec]

Calculate the specific rotation if the plane of polarization is turned through 26.4°
traversing a length of 20cm. in a-20% sugar solution. : [66°]

A tube of 20cin. long is placed between two crossed Nichols and illuminated with
light of wavelength 6x167 cm. If the optical rotation produced is 13° and specific -
rotation is 65° determine the strength of the so_lulmnx B [10%]

The tube in-a polarimeter is 20cm long filled with a solution of sugar formed by
dissolving 10 gm of sugar in 40cc of water. Ifthe Iotdnon of the plane of polarization
is 34° find the specific rotation. _ - 68 -

The solution of cane sugar contained in a tube of length 10cm. rotates plane of
polarization throngh 17°30°. If the speclm, rotdtoly pOWBI is 6630’ find the amount
of !sllgdl in 11t. of bolutlon - o [263gm/lit}
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UNIT-24 GALILEAN TRANSFORMATION
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24, 1 AIMS AND OBJECTIVES

 In this unit we will study the Galilean transformation and the concept of invariance
equatlens : : :

24.2 INTRODUCTION

~ Relativity of physical quantltles llke accleratlon velocity force are studied usmg Galilean

transformation equations. When an évent is observed in two frames, one moving with a
constant velocity with respect to the other the phys:cal quanmles can be expressed in -
terms of Galilean transformatlon equations.

243 GALILEAN TRANSFORMATION

Relativity of physical quantities in classical physics are ‘explained using Galilean

Transformation equations. Here we know the events in one reference frame should appear

- to an observer situated in another reference frame which moves with a constant ve10c1ty
with respect to the first. - . -

Let a reference frame S with a origin ‘O’ be at rest and let another reference frame §'
with origin ‘O" move with a constant velocity v relative to the first frame in the positive x~
direction. Let the two sets of axes be parallel. We measure the time from the instant when_ :
“0” & “0" coinside. Consider an event happering at P at any particular instant of time.
Let the coordinate of P with respect to S be (x, y, z, t) and S be (x', y*, ', t'). letx & x! be
parallel to v and let Y a;ld Zbe paralelll tycI y' and z' respectively. As shown in Fig. 24.1

. P
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I
I
I
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I
|
I
|
|
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Let the observer be: present in the reference frame S1 in a time t the frame SI coversa

dlstance Vi, c e _ o _. o
N nl -__-'x.—,__vt__ : - - o L _(24.'I1)
yl _:.'y . . R
=z,

Accordlng to classrcal relatlwty tlme is taken as mdependent of any frame of referance

=t |
Slmﬂaﬂy X, Y, Z, tcan be wntten in terms of (x‘ y z tl)
i. o _as‘-:xx+vt R
y=yl
Z‘Z]':'_ . o PR
t—tl' ' o ; S o o (24..2)
- these equatlons are known as Galrlean t:ransformatlon B

e

244 .VAi{IANCE AND INVARIAN_CE (CONC_EI_’T_S) -

Further let two events A and B occur at times:t . and t. with reference to'S and t, and

IS

tg with reference to ',

But ) _=t_,'\

.'.t;e-tii=tB—.té C B o B . . (243)
Let the two events occur-af dlstancesx andx att, andt with respect toS and x! A and
) * xy at t) ‘and t} with respect S ACCOl’dlﬂg o equat1on 24 1
| Xl =X, -V, |
=
~ Subtracing o

: - : _X}a—?ﬁ_far:(KB~XA)_—'V(-&B—IA)

S Xp xk—xB Xn : ST _' (244)'
From Equation 24.3 and 24 4 it can be concluded that the time interval between the

occurance of two events and the space interval between the two pomts are invariant and as
the same for all inertial frames. '

using these transformatlons ve1001ty and accelerattons of a body as measured by an
server, with frame §* in terms of those measnred in S canbe calculated -

We know that xl—x vt
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& dr
ciog d_d
o dt gt

. equation 24.5 can be rewritten as.

Cidx_dx

dt du
oo dy dy
similarly 9 _ a
Codt’
dz _dz
dt dv

©odx : dx
But : a-—ux andmféux

)_ .

@45)

246)

. Equations 24.6 can be written as
| ' “lx =Ux -V | :
ul-uy,ul Bz. O A 47
That is the velocnty is variant under Galehau transformatmn : -
Agam dlffcrent:atmg equation 24. 7

d [ d . ) . T ] .
‘Guy _duy "’ Vv is constant .
oat die : a
du;' du,
' dt
du,  du,
dt”  dt
G A =a S
a!y =ay (248) -
a;:'=,az | B
du |
dt

That is the acceleratlon is mvanant under Galehan lransformatlons Therefore force i 1s ,
.also same for each inertial frame. Thus Ncwton s laws of motlon and thc laws of mechamcs
: 'whlch follow from Newton s laws are also invariant, "




- 245 SUMMARY

ES

Undcr the Galelian transformation, the transform.a.tlon equatlon from one frame at rest

to the other frmae moving with constant velocity are derived. The priniciple of variance °

and invariance of physmal quantities like velomty, ac,celaranon force are dealt in detail.

- 24.6 MODEL EXAMINATION QUESTIONS.

L 'Answer the Following Question in 30 Lines :

Explain Galehan t;ansformanon and derlve the transformaﬂon equatlons
IL. . Answer the Followmg Questmns in 10 Lines
1. Show that the velocnty is. vanant under Galell.in transformatlons

2. Show that the Newton s Iaw of motion is mvanant under Galehan transformatlon
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151 AIMS AND OBJECTEVES

i this unit we shall study thc Michelson Morely y €% cperimaent in detail and the postulates
of special theory ofmidtw;ty

252 ETRTE‘{@T& UCTION

In this unit we study Michelson - Mortley experiment and it3 consequences. According
to classica! mechanics the velocity of any body has different values for observers moving
relative to each other, Michelson-Morley experiment indicated that the apparent velocity
of ghirelative to the observer is notaffected by the moiion through the ether. This result
leads to thg, conclusion that (i} either the earth is not movin g or (i) there is something very
wrong with Mewtonian concept. The first conclusion is nonsense. To accoat for this
observation Einstein proposed the view that motion through an ether medium is 8
meaningless concept and one has t6 consider only motion relative to material bodies. Einstein
also observed that the conflict between the experimental results of Michelson Morely
experiment and the prediction based on the mechanical experience must be due to an
imperfection of the ciassical ideas about measuring space and time.
finstein had put forth the Special theory of relativity in the year 1905 by proposing
two postulates which ‘are discussed below. This theory has completely revolutionized our
ideas about matter, space and timne. '

253 MICHELSON AND MORELY EXPERIMENT

‘The experiment was first devised by Michelson to determine the velocity of light. But

- in order to explain the posinlates of the theory of selatively (special or general) a modified

axperimental set up was found to be convinient. _
The appparatus s as shown in £1g.23.1. This exsentially consists of a light source A, 2

‘partially silvered glass plate B and two perpendicular mirrors C aﬂd E, ail mounted on a

rigid base. The mirrors are placed at equal distances L from B. The beam of light from the
source A is split by the partially silversd mirror into two beams, beam 1 being transmitted

Jthrough B and bedvn 2 being reflected off B, Beam 1 reflected back to B by the mirror E
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and beam 2 by mirror C will interfere at T of the telescope. The interference is constructive
or distructive depending tpon the path difference between the two beams. The fringes
consisting of nearly parallel lines. If the apparatus is at rest in the ether the times should be
equal. If it is movmg towards rlght with velocity u. there should. be a difference in the
times. :

Fig:25.1 Exﬁerimental'set up of Michelson and Morely

First let us calculate the time required for the ight to.go from B to E and back. Let us
~ suppose that the time taken by the light to go from plate B to mirror E is £, and the time for
the return is £. When the light travelling from B to E-the apparatus moves through a
distance of uf, chce the distance traversed by the light is L, -+ uf, . Where. L is the distance
between the mirror B and the myirror E'and that of B and Ci 15 L, We can express this
d1stance as cf, where, ¢ is the velocity of light. Hence : :

ct, =L +ut
: L
or Y =.—1
-u

Ina snnﬂar way the time £, can b\. calculated. Durmg thlS time plate B advances a
-distance ut,, so the return dlstan(,e of hght L, - ut,, then we have

Cly = Ll uty
. L
t,=—2
c+u

Then the total time is

- C2_.u'2
or iy + ty =—E 0 PR S TP : : o
- w?ooe ) e éP . (25.1)

- Now let us calculate the time t, required for the light to go from B to the mirror C. As
before during time £, the mirror C moves to the right a distance ut, to the position C, in the

278 same time the light travels ct, along the hypotenuse of a friangle which is BC. For this right




angle triangle ‘h_ave

(cty ) =I5 + (ut,)*

L =chl vl
2 202
=(c”-u g

L,
. t:____._._g_..._._
or 3 f

CZ‘”'U.Z

For the return trip from ‘C’ the distance is the same, as-can be seen from the symmetry
of the figure, therefore the retumn time is also the same, and total time is 2t, we can write

. 2L4 - . s :;
o
2]’.3 = 2L2 = ¢ = HLZ (I_EZ—} .

2L, s u2 :
c 2¢t
The difference in'{ransit time

2 u? u? |
At=2[3-—(11+[2):‘.— L2 l+-.——2 _Ll 1+—-2-"
2¢ ¢

Suppose tht, mstrument is rotated tthgh 90" thereby by making 7, equal to L, and L,
. equal to L. if the corresponding transit time is

(252)

A[ N T | 1
.2t3 (tl-Hz)

2 -
_.+g'_1,‘._..u..__:42.1_

. ¢ Lc? _ o3 _
So there will be a shift in the fringe pattern.

If L, =L, = 11 meters and Y _1g
_ c
Michelson Morely theoretically estimated a {ringe shift of about 0.4.
~ Michelson Morely could not observe any shift in the fringe width. They repeated the -
experiment at ditferent points of the earth surface and at different seasons of the ycar They
could net detect any measurable shift and hence a negative result.

The negative result suggests that it is impossible to measure spced of earth relative to -
the ether or concept of fixed frame of reference (like cther filfing space). This suggests the

‘speed of light in vaccum is thg same in all frame of mfu ences which are in uniform mlauve :
‘motion. - _ : - 279
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25.4 POSTULATES OF SPECJAL THEORY OF RLLATEVITY “

Thetwo tund’imental posmhﬂus of tne special theow of Icl‘atﬂwry can be stated as tfollows,
Postulate-1.

The laws of physics have the same mathematical form in all ineriial systems.

The above postulaie is also called as the principle of relativity. The inertial systero
referred in the postulates are unaccelarated systems that move at constant velocity relative
fo one another, The physical phenomens it a given reference sysge:m are independent of the
translational motion of the systems as a whole. There exists a triply infinile set of reference
systems moving rectilincarly and um‘formly relative t0-one another 1 which the physical
phenomena occur in an identical manner since the (alilean law of inertia holds 1 ther.
The concept of cther as a substance of is removed from the physical theories with the
statement of the principle of relativity. The principle of relaiivity states that it is impossible
by means of any physical measurements (0 ‘designate an interfial systern as intrinsicatly
stationary or moving. One can only speak of the relative motion of two systems. No theery

contains any reference what so ever to an absolute speed of transiational motion of the

refcrence system. No physical experiment of any kind made entively within an incrtial -

system can tell the obbuvel about the motion of the sysl(,m with respect 1o any othc-

inertial systei.
Postulate-2

Thu speed of light in vaccum is constant and the same tor all ohservers, independent of -
the motion of the source and of the ohsetver: o _

The second postulate contradicts the Galilean Velocity transformation and is consistent
with the results of Michelson - Mogely experiments. The postulate implics that Newtonian -
mechanical pheaomena sinee the Galilean transformation representing the relativity
principle natural to mechanies is incompatible with the second postulate,

The special theary of 1eldtmty is based on the two postulates discussed above. The
transformation of coordinates optained by Einstein which is compatible with the second
postalates is called Lorentz uanstmmdtwn The .orentz nanc.loumtmn is detailed in the
next unit. :

255 SUMMARY

In Michelson Morley experiment the velocity of light is found i two perpendicular
ditcetions. Postulates. of special theory of relativity are explained qualitatively.

25.6 MODEL EXAMINATION QUESTIONS
I 7 _Ahs;’w_er‘-‘the Following Questions in 3¢ Lineé.

Discuss Mic’hel’son'- Morley exﬁarjment br.inging' out the significance of resulis.
. Answer the Following in 10 Lines. |

State the laws of special théory of relativity.




UNIT 26 L()RENT£ TRANSFORMATION
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261 AIMS AND OBJECTIVES -

1In this unit Lorentz trapstormations and the consequences of Lorentz transformau(ms

' “namiely space quantization and. tJme dilation are explained.

After poing through this must you wﬂl be able io deduce the mass energy Lclatmn from
Lorentz transtomlatlon -

26.2 INTRODUCTI();N -

In 1905 Einstein published his special theory of relativity which majniy deals with what

~ two observers moving relative to each other observe and measure. The treatment mainty
- involves certain mathematical equations known, as Lorentz transformations. These
transformations deal with two basic concepts mainly the variation of mass and time with

the velocity of the body if it is comperable to the velocity of hght And these eoncepth :

explain the mass ¢ner gy relatmn also succusstully in this theory.

: 26. 3 LORENTZ TRANSFORMATION

[‘0 make deducnons from relauwty, it 15 necessary to (,ompare the descnpnons of some
phenomenon in terms of two inertial frames which are moving relative to each other. As
shown in- T1g.26.1_ let us consider two inertial reference frames S and S’ which are. in
relative motion. Tet 8’ be moving with a constant velocity v relative to S. Let the two
observers O and O be located at the origin of the coordinate system of the two inertial
systems. of reference and. are at rest. Since the iueiﬁal reference systems are in relative

motion, the two observers are also in relative monon, oie moving with umfcnm veloc1ty v

relative to the other along x- axm

281



282

s i s'
i
vt |
4
_ |
e |
| - vt '07 .;_._____-_ oo
,l--_ g
o /’_ _x
rd
| s
tK'
'z

. Fig.26.1 Lorentz transformation of co-ordinates.

Any point events is defined by the first observer O with the spatial coordinates and time

(X, ¥, 2, t). The same event is detmed by the set,ond observer O' by (x', y', z’, 1"). The -

transformation equatlons relate (X'y'z’ ) and tlme t' of the event if the first observer asmgns
the values (x,y,z) and t to the same event. :
Let s assure that at the instant the two ongms of the inertial rcferencc systems com(:lde

a small pulse of light be produced at the origin. The second postilate of the special theory
of relativity implies that both the opservers should see the light propagating outward with

“the same speed c in all directions. Hence, with respect to his o'wn reference frame each -

observer must see the wave front as a sphere of radius equal to ¢ times the time t or ¢’ as the

case may be. _
~ The equations of motion of the spherlcal wave fronts as seen by the observers Oand ¢
- are _ TR : _ _
and X2+y2.+224c2f~"=0 - . P _(26.1)
Xy it a0 (262
CXZav2ez?oc?P o x2uv?, z@ c2e? (26.3)

The quantity on either side of Eq.26.3 must bei 1nvanant ‘with respect to the transformauon

leading from one system to another.

Since the relative motion of the inertial reference systems i8 in the x d1rect10n let us-
assume that the transverse Co-ordinates remain unchanged That is

_ Ly=y,z=27 ' (2‘6'-4)
Subsntunon of Eg. 26 4in Eq. 26.3 gives ‘ . |
P =Xt ot o 265)

Since there is only one relative velocity V, the transformation fonnulac should fulfill
the condition that the coordinates of the origin 0 in'S be vt and the coordinates of the -
origin O in S’ be - vt". Since the two origins coincided at t = £ = 0 we have the following
requirements to be satisfied. '




x=vt if.x'=0"

Cx=awitx=0 . (266)
_ x'and t'should be linear functions of both x and . Similarly x and t also should be linear -
~ functions of x! and t*. This linearity is a fundamental property of the transformation -

equations. The simples relations which satisfy Eq. 26.6 are given by '
X'= r(x-*Vt) _ )
X =1 (x'+vt") o R ¢ )
‘ Where r and ' are constants to be determined £ can be expressed in terms of unprnned
quantities by ehmmatmg x! from Eq. 26.7 Thus :

x=rlrx-vive] . - (263
—=r(x-vt)+vt* | - . (26.9)
X r(x-vi)’ . _
e “ (26.10) |
r'v v ;

L, xooxx ' - o _
=t . 261y
r'v v - _ -

(o x x 1Y ' ' : - I
t=rt-—4——1] : . (26.12)
\ v ovmjo : - .

=1 t-l{léiﬂ o - (26.13)

substltutmg for x! and f from Eqns 26, 7 and 26. 13 in Eq. 26 5 we get

Sy 0 7 ) S | (2614

.rz-czéurzgxg+v2t2.-2xvt)-c 2 2-2xthv( 1-1/”’)—-”%)2( l-I/rf')?] . (26.15_)
' rzéz _ 202 _ - . :
_x2 [_1-?'2. + - (1-1/rr' )2 +2x1‘[7f2 V- 7 (L-1/er " Y+ [ (7 -1)-12 2 ]=_0 (26.16)

"In ofder that Eq.26.16 will always be zero for aﬂ possible values of x and t, it is necessary
that the coefficients of x2xf and £vanish u1dependent1y Eq_uatmg the coefﬁ(:lent of £to
ZEro we get

¢t (i 1) P2y =0 ' ' (26.17)
7 ()= : ' - (26.18)

r=l g 3| = - o (2619)
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Equating the coefficient of Xt to zero, we get

R | 3 |
2. ¢°r _ : .
v iE =0 S @62D)
1. 4., . | |
d-—)=v'/c ‘ _ (26,22)
Y E : S _ _
Urr'=(l-v¥c)=1/7* - S @623)
e
, i
. r=r = T
We can prove {1 a ﬁj Using the value of
. . ) Cz .

thatthe coefficient of x*in Eq 26.16 tums Out 10 Zero. Usmg the vaiues of ¢ and rwe
ce~ write the namformatlon equation as

Mn-v? /e’

Y=y
x'=z
v {twvx!cz?
! - (26.25)
[L-v"/¢%] - -
Similarly
(or o ot
X = X TV[)I_
m-v2ie2)?
y=y
z=12'
(t+wx;’“ ] _
(26.26)
f1- v /c]

The Eqgs.26.25 and 26.26 arc called Lorentz-Einstein transformation equations.

If ¢ —»o0in 26.25 we obtain the Galilean transformation. This is what we see as a
first approximation to the Lorentz transformation for finite values of v. It can be seen from
Eqs.26.25 and that v can never exceed c. If v exceeds ¢ then (1-v¥/c?) becomes negative




and its root becomes imaginary and the resulis then would become meaningless. Thus ¢ is
the maximum velocity that can ever be observed and all other velocities encountered must _
be less than ¢. The significance of Lorentaz transformation can be seen if v is comparable
to ¢ under which conditions the special theory of relativity plO]LLtb new phenomena whu,h
cannot be conceived by Newtonian mechamcs o A

26.4 SPACE CONTRACTION :

, Comlder abody Wthh 11 as length L measmed in the direction of x, when at rest in the
. intertial reference system S. Let the body be sel in motion relative to S at such a speed that
it is at rest in the inertial feference frame S'. The length of the body as measured-in S’ will
be L, we have to findout the Jength of the body as measured in S relative to whu,h the body
~ is moving with a velocity v. The length of the body can be defined as the distance between .~
- wwo fixed points in § which ate occupied by the ends of the body simultaneously i.e. at the
same time ¢, If the coordinates of these points are X,, and X, when the length L, = X, - X..
If the ends ot the body have the coordinates X, and X in S, thm the length L, 1s given by

: He L =X,-X, ' ‘ _ : ', (2627)
Using Lorum tlansiormauon equation ' '

-

in Eq. 26,27 we get

[1_‘_.;}2 {l_g}z e 62
wXy ~-X L . .
: I.‘U 2 11 - 11. : i o : o s
o ¢ - : o
| cuel e

Eq. 26.31 indicates that 'm=0bject'1neasure?§"sh'0rter in:terms of a,fr'lme relative to v{rhich'-
itis movmg with a velocity V than it does as mcasuncd in & frame relative to whu,h it is af
| LesL The 1at10 of shortening is given by. [l——-IRelatwe o a smgle fla.me any physwal

v2 1" o
. body set into motion with a speed Vshonem in lhe dnectmn of i its motion in thc ratio tu 7—2!2 L

Lo

Fig. 26 1 iltustrates the shortening of a ruler as moves approachmg the veloc:ty of 11g11t
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This indicates that distances shrink with increasing speed and is known as space contraction, -

F1g 26.2 ‘7 Distance shnn}: w1th mcreasmg speed 1 meter suler pointed in the d:rechon of‘mohon appeam to o
shnnk as the speed of the ruler appmaches the velocity of hght ) '

Th1s contraction is perhaps not a real one, but as far as effects on surroundmg bodlcs are -
’ ‘(,om,cmed the contraction is a real one. : :

26 5 RELATIVITY OF SIMULTANEITY

- Letus suppose that two evcnts on,cur at pomts X and X m the S system sunultaneously- R

' sothat #, = t,. The times at which these events are obsewed in §' sys’ocrn whlch is moving - - K
- with a ve10c1ty Vrelatwe to Sare glven by ' -

.-tl vk

.. . | sz v
L t - by, =

1 t ) cz L cz'
At =t -th= -t = e
._I - E




L oy
— il -H_)*;:;(Xz -X1
“ (2634) -

[ P e

Eq.26.35 indicates that two events which occur at two different points X and X, and
- which are simultaneous for an observer at rest in .S will no longer appear to be simultaneous
to an observer at rest in S”but moving 1elat1ve to . Simultaneity is not an absolite property
of a pair of events but is also a fun(,non of the siate of motmn of the obsewer There is no
such thing as simultaneity between two obsewels moving with 1espc.u {o each othér. As
shown in Fig. 26.3 suppose we in an (X, t) system obsérve two events A'and B at the same
time but separated by a large distance. Then the time of occurence of cvenl A equals the
" time of occurence of event B. Thatis¢, - £, The moving ¢hseryer in the (X, 1) system will
" .+ say that the two events did not occur. at the same time. Because of the tilting of the axes of
thé moving system as shown in the figure, the observer will say that evenl B occured
before svent A. This aspect is also signified by the negative sign in Eq.'26.35

. Fig 263

- Fig.! 26 3 Relaﬂvny of qu’nultanmty X, rsystem is slauonaly (xl 2‘1) syslern is'in motlon
Its axes and titled lowards the 43°. hght Iay LR

26 6 TIME DILATION

!

Conslder a clock located ar x in. the inertidl refeleuce system S Let the clock ennt
Slgnals Df some’ SOt at regular mte:rvals Al given by

- S N R At*r-r_t»t—z-r
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For an observcr in the system St Wthh is movmg relatwe to S with a velocxty V the
times #, and £, wwrded are as follows. . : :

- vxy
] 2
. 1"‘,2_'2' : o - 2637
¥Xq
2-—3
BT e
' ¢ . ' ' . ' :

{1_’.‘_{]5 B 2639
-or
at! >At

‘Thus the time interval appears to be longer to the moving observer than it does inthe
system.in which he is at rest. Thus when a clock moves with respect to an observer it

- appears to him to slow down. The fact that time intervals measured in terins of moving
..clocks are greater than those measured by clocks at rest with respect to the observer is
“known as time dialation. This time dilation increases with increase in the velocny of motlon

- is ﬂlustrated in Fig. 26 4. :
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Fig 264

Fig 26.4. Slowmg down of time wnh mcreasmg speed the length of duranons appears 0
. increase as the clock measuiing this approaches the speed of light.

The famous twin paradox is a consequence of time dilation only one of the twins who

goes out in a space ship with a veloclty comparable to the vclouty ot hght fmds himself
youngcr thdll his _




- counterpart after return by a factor give;i by'[l "::T] :

267 VARIATION OF MASS WITH VELOCITY

By considering a collision between two bodics,- 'on_é can obtain an expression for the
variation of mass with velocity. Let us suppose that we have two experimenters one at rest
in the inertial reference frame S and the other at rest in another intertial reference frame ',

- Let §"be moving with a velocity V in the X-direction relative to S. Let the experimenters

have identical and perfectly elastic spheres with them. When the two experimenters cross

each other, let each of them project his sphere with a speed u in a direction perpendlcular

10 X so that a collision takes place This is 111ustratcd in Fig.26.5 let o <<y,
. A (p _

Fig 26.5 Elastic collision of two indentical spheres as viewed from .sysrem S and S‘
_ relative motion.

Let the ball projected by the experimenter confined to the system. S be designated as A
Let the ball projected by the experimenter confined to the system $' be designated as B.

From the point of view of S the y component of velocity of the ball Bi is dlfferent fromu. As -

per Lorentz transformation equations we have

y=y o - . C : ' _(26;40)
. : :
LA
_Therefore we have Lo S o
' dy=dy' . | o L 7 : (26.'42)
dt' A
dt=

el esey



Ifw i‘gpljés_ents the velqéity' of B as judged by S we have

pve T . 1 N ) :
é& dy' {1 _\;} R L (2644)
- . l, . . .
s =u have
%lHCB dt le ave
'w—u|:1~‘l.—} o o (2645) -

Since. ihe collision is between indentical, perfectly elastic sphEres no energy is lost ih,
- the collision. The individual velocities of the spheres along their line of centres: snnply gét a
- reversed form Ehe pamt of view of S the momentum can only be. conserved if we put-

mu mw = mw - mu - ' : (2646)
In the above equatlon m_represcnts the mass of sphere A at rest relative to § and m

. represents the- apparent mass of the 1denncal sphcre B Wh]Ch is passmg S w1lh a ve10c1ty V.
From Eq 26. 46, : - :

 mw=mu o P ¢ ) I
Usngq2645 mEq 2647 o ' o '
. 1 , _
‘mu[l-—"?] —m,u o (26.48)
B m,
m =

e I
—_
|
Mo [ﬁ
(%3 (25 T
R P
B3 =

- Eq.26.49 mdicates that ‘the mass of a moving body to 1ncrease: w1th increase in tls
veloc1ty This varlatlon is 111ustrated in Flo 26 6 . '

& i
of |
T & |
3r e !
A .}- .-' .I' I
RN SR I
oy R R
0 ye 4o .- Yc (j o
) - 4 i o 4 .
W BN

(2,6.49)'_ -

Flg 26.6 Inuease in mass with i increase in- Speed the mass of [ kg objcct appears to

- mcrease as the velocny of thu ObjeCt approaches the veloc:ty of llght

2(}.8 EINSTEIN’S MASS ENERGY RELATION

The momentum p of a partlcle mowng wﬂ;h a velouty v is gwen by




-

dp "

Accordmg to Newton’s second law the force actmg on g pamcle whose monentum is P
s glven by o : :

Using Bq.2225

- dt

In relat1v1st1(: mechamcs both m and v are dependent on t
Hence ‘ '

Fegem L aesy

"F_:Im'"?"';"“—“ (2653).':;-

The kinetic energy k- acqmred by a particle dué to the action of the force Fis gwen by R

the work done by the force in changmg 1ts velocﬁy from O tov. Hence

dk = F ds Rt @2654) L

. Where ds represents the elemental dlsplacement of the body S

| ‘ Usmg Eq 26 53 we get

dv dm.'

k= —-d v lrds T oess)

d ds

o . dk=m de+vadm o T aese)

at

mce - dt ‘ wle ave

dk mvdv+v d SRR -‘ (2657)

The vanaImn of mass with velocny is g1ven by L L

_—.—-I i“““”‘.-. ' I- ..‘h I' ‘ ',

e qm'f'mﬂ.(‘l.lz-j[l_%J CU-trePavav) - (2659)

ey
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' d vdv
_ d_m;m_x_ - vv = o

cz{l—%} R 1
 mdv=(2-Wdm @669

Substltutngq 26. 62mEq 26.57 we get L
dk= (C-Vl)dm+de Cldm _ (2663)

Itm represcnts the p‘nm,lea u:st mass when K= 0 'md m reprcsents the mass when K
=K then Coe ‘ :

K= [Cdm=CYm-m,) L 66

. K—‘er:2 met S o B . (26.65)

’ If we deﬁne the rest mass energy E_ = - m c2 then o . T (26.66)
- or . - K+E =md. : o S

' - - E=mc? BRI LA ST (26.67)

- ‘whete E represents the sum of the kinetic and rest mass energy. It gives the total energy -

of the particle. Eq. 26.67 is. called the Einstein 'S mass energy rel_a_tiofl_. The equation implies

that if 2 mass A m gets converted into energy in any process then the energy released is -
. given by Amc’ The interconveﬂibility of mass into cnergy and energy into mass is the -
~ important outcome of the special theory of relativity. The nuclear energy which is now a .

- days being used for constructive purpose and which can also be employed for destructive
purpose is a direct consequence of this tamous 1elat10n demred by Albert Fmstem

Worked anmple 1
Two men who are moving in identical space vehicles carry identical mezvt_suring'

10% ms™. One of the men who is stationary in his own system of coordinates meausures the
length of the ship to be 10m. Determing the length of this ship as measured by the second

- man who is also movmg 1clat1ve to the first shlp with a speed of 2. 0x 10° ms.

. . ‘ . 1

b ' - . 13\3

_. | L=‘Lo[1—"—z]
o C

As per the problem L= J0m ; V = 2.0% I10° ms?, c =3x 10* ms?

L=10|1- 2"108 _7 $m”
_ 3x10"

Worked Example 2

- “The rzv'«rerage life of a low-speed | ;mesoh as pioduced ,in the '1aborat_0'ry is found to .
- be 2.2x10 5. The average life of certain high speed 1 mesons observed in cosmic rays has

‘ mstruments. One of the space ship passes the other at a minimum relative velocity of 20x



been found to be'l 1 x 107 5. Determine the speed of the cosmic ray [-mesons.
© p-mesdns are elementaly particles whlch carry one electronic charge and have rest

mass ot about 207-electron masses. The Iow -speed mesons may be considered to be at rest
in the laboratory reference frame. The expression for time dilation is given by

: 277 .
.V =
S
where as per the problem ‘r = } bx 107 and 2.2 x 10+% md v repreaents the velocﬂy of
COSIRIC 12y MESONS. . :
P
1_v2_ {Ata :
! At

1_ m(‘é‘t) 2
c'" LAt

[y

' ., | 512 o
v_ = 2.-2)(10“< = 0.08
1.-1_)(].0 : s

v=0.98C
The speed of the COSINIC T4y [L1Nesons is 0 98 times the velouly of hght

Wm’ked Example 3

Apar ficle movmg with a velocy Y has its kmeuu criergy 4 times its rest energy. Determine
the speed of the particle. ' _ i

" The total encrgy E of the parude is given by
E=E_+ K

Where K repr esents the kinetic encrgy and E_ 1epIesentb the rest energy of the particle.
As per.the problém whun the p’lrtlcle moves w1th a Velouty V its kinetic energy 18 4 To
theretore

E=E +4E =5E

According to Linstein mass energy 1e'lat10n if m is the mass of the pdmdc v

_ me? = 5in ¢
lhe bpeed of thie p;uuoln, can be determined using 111(, relativistic expwsswn 101 mass.
""hat is : : : : '
' m, m_ ¢’
m = L —mc” = =
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Smct=mel =

_ | :
or L e

26,9 SUMMARY

In the year 190‘5 Albert Einstéin Putforth the spe(,nl theory of 1elat1v1ty by ploposmg

- two postulates namely (i) the laws of physics have the same mathematical form in all
- inertial reference systems and (ii) the speed of light in vaccum is constant and the same for

all observers, mdependent of the motion of the source and the obsewer :
Einstein derived the transformation equations pertaining t0two inertial systems in 1elat1ve '

“motion by applying the postulates of special theory of relativity. These eqmtlons are called - -
/ Lorentz-Einstein or simply Lorentz transformauon gquations.. '

{ ItSandS’aretwo mertlal refelence systems in which S'is moving w1th uniform velocity
~ vrelative to S and if (x, ¥, z',t') 1epresent any ¢vent in the systems S’ and S respectively
_ then the Lorentz-Einstein transformation. equations are :

-yt _x-vt ' . x= x4t
[1 vz/c ]— o S _[J'—_vf’/(:;?]% -
ey G oy=y "
: _@.‘Z o z=17'
e = w0 o t+vx/r

[1 v/t ]_ [I v“"'/c]E

When a body is moving with a VE:IOClty comparable to the velomty of hght rclatlwstlc

effects such as (i) space contraction, (i) time dilation and (iii) increase in mass are observed. -

An object of length L moving with a velocny \% appears to be contracted to an observer
who is at rest. The Iength of the ob]ect as observed by an obselver ina statlonary reference

frame is given by _ _ T
- v |2
. . _-v “
L= Lo{l —. :2-:| -
Where ¢ represents the _v_clocity. of Tight.

A moving clock appears to be slowed down as observed by a stationafy' observer. The
increase in the duration of events in moving frame as.observed by a stationary observel 18

called time dlalanon It is given by

i




There is nothmg like dbsolute snnult'melty Two events separated by a lalge dlstance in
a stationary reference frame and which occur at the same instant of time appear to have
occured at different times for an observer at rest in a moving reference frame.

- The rr_iass m of a body increases with increase in velocity and is given by

Where m_ lepma(,nts the rest mass.

Mass and energy are interconvertible. The mass-energy 1elat10n derlved by Emstem is
' an important consequence of the special theory of 1elat1v1ty It is gwen by

E-mc?
- Where ¢ represents the velocity of light.

The ultimate speed any object can realize is the velocity of light.

26.10 MODEL EXAMINATION QUESTIONS

.I_. _ Answer the Fnlllowing in Defail

1. Derive Lorentz llamformalmn equatron based ot the posuulales of Spemal theory of
relativity. : :

o

B Denve Fmstem S mass encrgy relatmn D1scuss 1ts s1g111ﬁcanc,e
IL - Answer the Followmg in Briefly.

1L Show that tha length of a 1novmg m]er appeals to get shrunk for a stanonary observer.

2. What'is t1me dﬂdtlon? |

3. ‘Show that ‘rhe lTl'le ot movmg body mueasus with velouty based on 1611t1v1st1(,"-

concepts.

N

4. Write a note on the s1gn111caru,e of Lorentz- tl'mstmmatlon equations. Under what
condltlon% the equatlon résumble Galilean traanonnauon equatmns

' I[I Solve the Followmg Problems

1. - A space ship ot 2 -m length moves w1th a velouty of 0.8 ¢.with rmpc-:,t toa stcmonary )

obselver Dutermme the length of the ship as seen by the- stauonary obsewer

‘.___.__4._/_.;/

RO

A clockis a spacc sh1p\emlts, 51gna]s at mtclvals ot ls as obset ved by an ag onaut m

(Ans 1/ 2 m) o
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the space ship. The space ship is moving with a velocity ol 0.8 ¢. Determine the
interval bt_tWt,f.,n SuCCessive m,ndls as seen by an obscrver at the L,on*nol Lul’ltlb on.
the ground.

(Ans 2 1.678)

The life ume of a certain pamcla, 18 1ound to be 4 X 10*’ S as me'lsumed in the syslem
at rest with respect to the particle. The particle moves with a speed of 0.6 ¢ wlauve _

0 the laboratory. Determine the life time of the pfuude as measured by the obser ver

at test with respect to the lahoratory. | T (Ans xl(}ss) =

The aveldgu lifc of low speed p-meson is ploduu,d in the lahoratory is 22 x-lO"’s.
The u-mesons observed in cosmic are found to move with a speed of 0.9% ¢.
Dt,telmma, th(, distance travelled by the LObmlL ray 1-meson through the atmosphere.

' (Ans: 3235 m)

Detel mine thn, velocuy of a particle which has a mass uludl to thtee tlmbb the rest
Inasc' . '
: '. (Ans :'0.943 c)

EDeleumnc the mass ot an elecuon movmg with a velomty ot (.98 c.

' ' ‘ o . (Ans 455x 10* kg.)

A frain at 1est has Iength of 1000 m. What is the observed length of this tram w1th

‘ lcspect a system at rest when it is moving so fast that is mass is-twice its rest mass. -

(Ans 500 m)

Detelmme the speed of a particle if it were © have klncuc enelgy equal to its 1est

energy.
(Ans : 0.98 <)

26.11 GLOSSARY

Lotentz transformation - The relations between space and time coordinates derived

based on the postulates of special theory of relativity in
" systems which move with uniform velocities relative toeach.

. _othel _
Tnertial reference system A rc,n,ren(,e system in which the, law of inertia holch good.
Meson o An _clemt_:ntary particle whose rest mass lies in betweenthe .

- rest mass of an electron and rest mass of a proton_.

Rest mass . The mass of a. partu,l(, or a body as determmed in & syatbm .

of refer enu: in whlch it 1s at rest.

Rest mass energy ( E). Tti is the mmg associated w1th the rest mass mo of a body

-ALLordmg to Eintein relation F_ = m_ ¢

*Life time of a particle T_he time mterval between production and dwaf of a particle.
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~ SECTION-A o |
(MARKS :3X 15 = 45)

Instrucnons to the Cand:date

A ) Answer any three of the folowmg quesuons in about 30 Imes each

2) Each question carries ﬁﬂeen marks.
- L rive an expression for the moment of Inertia of a solid cylinder about an a}us _
_pe endlcular to the axis of the cylmder and passmg through it centre.

.

2. D@li'ive Einstein's Mass Energy relation-Discuss its Significance.

3. EJ!g'pL,ain the phenofﬁenon of Doppler effect and clearly discuss the casesx,

4. Hdw do the followmg Quantmes vary with t:une in the case of 51mple harmomc

' monon o \ _
- {a) dlsplacement'_ ' .(b.) velocity‘ ~ (c) Acceleration

(d) potential energy_' - (e) kinetic eng,rgy.
Depict the variation graphically. -

5. Explam the condﬁlohs under which the phcnonienon of total internal reflection
can be observed. Descrlbe afew apphcatlons of the phenomenon of total mt,emal
reflection. : : -

6. Denve the equation wh1ch represents the vananons of mtens:ty with ang!e wluch ]
descnbe the dlffractlon pattern. of a smglc slit. ‘




- SECTION - B
(MARKS : 5X 5=25)

Instructions to the Candidate

1) Answer any five of the folowing questions in abo'.ut 30 lines each.

2} Each question carries five marks.

S

1.
1
13.
4

15.

16

Explain Parallel axis theorem.

The rest mass of a bady is 0.010kg. What is its mass when 1t moves at & speed of
3.0x 107 m/sec relative to the observes. '

State Keplers laws of planetary motion.

‘On what factors depend the ablhty of a Prlsm to resolve in the nelg,hbourmg

Wave fronis.

~ Distinguish between progrésSive waves & stationary waves.

Explain the Principles of super position of Waves. |

Derive Brag g'q Law.

Explain the phenomenon of double refraction -
Discuss the construction and working of 2 polaroid.

Mention the applications of Michelson interferometer.










